
\ IKl'.AIlSl- 





1 u It \. 

‘ t * » * y # ( It r 


!» \ an Nrisn^ SNn 

'1 f » »| 'I I *' • tt it , » , *1, » ( » , 



tIA i d* 


Copyright 

1S84 

T W WRIGHT 


PWNTED BY 

H J HEWITT, 
a? Rose Street, New Yokr 


PREFACE. 


In the following ticatise 1 have endeavoted to give a 
systematic account ol the method of adjusting obseivations 
founded on the principle of the mean The more important 
applications, especially with leferencc to geodetic and 
astionomical work, are fully discussed 

It has been my aim throughout to be piactical The 
book originated and grew amid actual woik, and hence 
subjects that aie inteiesting mainly because they aie curious, 
and methods of i eduction that have become antiquated, are 
not noticed 

Several of the views enunciated aic not in the usual 
strain, but they are, however, such as I tliinkallexpeiienced 
obseiveis, though peihaps not all mathematicians, will at 
once assent to. 

As regaids notation I have been conseivative, usually 
following Encke’s system as given by Chauvenct Some 
niinoi changes have been intioduced which it is tliouglit 
Will tend to gi eater clearness and unilormity of expiession 
The examples and illustrations have been drawn chiefly 
from American sources, for the leason that much valuable 
material of this kind is to be had, and that thus fai it has 
not been used foi this puipose. They have been taken 
from records of woik actually done, and piincipally from 
work with which 1 have been connected 
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In the applications to practical woik 1 have aimed at 
giving only so much of methods oi observing as would 
serve to make the methods of adjustment intelligible It 
has been difficult to do this succinctly and at the same time 
satisfactorily, and accordingly leferences are given to books 
where desciiptions of instiuraents and modes ol using them 
can be found 

Special attention has been given to the explanation of 
checks of computation, ot appioximate methods of adjust- 
ment, and of appioximate methods of finding the {uecisioii 
of the adjusted values But in oider to see how lar it is 
allowable to use these shoit cuts the rigid methods must 
first be derived It is for this reason principally that the 
subject of tnangulation has been dwelt on at such length 
In geneial it is unnecessary to spend a great amount of 
time in finding the probable eiior, when, after it has been 
found. It in many cases tells so little 

I have been careful to give references to oiigmal authoi- 
ities as far as I could ascertain them, and also to give lists 
ot memoirs on special subjects which will be of use to any 
one desiring to follow those subjects farther Of lecent 
wnteis I am indebted chiefly to Helmeit and Zachaiim 1 
desire also to acknowledge my obligations to my old Lake 
Survey friends, Messis C C Brown, J H Darling, E S 
Wheeler, R S Woodward, and A Ziwet, who have read 
the manuscript in part and given me the benefit of their 
advice Mr Brown deserves special mention for assistance 
rendered while the book was passing through the press 
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The Adjustment of Observations. 


CHAPTER I 

INTRODUCIION 

The factors that enter into the measurement of a quan- 
tity are, the observei, the instiument employed, and the con- 
ditions under which the nieasuiement is made 

I, The Instrument. — If the measure of a quantity is 
determined by untrained estimation only, the result is ot 
little value The many external influences at woik hinder 
the judgment horn deciding coirectly. Foi example, it we 
compare the desciiptioiis of the path of a meteoi as given 
by a numbei of people who saw the meteor and who liy to 
tell what they saw, it would be found impossible lc3 locate 
the path satisfactonly The work of the earlier astrono- 
mers was of this vague kind There was no way ol testing 
assertions, and theories weie consequently plentiful 

The fiist great advance in the science ol obsei vation was 
in the intiodnction of instruments to aid the senses The 
instiument confined the attention of the obsei vei to the 
point at issue and helped the judgment in arnving at con- 
elusions As with a lude instrument difleicnt observers 
would get the same result, it is not to be wondeiecl at that 
for a long time a single instrumental deteiminalion was 
considered sufficient to give the value oi the quantity 
measuied 

The next advance was in the questioning of the instill- 
ment and in showing that a result better on the whole than 
a single diiect measurement could be found This opened 
3 
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the waj for better instruments and bettei methods ol ob- 
servation. For example, Gascoigne’s intioduction ot cioss- 
hairs into the focus of the telescope led to bcttei graduated 
circles and to better methods of reading them, lesulting 
finallj m the reading microscopes now almost univci sally 
used The culminating point was reached by Bessel, wlio, 
b> his systematic and thoiough investigation of instiunieuf- 
al corrections and methods of obseivation, may be said to 
have almost exhausted the subject He confined himself, 
It IS true, to astronomical and geodetic insti uments, but his 
methods are of universal application 

The questioning of an instrument naturally anses fiom 
noticing that there are disci epancies m repeated measuie- 
ments of a magnitude with the same instiument or in meas- 
ures made with different instruments Thus, if a distance 
was measured with an ordinary chain, and then measuied 

ramed, and the two measurements differed ivtdelv we 
shonid snspem the chain to be m error and pi oc Jed o’ Je 
amine i, before further measuring So discrjjjrmos found 

Of tfe 

to m^^eTn, m mJde « which 

bo n^sji-rLd 'o 

causes The internal ra ° internal and external 
of the instrument are seerto^bri"^ consti notion 

of elimination From g-eomei "i measuie capable 
server can tell the arrfn ^ considerations the ob- 

perfect instrument He can como^t demanded by a 
be introduced by certain 

and changes of condition Th ^^^regularities in form 
it is true, fulfil the condiiir. ^ “^strument-maker cannot, 
t he has b^ for a perfect instru: 


*nent. but he has been : 

and more closely It ,.f k approaching them more 
T It IS to be remembered that, even if an 
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insti ument could be made pci'fcct at any instant, it wmiUl 
not remain so for any great lengtli of finie 

It hence followed as the next gical udvaiic(‘ that tiu* 
instrument was made adjustable in most ol its jiaits, so that 
the lelative positions of the paits are nuclei tlicoontiol ol 
the observer This is getting to be nioie and moic the 
case with the better class of instruments 

Not only is eiror diminished by the impiovcd c'onstiuc- 
tion of the insti ument, but also by moie iclmc'd nudliods ol 
handling it It may be, indeed, that some eonti ivaiiccs 
beyond those lequired to make necessaiy leadings loi llie 
measure of the quantity in question may be needed Thus, 
with a graduated circle regular or periodic ciiois ol gtadu- 
ation may be expected It the angle between two signals 
were read with a theodolite, the reading on e.ich signal, and 
consequent value of the angle, would be inflnencc'd by the 
pel iodic eirois of the circle of the insti uinciit Though a 
single vernier oi micioscope would sulhce to ic*ad tlie cii 
cle when the telescope is directed to the signals, \c'l, as tlic 
ciicle IS incapable of adjustment, we can only gel iid of the 
influence of the periodicity by employing a luanbci of vei- 


niers or microscopes placed at equal infeivals aiound the 
ciicle It happens that this same addition of iiiiejosco|>es 
eliminates eccentricity of the gracluatc'd ciicIc as well. 

This same principle of making the method of obsci vation 
eliminate the instrumental eirors is caiiic'd thiough even 
after the nicest adjustments have been made Tlius, in oi 
dinary levelling, if the backsights and foresights aie taken 
exactly equal the instrumental adjustment may be poor and 
still good work may be done But good woik is mote 
hkely if the adjustments have been caielully made, as if for 
unequal sights, and still the sights aio taken cc[ual. 

Simplicity of construction in an insti ument is also to im 
aimed at An instrument that theoretically to woik 

perfectly is often a great disappointment in iiraotice. 'I'wo 
s 11 mg examples aie the compensating ha.se-appaiatus and 
the repeating theodolite, both of which have been uban- 
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doned on all the leading- sui vpv* t u 
chanical difficulties in the wav'h , <=ases the me- 

able, and the instruments havl\ proved msui mount- 
s.n.pler construaTo” “ whol 

either be computed and applied orttr^* eoriections can 

■;gs can be eliminated by ?he Jthcd ST ° 

r his'csr^^^ oantrb:raiia^^^^ 

can be manipulated thnf vvdiicli they 

ntakmS obserSatraSrmea iZShf “ 

2 External OondluSnSlShS mstrument itself 

rate work arise fioni the mfl &^cat obstacles to accu- 

oondibons wholi;Te™.S rT 
makers control, Ld whost* obseivers or instrument- 
be satisfactorily computed neither 

method of obsei^vation We havT eliminated by the 
complex laws of their action finding the 

by not obseiving while they one them can be avoided 

Thus. If while L ohsllvJT ""J" degree 

on a lofty station a strong wm/shTt""^ horizontal angles 
be useless for him to cifntm ^ should spring up, it would 
menced to “ boil “he s ho m ® com 

side of his instrument its adi °“® 

that good work could not be Lp^cteT^^ disturbed 
of standards Comparison.! mn J ^ ^ ^ comparisons 

temperature vanatic^Ls of the ^ subject to the 
value. The standard shm be of little 

sudden temperature changes d exposed to 

other time , for it has b^n k comparisons, but at no ' 
that the same standard mav experiments 

same temperature after exposurl^to'^^'d"*' 

perature •» exposure to wide ranges of tem- 

ehmmated.iTptn^auTa^Jt may sometimes be 

P at least, by the method of observation 

* Journal oj- So once, July, 1881 
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In the measurement of hoiizontal angles wheie the instru- 
ment IS placed on a lofty station, the influence of the sun 
causes the centre post oi tripod of the station to twist in 
one direction during the day When this influence is re- 
moved at night the twist is in the opposite direction As- 
suming the tw-ist to act unlfoimly, its effect on the results 
is eliminated by taking the mean of the readings on the 
signals observed in order of azimuth and then immediately 
111 the reverse Older 

Atmospheric refraction is another case in point In ob- 
serving for time with an astronomical tiansit the effect of 
refraction on the mean of the recoided leadings is elimi- 
nated by taking the star on the same number of threads on 
each side of the middle thread On the other hand, in the 
measurement of horizontal angles, if long lines aie sighted 
over, 01 lines passing horn land over large bodies of water 
or over a countiy much broken, the effects of refiaction are 
apt to be very maiked As we have no means of eliminat- 
ing the discordances arising in this way by the method of 
obsei vation, all we can do is, while planning a Iriangulation, 
to avoid as far as possible the introduction of such lines 

It may happen that the effect of the external disturbances 
on the observations can be computed approximately from 
theoretical considerations assuming a certain law of opera- 
tion If the coirection itself is small this is allowable As 
an example take the zenith telescope, with which the method 
of observing for latitude is such that the correction foi le- 
fraction is so small that the error of the computed value is 
not likely to exceed other eirois which entei into the work 

3 The Observer. — Lastly we come to the observer him- 
self as the third element in making an observation Like 
the external conditions, he is a variable factor , all new 
observers certainly are 

The observer, having put his instrument in adjustment 
and satisfied himself that the external conditions aie favor- 
able, should not begin woik unless he considers that he him- 
self is in his normal condition If he is not in that condition 
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he intioduces an unknown disturbing element iinneccssa- 
iily He IS also moie liable to make mistakes in his lead- 
ings and in his recoid Foi the same leason he should not 
continue a series of observations too long at one time, as 
from fatigue the latter pait of his woik will not compaic 
favorably with the first In time-detei minations, lor in- 
stance, nothing is gamed by observing fiom daik until 
daylight 

The obsei ver is supposed to have no bias A good ob- 
server, having taken all possible piecautions with the ad- 
justments of his instiument and knowing no leason foi not 
doing good woik, will feel a ceitain amount of indiffeicnce 
towaids the results obtained The man with a theoiy to 
substantiate is rarely a good observei, unless, indeed, he 
1 egards his theory as an enemy and not as a thing to be 
fondled and petted 

The gi eater an obsei ver^s experience the moie do lus 
habits of observation become fixed, and the more mechanic- 
al does he become in certain parts of his woik But bus 
judgment may be constantly at fault Thus with the as- 
tronomical transit he may estimate the time of a star cioss- 


ing a wiie in the focus of the telescope invaiiably too soon 
or invariably too late, according to the nature of his tem- 
perament If he is doing comparison work involving mi- 
crometer bisections, he may consider the giaduatioii maik 
sighted at to be exactly between the centie wires of the 
microscope when it is constantly on the same side of the 
centre This fixed peculiarity, which none but expeiiencecl 
observers have, is known as their peisonal error 

In combining one observer’s lesults with those of another 
observer we must either find by special experiment the dif- 
erence of their peisonal eirors and apply it as a coriectiou 
to the final result, or else eliminate it by the method of ob- 
servation Thus m longitude work the present practice 
IS to eliminate the effect of personal erior from the final 

result by having the observers change places at the middle 
01 the work 
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It IS always safer to eliminate the correction by the 
method of observing rather than by computing for it For 
though it may happen that so long as instruments and 
conditions are the same the relative peisonal eriorof two 
observers may be constant, yet some appaiently trifling 
change of conditions, such, for example, as illuminating 
the wires of the instrument differently, maj’’ cause it to be 
altogether changed in character 

On account of peisonal enor, if for no other reason, it 
is evident that no number of sets of measures obtained in 
the same way by a single observer ought to be taken as 
furnishing a final determination of the value of a quantity 
We must either vary the form of making the observations 
or else increase the number of observers, in the hope that 
personal enor will eliminate itself in the final combination 
of the measures 

4 When all known corrections for instrument, for exter- 
nal conditions, and for peculiarities of the obsei ver have 
been applied to a direct measure, have we obtained a cor- 
lect value of the quantity measuied^ That we cannot say 
If the observation is repeated a number of times with equal 
care different lesults will in general be obtained 

The reason why the diffeient measures may be expected 
to disagree with one another has been indicated in the pre- 
ceding pages There may have been no change m the con- 
ditions of sufficient importance to have alti acted the ob- 
server’s attention when making the observations, but he 
may have handled his instiument differently, turned ceitain 
screws with a moie or less delicate touch, and Ihe exter- 
nal conditions may have been different What the real dis- 
turbing causes weie he has no means of knowing fully If 
he had he could correct for them, and so bring the meas- 
ures into accordance Infinite knowledge alone could do 
this With our limited powers we must expect a residuum 
of error in our best executed measuies, and, instead of cer- 
tainty in our results, look only for probability 

The discrepancies from the true value due to these un- 
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explained disturbing causes we call errors These eirors 
are accidental, being wholly beyond all our ftfforts to con- 
trol As soon as they are known to be constant, or we learn 

the law of their operation, they cease to be classed as 
errors 

A very tioublesome source of discrepancies in measured 
values arises from mistakes made by the observer in reading 
his instrument or in lecording his leadings Mistakes from 
imperfect hearing, from transposition of figures and from 
writing one figuiewhen another is intended, from mistak- 
ing one figure on a graduated scale for another, as 7 for 9, 

3 for 8, etc , are not uncommon These also must be classed 
as accidental errors, theoretically at least 

Having, therefore, taken all possible precautions in mak- 
ing the observations and applied all known corrections to 
the observed values, the resulting values, which we shall 111 
future refer to as the observed values, may be assumed to 
contain only accidental errors We are, then, brought face 
to face with the question. How shall the value of the quan- 
tity sought be found from these different observed values? 


Synopsis of Mathematical Principles Employed 

For convenience, and in order to avoid multiplicity of 
references, the leading principles of pure mathematics made 
use of in the furthei development of our subject are here 
placed together 

5 Probability, (i) The probability of the occun ence of 

an event is represented by the fraction whose denominator is the 
number of possible occurrences, all of which are supposed to be 
independent of one another and equally likely to happen and 
whose numerator is the number of these occurrences favorable to 
the^ent in question Thus if an event may happen in a ways 
and fail in b ways, all equally likely to occur, the probability 

of Its happening is and of its failing certainty 

being represented by unity 
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(2) If there are n events tndependent of each other ^ and the 
probabihty of the first happening is of the second and so 
on^ the probability that all will happen ts 


V’l • 

Thus if an urn contains two white and seven black balls 
the probability of drawing white at each of the first two 
trials, the ball not being replaced before the second trial, is 

9^ 8“ 36 

6 Deflnite Integrals. — (a) To find the value of 

'Lttt=.xz, then regaiding as a constant m integrat- 
ing, we have 

/'W/= fe^^^xdz 

0 / 0 kJ ^ 

Multiply each member by f t^dx, which is equal to 
f e'^dt, since the limits of integration aie the same, then 


1 


/ 




= J dz f e-^^'’^^xdx 

*7 0 J 0 

_r dz 
Jo 2(1 


. ^ 
'4 


Hence / ^dt = i 

(b) To find the value of f af‘e"'‘*‘dti 


4 
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Integrating by parts, we have 




Also, similarly, 


V JT 
2a^ 





4«‘ 


(c) To find the value e'^dt: 

The value of this integral cannot be expressed exactly 
in a finite form, but may be found approximately as fol 
lows 

Expanding e-^ in a series and integrating each term 
separately, we have 


/>-=/'(- ?+n- •) 


dt 


3125 


This series is convergent for all values of «, but the con- 
vergence IS only rapid enough for small values of a 

For large values of d; it IS bettei to pioceed as follows* 
Integrating by paits, 



= 

2t 


Hence 




/>* = j , - ■ +_L3 iAS , I 

( 2d~{2dy {2dy^ ’ [ 


2t ^ 
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But 

/Vv/ = r‘e-*^dt - f e^dt 

J ^ J ^ *J a 

= ^- Te^dt 
2 y « 

_i_ , I 3 _ I 3 S , 

2a r {2af) ^ {2d) “ 

It IS easily shown that, by stopping the summation at 
any term, the result will differ from the true value by less 
than the term stopped at 

Approximate values of the expression /■ \ -^^dt may be 

computed from the above foimulas for any numerical 
value of a 

7 Taylor’s Theorem.— (a) If / {d) is any function of 
XT, and /{x-\-k) IS to be developed in ascending powers of /i, 
then 

/{x+/i)=fix)-^h (I) 

A more rapid approximation is obtained by putting 
the development in the following form 

4'+l+f)=^(*+j) + M*+r) 

By subtraction and transposition, 

Ax + h) = /ix) + + + + + - 


finally, 
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(b) Let F denote a function of a senes of quantities X, 
Y, expressed by the relation 

F=f{X, Y, ) 

and let X, Y', denote approximate values of X, Y, 
and the corrections to these approximate 

values, so that 


X=X' +jr 
Y= Y'i-j 


then 

F=/ {X, Y, 


\ _L ^ I ‘'-f 


dF 

dY' 


^dX^ ^ "dXTK 
+ 




£F 

dY' 


where 

dX dY 
ating /(X Y, 


. are the values found by diflerenti- 

■ • )’- with respect to X, Y, and 

then substituting X, Y', . for X, Y, 

If the corrections y, ’ ^-e’so small that their 

rirten!^^' neglected and they are 

written dX , dY , and F~f {X, Y', . ) is ivi itten 


^ dY + 

dX' dY' ^ 

which IS exactly the result found by diffeientiating F, which 
ties t^'^se quanti- 


lo. 'n ;:sr - expr.. 
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We have 


log v) = log iV^+- (log N) V ■\- 
aN 


= log N-\- 


mod 

~ir 


V 4 - 


where mod is the modulus of the common system of logarithms 
With a seven-place table we may use the formula 


log (-A7'+2/)=logiV+ dw 

where dw is the tabular dijfference coiresponding to one unit for the number 
For small numbers however, it is better to take S-m from the table for the 
form 

% |log(A^+i)-log(iV-i)} 

Thus from the table 

log (6543 2 + 7/) = 3 8157902+0 0000664 V 
log (654 32 + ») = 2 8157902+00006637 V 
log (65 432 + ») = r 8157902+0 0066378 V 

£x 2 In a ten-place log table where angles are given at regular intervals, 
required to find log sin {A’\-a) when A is given in the table and a is a num- 
ber of seconds less than the tabular interval 
We have 

log sin {A +a)=log sin^+^ | log sin | ^ 

=logsin^ + mod sin i" a cot {a +— ^ 

Now, 

log mod = 9 6377843 —10 
log sm i" = 4 6855749 —10 
log 10’' = 7 


I 3233592 

which expresses log (mod sm i") in terms of the seventh place of decimals as 
the unit Hence 

log sin (^+i?) ^ 

=log sin ^+log-^ I I 3233592+log ^+ f log oot -<4 + - X diff fori^j* 

With Vega’s Thesmrus,* which gives the log functions to single seconds 
to the end of ihe first degree and afterwards for every 10", log sm {A -\-a) can be 
found Irom the above expiession for values of A > 3®, and also when ^ lies 
between 20' and 2® to within less than unity in the tenth decimal place Be- 
tween 2'» and 3® the difference maybe as large as 3 units in the tenth place 
from the value found by carrying out the formula more exactly But in the 

* TAesctvrus Logaritkntoruvi Cow^ltitts Lipsiae, i794 


24 


THE ADJUSTMENT OF OBSERVATIONS. 


Thesaurus, m the trigonometrical part, “ the uncertainty of the last figure 

amounts to 4 units ’* Hence the above process is in general sufTicieiit when 
this table is used 

With a seven-place table of log sines it would be, in gencuil, sufficient to 
take the tabular difference 6 ^. for i" for the angle A as the value of 

k I log sin (^4-? 

SO that 

log sin {A 4 -«)=:log sin A+d^a 

3 If ^ IS the approximate value of an angle, and v a correction to it 
so small that its square and higher powers may be neglected, required to ex- 
press log sin [A-\-v) in the linear form, using a ten-place table 
Let Ax be the angle nearest to A in the table, and set 


a 


then 
log sin 

=logsin(..^i-t-fz+zf) 

=logsm^.+ mod sm i” a cot ( 4 - ?) 4 - mod sin l' cot a) r- 

= log sm A, + log-i 3233532 4. log a + (log cot A, +2 >< diff for l') J 

+ log-' { I 3233592 + (log cot 4 - a X diff foi i’)l V 
Expand log sin ( 58 ° 16' 32' 076 + ®) 

Ai=68° 16' 30" 

« = 2" 076 

I 3233592 

log cot -rf 1 9 6003780 
O 9237372 

diXdiflf i" — j2^ 


— -Xdiff I*" 
2 


o 9237245 8,3893 

H-64 


log a 


o 9237309 

0 3172273 

1 2409582 


log sin 68® 16' 30' 

Hence log sin (68' 16' 32* 076+®)= 


I7,+i6 
9 9680022,271 


.9 9680039,687 + 8,3893 v 
*B«„.Ws«hUonofV.ga,tr»slal.dbv Fischer Preface, p „ 
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With SL seven-place table, except for small angles or angles near 180° 

It will be sufficient to take 

log sm (j4i-i-a+zf)—log sin v 

when 5 a is the tabular diffeience corresponding to i" for the angle Ai It 
can be taken by inspection from the table Thus, 

log sin (68° 16' 32" + »)=9 9680039+84 v 

8 Interpolation. — ^So far as interpolation is concerned, 
we have mainly to deal with the logarithms of trigonometnc 
functions The diffeiences between the successive values 
given in a table are first differences, and the differences be- 
tween the successive first differences are second differences 
Beyond second differences we do not need to go 

This may be expressed in tabular form 


Function 

First diff 

Second difF 

fiA) 

f{AAr<A 

/(^+2«) 

A 

d! 

d. 


Hence 

f (-^ -\''2.d)=f [A -\-d)-{-d' 

—f C-^) + '2d,-\-d^ 

Generally 

f{A-\- net) =f{A')-\- nd,^ + ^ ^ +. • • • 

which IS Newton’s formula 

Ex In a ten-place table of log smes in which values arc 
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given to every lo seconds, required log sin A when A is 
any angle 

Let/4i=:the part of the given angle .4 to the nearest lO 
seconds that occurs in the table 
^ = the units of seconds and parts of seconds in the 
given angle 

d^=ihe first and second tabular differences 

then 

log sin A =log sm (a^-\--^ io^ 

= logs.n^,+ (- <) 

=logsin ^ — (l) 

lO lOO 

Wnting this in the form, 

logsin ^z=log sin A,-{-a | A -f- ^5 — ^ | (2) 

we have the convenient rule Assume the second difference 
constant throughout the interval a Then from the first 
and second differences find by simple interpolation the 
value of the difference at the middle of the interval This 
difference multiplied by the interval gives the correction to 
the tabular log sine 

To find log sm 16^ 32' 076 
From the table, 

log sm 68® 16' 30"= 9 9680022,271 

^1= 83,889 for 10" in units of the seventh decimal place 
<^3= 0,012 

Hence, from equation (i), 

Corr to tab value =2 076 X 8,3889+1225 (10 — 2 076) 

2 100 

= 17,416 


log sin 68“ i6' 32' 076 = 9 9680039,687 
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The difference at 35"= 8,3889 

We want it at 31" 038, the middle of the interval 

Now, change of first diffcrence= 0,00012 for i" 

Hence corr to first difference = (35 — 31 038) X 0,00012 

= 0,0005 
First diff = 8,3889 

Diff lequired = 8,3894 
And 2 076 X 8,3894= 17,416 as before 

9 Periodic Senes. — To sum the series 

Cos 0-\-COS 0 + COS 26 +COS («— 1)0 

Sin ^ + sin 6? + sin 20 + +sin 

where 0 = 5 ^, n being an integer, we may proceed as fol- 
n 

lows 

If 0 IS the angle which a line B^OB makes with OA then 
the projection of OB on OA is OB cos 0 , and the projec- 
tion ot OB' is — OB cos 0 if 0 B'=. OB The projections on 
a line at right angles to OA are OB sin 0 and — OB sin 0 
respectively 

If we divide the circumference of a circle into 71 equal 
paits at the points A, B, then each angle at the centre 

O IS , or 0 , and by projecting the lines OA^ OB^ on 
n 

the diametei thi ough A we find the sum of the first series 
to be zero, and by projecting the same lines on the diameter 
perpendicular to OA we find the sum of the second series 
to be also zero 

These results may be written 

-1’ cos m6 = o B sin md = o 

where m assumes all values from o to — i 
Hence it follows that 

- sm viQ cos md = y^ -i’ sin 7n 26 = 0 

- cos'* in6 =- +^2'cos m 20 

2 2 

2' sin® md =— cos m 26 

2 2 


5 
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of Tast ",SeT' " ” ‘»= 

hm!!? ?’ ^ of the same kind, their alve- 

M or““a sf “hat "" by 


Also, 


[a] = a,-\-a,-\- 
M or = 




m 


I K I 




C„ 


of oyanSie! ^1 ^ senes 

quantities a all taken with the same sig^n 


CHAPTER II 


THE LAW OF ERROR 


The Arithmetic Mean 


II («)W]ien the quantity measured is the quan- 
tity to be foimd.— If M. are n direct and in- 

dependetit measures of a quantity, T, we may write 


r-M,=A, ] 


T-M^=A^ 


(I) 


wheie indicate the diffeiences between /and 

the observed values, and aie therefore the eirois of obser- 
vation 

W e have here n equations and » -j- i unknowns What 
principle shall we call to our aid to solve these equations 
and so find T, A^, A„ A^f In answering this question 
I shall follow the ordei of natural development of the sub. 
ject, which, in the main, is also the order of its histoiical 
development 

The value sought must be some function of the ob- 
served values and fall between the largest and smallest of 
them If the observed values are ai ranged according to 
then magnitudes they will be found to cluster around a 
central value On first thoughts the value that would be 
chosen as the value of T would be the central value in this 
arrangement if the number of observations were odd, and 
either of the two central values if the number were even 
In other words, a plausible value of the unknown would be 
that observed value which had as many observed values 
greater than it as it had less than it Now, since a small 
change in any of the observed values, other than the central 
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suit, more especialH if tlfr k ^ plausible re- 

discrepant ^ ^ widely 

iect?onIble°?®' value is ob- 

r::.titt:?r,;' r^^r' “ ^ 

to be eouallv wr^r+>. ’t these values are supposed 

take them in thp ah ^ confidence, as it is reasonable to 

tion that when thp as to satisfy the condi- 

another itti rl,Le rih^ °- 

/(^: i M)J^’ F " ^•=^r = then 

tion,thennecessanly/(4 = i ^ 

and put^^^"’ ^ h® a symmetrical function of M, M, M„, 

V~M,~v, 

^-K = t , ( 2 ) 

Expanding by Taylor’s theorem 
V=f{M^M^ M\ 

=/(V~v„ V~v„ ) 

~nv.v. 

" '"pc'eSoahe siv^r., ":■■“• ''’‘^^• 

*8;6 Florence 

«» g^ertA dtrkl Ahwu:hu»g,:,ummt, Leipzig, 1874 
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The simplest symmetrical function of the observed val- 
ues that can be chosen as the form for V is their arithmetic 

mean — that is, If we take V equal to this value, then 

n 

from equation (i) by addition [2/]=o, and, neglecting powers 
of V higher than the first, equation (3) is satisfied identically 
Thus tar, therefore, it would appear that the aiithmetic 
mean may be taken as one solution It may happen that the 
values are of such a nature that some other 

symmetrical function than the arithmetic mean will satisfy 
(2) better than will the arithmetic mean That the arith- 
metic mean is on the whole the best form for the function 
/(J/j, Jfg, when are direct meas- 

uies of some phenomenon in the sciences of observation, 
which sciences only we intend to consider, may be confirm- 
ed b}’- a comparison of results flowing from this hypothesis 
with the records of experience This we shall do later (see 
Art 24, 37, 51) 

The older mathematicians, as Cotes and Simpson, laid 
the foundations of our subject by announcing the principle 
of the arithmetic mean Gauss, to whom we owe the first 
complete exposition, assumed the arithmetic mean as a 
plauSible hypothesis,* and Hansen, who made the next 
^reat advances, started from it as an axiom The princi- 
ple itself may be stated as follows If we have 11 observed 
values of an unknown, all equally good so far as we know, 
the most plausible value of the unknown (best value on the 
whole) IS the arithmetic mean of the observed values 

12 By adding equations (i), Art u,and taking the mean, 
we have 

n n 

— V + 1 ^ 
n 

The last term of this equation will become very small if, 

* Gauss^ words are, “ Axiomatis loco haben solet hypothesis {.Tkeoria lib a, 

sec 3) 
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n being very large, the sum [J] ot the enors remains 
small Now, if, after making one observation and belore 
making another, we readjust our instiument, deteimine 
anew its coirections, choose the most favorable conditions 
for observing, and vary the form of proceduie as much as 
possible, it IS reasonable to suppose that the distiiibing in- 
fluences will balance one another in the result following’ 
from the proper combination of the observed values It 
may take an infinite number of trials to bring this about 
In the absence of all knowledge we cannot say that it will 
take less And, reckoning mistakes in leading the instiu- 
ment orm recording the readings as accidental enors, an 
infinity of a higher order than the first may be lequired to 
eliminate them 

In other words, there being no reason to suppose that 
an error in evcess (or positive error) is more likely to occur 
on the whole than an erior in defect (or negative error), we 

maj, when « is a very large number, consider to be an 

mSn.te.ma] with resptct to T We oiay, thereforo, m tl.,., 


that tie n„mier of oisemid values at vay rreat the 

arithmetic mean is the true value ^ S 

Tior^nf principle of the arithmetic mean two im- 

Srcl“aaTo'( “"C ror, taking the 

moit DkuMMe aa the 

most plausible value of that unknown, we may write our 

observation equations in t\iQ form, write our 


V~M, = v, 1 
V~M^ = v, 

V-M„=v„ 


(0 
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(a) By addition 

iiV-[M'\ = [v] 
and 

M = 0 (2) 

— that 1S5 t/ie sum of the residuals is zero , in other words, the 
sum of the positive residuals is equal to the sum of the negative 
residuals 

There is a very marked correspondence between the 
senes in which n is infinitely great and T is the true value, 
and a series in which n is finite and the arithmetic mean V 
is taken as the best value attainable For in the first case 
the sum of the errors. A, divided by n, is zero, and in the sec- 
ond the sum of the residuals^ v, is zero 

(b) Let V be any assumed value of the unknown other 
than the arithmetic mean, and put 




(3) 


From equations (i) and (3), by squaring and adding, 

\mi] — n VV— 2 F [i/] + [MM] 

[v'v'] = nV'V'-2V'[M} + [MM 2 

Hence by a simple reduction, 

[t'V] = [w] n 

Now, , being a complete square, is always 

positive 

> [7'r/] 

— that is, iJie sum of the squares of the residuals 7>, found by 
taking the arithmetic mean, is a minimum 

Hence the name Method of Least Squares, which was fiist 
given by Legendre 

Let us recapitulate the three forms of solution proposed 
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Sa ‘''' fro” 

V-M,= v, 

V — M^-=. 




■ 


values and taka the mean The 

considered sing^ly the best value must be the directly ob- 
served one, and the mean of these values is ^ 


n 


(a) Solve simultaneously, making W=o. This gives 

nV~lM^ = \v\ = o 
r= 


or 


n 


the arithmetic mean 

Thlsgit^'’ making M == a minimum. 


(F"— M„y = a min 


• V~ M„ = o 


w 

n 


Differentiating with respect to F, 

or V- 
the arithmetic mean 

of ttr^uanti* measured is a function 

more gerrarbl ft»«nd.-We pass now to the 

to be determined made directly on the quantity 

quantitv^hr ’ f “d'^dtlj-that is, made o„ a 

are to bL found “ °* <>'= quantities ivhose values 
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Thus, let the function connecting' the obser'ved quantity 
T and the unknowns X, Y, . be 

T=/{X, V, . ) (I) 

in which the constants involved are given by theory for 
each obseivation 

If M„ are the observed values of 7’, the equa- 
tions for finding the unknowns, when reduced to the linear 
form, may be written 

“h ^ I.Y . . — X, \ 

v,+M, = a,X-i- h Y+ -lA (2) 

• • • • / 

in which . are known constants, and 

are the residual errors of observation 
Now, if the number of equations, n, is equal to the num- 
ber of unknowns, the values oiX, F, may be found 
by the ordinary algebraic methods, and if substituted in the 
equations will satisfy them exactly. But if the number of 
equations exceeds the number of unknowns, the values 
found from a sufficient number of the equations will not 
in general satisfy the remaining equations exactly. Many 
such sets of values may be found, which are therefore all 
possible solutions But of all these possible sets some one 
will satisfy the equations better than any of the others We 
have so far no means of knowing when we have found this 
most plausible (best on the whole) set of values With a 
single unknown the arithmetic mean gives the most plausi- 
ble result Let us see if a method of finding means corre- 
sponding to those of Art 13 will apply to these equations 
For simplicity in writing take the three equations , 

Y~M^-\-v^ 
a,X-{-^» Y = Jf, 4 - Vt 
a,X-{-6^ Y 

where . . are known, and X, Fare to be found. 

6 
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(i) Find all possible values of X and F, and combine 
them 

To do this we form all possible sets of two equations 
and solve each set Thus, 

a,X^b^Y=M, a,X-\-b,Y=M, a^^-\-b,Y—M, 

a^+b^Y=M, a,X+b,Y=M, a^^b,Y=zM, 

whence at once 

{aA - a,b[) X= bM, - 
{aj)^ — ajj^ F= «,Mj, — 

{aj>^ — a^b^ X = bJX^ — 

{^iK ~ «A) y — 

(aj)^ — aj)^ X= b^M^ — b.M^ 

{aX — aj)^ Y = aJM'^ — 


In combining these values of JTand of F we aie met hy 
a difficulty It would not do to take the arithmetic means 
as the most plausible values, for X and F may be better de-, 
termined from one set of equations than fiom another, and 
the anthmetic mean gives the most plausible value only on 
the assumption that all of the values combined in it are of 
equal quality It is necessaiy, therefore, to have a method 
of combining observations ot different quality before we can 
find X and Y in this way 

(2) The simultaneous solution of the equations by mak- 
mg the sum of the residuals equal to zero. 

Hence X, Y should be found from 


a^X-i- Ky-M,-\-a^-{.b,Y-M,-\-a,X-\-b,Y-M, = o 


which is impossible, as this 
infinite number of values 
therefore, insuffiaent 


equation may be satisfied by an 
of X and F The principle is, 


(3) The simultaneous solution by making the sum of the 
squares of the residuals a minimum. We have 




= a mm. 
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Differentiating with respect to JC, Y as independent vari- 
ables, we find 

[aalX+labl Y=\aM] 

\ab'\X-^\bb'\ Y=\bM] 

where 

\ad\ = + « A -f - 

[ab^ = aj>i + ajj, -j- 

This method gives as man)'^ equations as unknowns, and so 
but one set of values of X and Y can be found. 

We cannot, however, say that we have found the most 
plausible values of X and Y. All we can say is that the last 
method employed reduces the number of equations to the 
number of unknowns and gives us one set of values of A" 
and y, and that the same principle applied to the special 
case of one unknown gives the most plausible value of that 
unknown, in that it gives the arithmetic mean Analogy, 
however, would lead us to suspect that we have found the 
most plausible values of X and Y. W ith one unknown, if 
the separate observed values, represented by lines of the 
proper length, are plotted along a straight line from a cer- 
tain assumed origin, and equal weights are placed at the end 
points, the position of the centre of giavity of the weights 
will coincide with the end of the line representing the 
arithmetic mean of the distances, and the sum of the squares 
of the distances of the'weights from the centre of gravity is 
a minimum. 

Again, the centre of gravity of n equally well-observed 
positions of a point in space would be the most plausible 
mean position to take foi the point But it is a well known 
principle that, if equal weights be placed at n points in 
space, the centre of gravity of these weights is at a point 
such that the sum of the squares of its distances from the 
weights is a minimum * On this principle Legendre found- 
ed the rule of minimum squares, and he employed the rule 

* See, for example, Todhunter’s Sfatzcff, Art 138 
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Th, Uw tf Error of a Smsle Otsoruod Qmttty 

observid vIm T”/ 

sum nf ^ found by making" the 

r*olt5r;rLf “ ^s: 

corr^^drce^Trtto^^”™^' ‘° 

not equally good We musS IT 

can beappued,„,„.^,l„„^_^"'_^;‘ fot fi„d.„g meane 

quaM°t7^'‘MXl^ Mhependent measures of the same 

ed ttaf 'eTro^^i^* “*• '’“" “"<'"' « -”ett be grant. 

likely to occur to t\Tl equally 

probable ^ f ® amount-that is, are equally 

of observations s'^J^aire^ors^Ire hkel^T 

quentlv thn^i le. likely to occur more fre- 

m4n“fnde“ "''■•o a hm.t to the 

it- -H-“' 

^ be’ denoted by exceed 

A and ^ Probability of an error betiveen 

= 9{^dA suppose (i) 

or sm^ffte '''" d'«nbut.on of error, 
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The probability that an error falls between any assigned 
limits b and a is the sum of the probabilities <p{S) dA ex- 
tending from b to a, and is expressed in the ordinary nota- 
tion of the integral calculus by 

J'\{A) ( 2 ) 

Hence it follows that the probability that an error does not 
exceed the value a is 

^ f(A) dA (3) 

The properties of errors stated above are not sufficient 
to determine the form of the function (p{A) definitely 
Among other forms that might be chosen to satisfy them 
the simplest would be 


(p{A) = e-*‘^ (4) 

where ^ is a constant 

This was, indeed, that selected by Laplace in his inves- 
tigation Determiner le milieu que Von doit prendre entre trots 
observations dormies d'un mime phinomine (M6ni. Acad Pans, 
1774) From this form may be readily derived the results 
stated in Art 1 1 

The form of f niay, however, be more satisfactorily 
determined by calling in the aid of the calculus of piobabil- 
ities For if dA^^ 9{A) denote the prob- 

abilities of the occurrence of errors in n observations be- 
tween 4 and 4 + 4 and . respectively, 

the probability of the simultaneous occurrence of this sys- 
tem of errors is proportional to the product (see Art 5) 

?{A) fiA) 

Denote this expression by so that 

<f, = <p{A,)<piA,) K 4 ) (S) 

Now, the true value 7 ", and therefore the values of 4 > 4 » 
. A^j are unknown If we make the expression for p a 
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mAxitnutn, we should find the most probable value of the 
unknown But we have seen that the most plausible value 
of the unknown is the arithmetic mean of the observed val- 
ues, and that when the number of observations is very large 
the arithmetic mean is the true value T Calling, then, the 
most plausible value the most probable value, we have, 
when n is large, the true value by making <p a maximum 
The form of the function (p will, therefore, result from this 
hypothesis 

Now, since log <!> varies as if/, we must have log a maxi- 
mum, and therefore by differentiation 

d log ip _ d log y(4 ) dd, , dlog9j(4) dA, , 

dT 6A, dT 64 'dT + 

or 



h log y.(4) 

4^4 


+ 4 


b log y.(4) 

4^4 + 


since from equation (i), Art ii. 


( 6 ) 


^4_ dA„ 

dT~dT — ’ 


But, from the principle of the anthmetic mean, when the 
number of observations is verj great, 

4 - 1 - 4 + +4=0. (;) 

Also, since equations (6) and (7) must be simultaneously 
satisfied by -the same value of the unknown, being the most 
probable value in either case, and since the errors 4i 4i 
4 are connected only by the i elation [41 = 0, we necessari- 
ly have, when n > 2,* 


h log y(4) b log y(4) 

4 ^4 4 ^4 


. . = k suppose 


Clearing of fractions and integrating, 

* Whea » =s 2 It reduces to an identity 
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where e is the base of the Napierian system of logarithms 
and r IS a constant , 

73 / 

Now, since is to be a maximum, must be negative 

W 1 

But when is a maximum subject to the condition [i]=o, 

//W; 

then —iL — nkip Hence, since (p is positiv'e, k must be 
negative, and, putting it equal to — we have 


the law of error sought 

16 In this expression there are two symbols undeter- 
mined, c and fj. To find c Since it is certain that all of 
the errois lie between the maximum errors 
we have 

cj e 


But as the values of ^ aie different for different kinds of 
observations, and as we cannot in general assign these val- 
ues definitely, we must take +00 and —00 as the extreme 
limits of error, so that c is found from 

+00 ^ 



and hence (see Art 6) 

I 

fJL 

and the law of erroi may be written 




.^L 


or by putting /i^z= 


I 

2/ 
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When this latter form is used it is only for greater conveni- 
ence in wnting, and h is to be looked on as a mere sym- 
bol standing for 1— 

— 

As regards /i“,it is evident that foi e~ to be a possible 


quantity — must be an abstract number Hence u is a 

quantity expressed in the same unit of measure as A. 

Also, from the form of the function p(J), it is evident 
that the probability of an error A will be the larger the 
larger /i is, and vice versa Hence is a test of the 
quality of observations of different senes, the unit being 
the same. 


Again, the total number of eriors in a series being «, the 
number between i and will, from the definition of 

probability, be n <p{A) dA Hence the sum ot the squares of 
the errors A in the same intei val will be equal to nA* ^(A) dA, 
and the sum of the squares of the eriors between the limits 
of error -f- a and — a will be 


n r f[A) dA 

\J — a 

Extending the limits of error ± ^ to db this expiession 
becomes, after substituting for its value, 


ft /*+» ^ 

V — « 


P- V 271 

which (see Art 6) reduces to ni^ 

Hence ^ IS the mean of the sum of the squaiesof the 
errors A that occur in the senes It is called the mean- 
square error, and will be referred to as the m. s e. 
fi JP^cipIe of Least-Squares — Having de- 

fined the symbols^ and in the expiession for f{d), let us 
return to Art 15, Eq 5 ^ ' 

If the observed values are of the same quality thiough- 
out, /tis constant and the product ^ becomes rV" ^ This 
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product IS evidently a maximum when [J'*] is a minimum , 
that IS, tf we assume that each of a very large number of ob- 
served values of a quantity is of the same quality, the most prob- 
able value of the quantity is found by making the sum of the 
squares of the errors a minimum 

If the observed values are not of the same quality, // is 
different for the different obsei vations, and the most prob- 
able value of the unknown would be found from the maxi- 


- f— 1 

mum value of e , that is, from the minimum value of 


m 


Thus tf each of a large number of observed values of a 


quantity ts of different quality^ the most probable viable of the 
quantity ts found by dwiding each error of observation by its 
m s e and making the sum of the squares of the quotients a 
minimum 

This latter includes the case m which the observed 
quantity is a function of several independent unknowns 
whose values are to be found For if 




where the functions f, /a, . . . are of the same form and 
diflFer only m the constants that enter , then if , 

denote the errors of observation, we have 

. . .)-^a 


Hence since d„ 
variables x, y, 


are functions of the independent 
we must have 


) — M}‘'J = a. minimum 

with respect to the variables a, y, . But the different!- 
ation of this equation with respect to .r, y, . and the 
equating of the differential coclficients to zero, gives as 

7 
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many e(iuations as unknowns, from which equations the 
most probable values of v,y, may be found 

i8. Two other inferences from the preceding- general 
pnnaples are impoitant 

(a) Since in a series of observed values of difierent 
quality the sum of the squares of the enors, divided by 
their respective m s e made a minimum, leads to the most 
probable values, it follows that observed values of difierent 
quality are put on a common basis for combination by 
dividing by their respective m s e This conclusion will 
be found developed in Chapter III 

(b) Since is an abstract number, no matter what the 

unit of measure in which the obseived values are expiessed, 
It follows that heterogeneous measures may be combined in 
the same miniinum equation. For an example in which this 
is fully brought out see Art 169 1 


The Law of Error of a Linear Function of Independently 
Observed Quantities. 

19 We have found the law of error in the case of a quan« 
My Erectly observed, and which may be a function of one 

where . are constants. 

ties in wilting consider two observed quanti- 

t.uVSSrnir„ :: 

and 4 in M, is occurrence of the errors i. m 


a. 


ST 




(X) 
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Now, an error in and an error in produce an 
error A in F, accoidmg to the relation 

A=aJ,-\-a,A^ ( 2 ) 

and this relation can always be satisfied by combining any 
value of A^ with all values of A^ ranging from — 00 to -j-®® 
The probability, theiefore, of an error AmF may be written 


ip{S) dA = hh. dA, 

7t — eo 

But from (2)! and since A, is independent of A^, 


Hence 


dA = dA, 


<p{A) dA 
JAdA 

n a, J -00 ^ 


hJt^dA -tti 
— ■■ l- ? e 




hX 


hW ,0 /- hoo ^1 iW,+V«iVa aV 

xJ -00 




■!! 1 i e' dA 


4/ h^a^^Tz 


which IS of the form 

dA 

\fK 

That is, the Imv of error of the function F is the same as that 
of ilie independently measured quantities M^, Af 
The m s e of the function F is found fioin 


/■» _ W 

w-\-w 

that is, from 

— r«yi 

This theorem is one of the most important in the method of 
least squares, and will be often leferied to. 
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£x To find the m s e of the arithmetic mean of n equally well observed 
values of a quantity 


We have 

+M„) 

ft 

Let 

//<» = m s e of the arithmetic mean 
/^ = m s e of each observed value 

Then 

Ao® = ^ + • to « terms) 

or 

II 

That IS, the m s 

e of the arithmetic mean of n observations ts. 


0/ a ohsii vaitott 




On the Contpctttson of the Accutucy of Diffetent Settes of 

Observations 

20 The Mean-Square Error. — We have seen in Art. 
16 that the m s e // affords a test of the relative accuracy 
of different series of observations This test was sug'gested 
by the fundamental formula of the law of eiror, and is 
naturally the first that would be taken for that purpose 
The value oi f is the mean of the sum of the squares of 
the errors in a series between the extreme limits of error, 
and since the probability of an error is the number of cases 
favorable to its occurrence divided by the total number of 
cases, iP IS given by the expression 


dd 


where a and — a are the limits of error. 

Hence if the number of errors nis?i veiy large numbei 
a close approximation to the value of fP will be given by 


,.= 41 + 41 + 

n ^ n ^ 
[^] 



n 


The difference in 
pointed out later 


precision of these two values of // will be 
(See Art 23 ) 
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21 The Probable Error. — A second method of deter- 
mining the relative precision of different series of observa- 
tions IS by comparing errors which occupy the same rela- 
tive position in the diffeient series when the errors are 
arranged in order of magnitude The eriors which occupy 
the middle places in each senes are, for greater conveni- 
ence, the ones chosen 

Let the eri ors in a series, arranged in order of magni- 
tude, be 

± 21*, ±r, . 0, 

each error being wiitten as many times as it occurs , then 
we give to that error r which occupies the middle place, 
and which has as many errors numerically greater than it 
as it has errors less than it, the name of probable error. If, 
therefoie, n is the total numbei of errors, the number lying 

n 

between r and — ns—, and the number outside these 
n 

limits IS also In other words, the probability that the 
error of a single obseivation in any system will fall between 
the limits + r and — r is and the probability that it will 

fall outside these limits is also ^ We have, therefore, 

JL 

Vt: 2 

from which to find r 

If we put /£d = t, and the value t z=z p corresponds to 
J = r, then 



Expanding the integral in a series as m (c) Art 6 , we shall 
find that approximately the resulting equation is satisfied by 

p = 047694 
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Since 


hr = p — 


it follows that 


/> = o 47694 and hfi ~ j 

= 0 6/45;^ 

2 

— -iu roug-hly 


the series^ of errors occupies the middle place in 

found It will be n'ea^'l^^ m order of magnitude may be 

the series IS of moderate [ength computed value, if 

does' not" met P-bable error 
other, but oSv th.f ™ 

of commitmi^a? the probability 

equal to the ^obab^Ilt^ greater than the probable erior is 
the probable Lror Indeed eirorless than 

probable is zero Tfi. e^^or the most 

to that .f t,rz.u::z - 


or 


or 


- ^ ^ ,-4Va 

I ^-(o-47<94)* 

1:08 


tS 

the woid probable beinp- , ^ account of 

from .ts ord£“%t‘jfi“''*‘''o/ons.altogath«. d.ffere.„ 
tho tana '« -ould be betta, to use 

Morgan, oi ^ “3’=: “ JoeSTOstad by Da 

third test of the accuracy occurs, as a 

to take the mean of all the oosn observations, 

all the negativeerror sandT ' of 

errors, and then, since m a large numbei of 
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observations there will be nearly the same number of each 
kind, to take the mean of the two results without regard to 
sign This gives what may be termed the average error 
It IS usually denoted by the Greek letter q 

Reasoning as in Art 20, we have*approximately 



wheie [J is the arithmetic sum of the errors 

An expression for q in teims of the mean-square eiror fi 
may be found as follows The numbei of errois between d 
and A -\-dA IS 

n (p{A) dA 

and the sum of the positive eiiors in the series is 


nj ^ A ip{A) dA 

The sum of the negative errois being the same, the sum of 
all the errors is 

A ^(A) dA 

Hence 

J p( J) dA 






the relation required 

The average error may, as stated above, be directly used 
as a test of the relative accuiacy of different senes of ob- 
servations Indeed, 1 think it should be moie used toi this 
purpose than it is The geneial custom is, however, to 
employ it as a stepping-stone to find the mean-square and 
probable errors This can be done, foi the reason that it is 
more easy to compute [A than [J"] 
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The formulas for « and r coinrmt/»H *u 
follows From th. .a^t - 


and from Alt 21 


■=v1 

= I 2533 


'} 


[J 


^ = 06745/^ 

= 08453 M 


in^hrSwingTrm^'^ remembered 

iL^rrm*'““ arraayad .„ ^bu- 
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instead of the rigid iormula 


If we put 






then, since // is the exact value, X will be the error of yu’ 
computed from the errors A^ . according to the 

formula IfLI Squanng, we have 
n 

= ^ + 4 ’ 4 ‘ + . . ) - 2 /*'^ + /«• 

0 

Now, letting the errors A assume all possible values, the 
average value of the fourth powers is (see Art 6) 


/ttv/ 0 4^ 


The number of the products A,^A,\ being the 

number of combinations of n things, two at a time, is 
and the average of the values is 

2 It?/ 


that IS (Art 2o), 


n(n~i) * 


The average value of is fi* Hence finally 


8 



S2 

and 
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or 

(b) In the second place, for the average error >7 we nro 
ceed m precisely the same way We ha4 ’ ^ 


v=2y'jj<p{j)dj 


Let 

Then 


^. = L_ 

n 


^ = Vt — V 

^ ^ ~f“ ■^i^a + 

= — 1 ) 2 ^“ 

» ~r" „.2 ■ r 


)- 2 ^ ^ + 


« ' 7 / 


TT 


« V 7t) 

which gives the error in t 
Also, since 

the error in /x is 

that IS, 
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Now, since tt — 2 >• i, the limits in the lattei case are the 
larger, and we theiefoie conclude that the former method 
of computing fx is the better of the two 

24 From the equation 

we may derive a test of the validity of the law of eiroi, and 
a rather cuiious one For fi and rj may be determined 
from measuiements, and if the experimental values found 
satisfy the equation 

we must conclude that the theory is correct. This may be 
classed as an additional h ^ostertort proof to that g'lven in 
Alt 51 

25 Whether we should use the m s e or the p e in 
stating the precision is largely a matter of taste Gaiiss 
says ^‘The so-called piobable error, since it depends on 
hypothesis, I, for my part, would like to see altogether 
banished , it may, however, be computed fiom the mean by 
multiplying by o 6744897 On the other hand, the Inter- 
national Committee of Weights and Measures decided in 
favor of the probable eiror It has been thought best in 
this work that the measure of piecision of the values ob- 
tained should always be leferred to the piobable error com- 
puted flora Gauss’ foimula, and not to the mean error” 
(Prods Verhaux, 1879, p 77) 

In the United States, in the Naval Observatory, the 
Coast Survey, the Engineer Coips, and the piincipal ob- 
seivatories, the p e is used altogether So, too, in Gieat 
Bntain, m the Greenwich Observatoi3% the Ordnance Siii- 
vey, etc In the G T. Suivey of India the ra s e is used, 
for the reason given by Gauss above Among German 
geodeticians and astionomeis the m s e is very geneially 
employed. 

In this book the m s e will be used in the text, and the 
m s, e and p. e in the examples indifferently. 
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The Pyobcibiltty Curve 




Vx 



i 7Z 


P'-oteb.l.ty curve 

27 To Trace the Porm of r, 

fo™ ori e;ruX;:r “ 
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Side of the axis of x Also, when a = o, o , that is, the 

ax 

tangent at the vertex is parallel to the axis of x. 

As X increases from o the values of y continually de- 
crease When X = ±oo , then 

y = o and ^ = o 
dx 


showing that the axis of ;r is an asymptote 
Again, since 


dx /|/^ 



theie IS a point of inflection when 


I 



and the m s e is therefore the abscissa of the point of in- 
flection Also, when = o, ^ is negative, showing that the 

dx r 

ordinate at the vertex is the maximum ordinate Hence 
the curve is of the form indicated in Fig i, OA lepresent- 
ing the maximum ordinate and OM the m s. e. 

The values of /^,that is,of being diffeient for difFer- 

ry 2 

ent senes of obseivations, the form of the cui ve will change 
for each senes, and the cuive may be plotted to scale fiom 
values ofy corresponding to assumed values of ;t 

In plotting the cuive, since the maximum oiclinate at 

the veitex enteis as a factor into the values of each of 

r 7t 

the other oidiiiates, its value may be arbitrarily assumed 
We may therefore adopt a scale foi plotting the ordinates 
diffeient from the scale by which the abscissas are plotted, 
in order to show the cui ve more cleaily 

The foim of the cuive is in accordance with the prin 
ciples already laid down m deducing the law of error, and 
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could have been derived fiom them dnectly Thus that 
small errois are more probable than large is indicalcd Iiy 
the element rectangle aieas being greater for values of ,t 
near zeio than for values more distant, that very laigt* 
errors have a very small piobability is indicated by the 
asymptotic form of the curve, and that positive and negative 
errors are equally probable is indicated by its symmetrical 
lorm with i aspect to the axis of y 

-8 The area of the curve of probability being the sum 
of the rectangles for values of ,r extending 

from + «, to - oo we have denoted by unity If then we 

represent by the area of this curve fbe Z* i ’ i ^ 1- 

error.! number of 

Thus it O is the origin, the area 
0 e light of OA would icpreseiit 
the number of positive eiiors and 
the aiea to the left of OA the num- 

ould represent the number 
area errors less than OP the 

■lO.Y then the number rf™ “"'-half the total area 
would be equal to the ti p®**'**'^® ertots less than OP 
OP would ’epresent t e 

«iaal to OP, the area/’fiffp^,;''”'' 'f bo taken 

~::r ^ 

ifa, ts .i.=absc.';T.L"2:.t';:‘‘i“‘™‘'" 

refened to the axes of and Y, then curve 


F 192 


. 'a-- 

/i : ,i\ 


0 0 P R 






. yyr etjtr 
/ y dx 
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Applying this to the curve of probability and calling the 
whole area unity, we have 




jtr dv 


1 ~ y -00 

I Z' H 00 

= dt if hx = t 

h s/^J -« 


r 

h 

— y]y the aveiage eiioi 


The Law of Error applied to an Actual Series of Ob^erva-^ 

Hons. 

We here budge over the gulf between the ideal senes 
from which we have deiived the law of ezroi and the actual 
series with which we have to deal in practical work, and 
which can only be expected to come partially within the 
range of the law constructed for the ideal 

30 Effect of Extending the Limits of Error to 

±00. — The expression gives the value of the 

probability of an error between A and A-\-dA in an ideal 
series of obseivations where the values are continuous be- 
tween limits infinitely great In all actual series the possible 
error is included within certain finite limits, and the proba- 
bility of the occurrence of an error beyond those limits is 
zeio Practically, however, the extension of the limits of 
error to ±,00 can make no appreciable difference m either 
case, as the function ^{d) decreases so rapidly that we can 
regaid it as infinitesimal ioi laige values of A; in other 
woids, the greatei number of cirors is in the neighboihood 
of zero, and therefoie the most important part is the part 
covered by both This has been illustiated geometncally 
in the discussion of the probability curve, and will now be 
developed fiom aiiothei point of view 
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We have for the probability ol the occuucimc of an 
eiror not greatei than a, in a seiics of observalioiih, 


2 h r 
0 




This may be put in the form {t = hJ) 


2 




dt 


and IS usually denoted by the symbol «(/). 

/cN has been cvj.Iaiiif.l iti 

(c) Art 6 In Table I will be found the values of tin- tmu - 

tion dit) corresponding to the aigument that is, " The 

reason for anangmg the table in this way ,s t hat if luo.c 
convenient to compute i than f // 

IS exceeds a certain eiioi ,$ 

the tabular value from unitv ^ 

that ^ IS greater therm o c Thn 
0 0430 , than 4risooo7o than’. ^ 

much al vanauce w.th th ' r”*" n" 

arose from some unusual r? assume that they 

*pcmally,aam.ued la^ “f ‘‘““W. «hcrcl„rc, l4 
tions m anj case is usually uod^ "I'Se™- 

" efror at aiX “'7'"°”"’' 

duced by Cuc.“;/rfouud^^^^^^ intro. 
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h 

by as found fiom 


y » + 00 

— 00 


in the investigation of the law ot error 
These equations may be written 






Hence 

c 


h ( 2h /'« \ 

= -^^1+ ^ J appioximately 


and taking a = Sr, we have, from Table I , 
t = ~ (j- 09993) 


= I 001 


Vjt 


Hence the difference being less than of the quantity 

sought, the approximate value of c found by extending the 
limits ± « to ± 00 may be considered satisfactory 

31 Various Laws of Error. — We have taken the 
arithmetic mean of a series of obseived values of a quantity 
made under like conditions as the most plausible value of 
the quantity The supposition of each observed quantity 
being subject to the same law of error leads to the mean as 
the most probable value “ The method of least squares is, 
m fact, a method of means, but with some peculiar char- 
acters The method proceeds upon this supposition, that 
all errors aie not equally probable, but that small cirors are 
moi e probable than large ones ’’ * 

Now, in an oidinary senes we assume a good deal when 
we take each obseivation of the senes as subject to the same 

* Whewcll , ni\iory o/ihe Inductive S(,tence\^ vol 11 
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special law of error — the exponential law We can certainly 
conceive of laws different from this one It is more probable 
that each set of observations has its own law depending' on 
instrument, observer, and conditions If we could go bade 
to the sources of error we could find this law in each case. 
Let us follow out this idea in a few simple cases and see to 
what it leads • 

32 First take the case where all eirors aie equally prob-* 
able that is, where J can with the same probability as- 
sume all values between -\-a and — a, the extreme limits of 
error 

Since a is the maximum error, 

^^=1, f(J) being constant, 

and therefore 

2a 

the law of error. 

For the m s. e we have 

^ -a 2a 

of 


Also 


— n^Ad4 


a 


The p e IS found from the relation 

<p{d)dA = 

or 

'j -r 2a 2 
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and 


r = 


a 

2 


that IS, the p e is half the max. error 

This IS also evident geometrically, for the curve of error 

y = constant 

is a straight line paiallel to the 
axis of abscissas 3 

Hence by definition we find 
the p e , by bisecting the area, to 

be- The p e would be lepre- 

2 O P X 

sented in the figure by OP 

33 Next consider an error to arise from two independent 
sources, y, each of which can with the same probability 
assume all values between + ^ and — so that for the total 
error A we have 

A = x -\-y 


Fig 3 


to 


To find (f{A\ the law of error If A and A d A denote two 
consecutive errors, then since x and jr have values between 
■^a and — a with interval dA^ each of the quantities y has 

-j- possible values, and the whole numbei of possible causes 


f 2^ ^ 

or error is X 
aJ 


2 a 


The causes which are favoi- 


able for an error of the magnitude * 4 “ ^ answer to all possible 
values of ;r, y which together give “|- A , namel}^ 


for X, A — a, A — a-\- dA, A — a-\- 2dA, a — dA^ a 

for y, a, a — dA, a — zdA, . J -|- dA, A — a 


and whose numbei is therefore 


2 a — A 
dA 


In the same way we find the number ^of causes favorable 

for the error of the magnitude — J to be — 

dA 
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Hence the probability f{J)dd of an error between J 
and d-\-dA\s given by 

2a ±d 4a° 

(ddy 


^{d) dd = 


that IS, 


dd 

= ^ ^/ dd 
4 a 


’ when A lies between — 2{t and o 
<p{^ = when A lies between o and -f- 2 a. 


^jO: 

For the m s e. we have 


2 a-- A 

-' Jo ^- TX - dA ^ 


4 d 


-/: 


A^ 


2 a A 




dA 


2 


For the p. e , 

r’^2a— d /'O 2a -L /I I 

r={2~^/^a 
Geometrically, the equations 

:y = 2a — xr 
y = 2 a-\-x- 

represent two straight lines 
which cut the axes of a- and y 
at an angle of 45°, and there- 
fore the curve of piobability 

as in the figuie If in the 
1 "S'”'® = 2 a, then OPiep- 
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this being the ina\unuin eiror, the p e of a log as given in 
the tables is 025 in the seventh place The iiileipolatcd 
value at the greatest distance from a tabulai value is the 
mean between tw,o tabular values Its p c , Iroin Art 33, is 

(2— V2)X02S=0 1$ 

Hence the p e. of the log of a number may be taken 0 2 in 
the seventh decimal place The p e of the nuuibcr coric- 
sponding to this log is (Ex i, Art 7) 

— - — ? = 1 — j approx 

10 X mod 22 X 10 

Suppose now that we are computing a chain of triangles 
.starting from a measured base The p e. of the base may 

be taken as ? — of its length. Hence the orior aiising 

1,000,000 

from this source is 22 times that to be expected liom the 
log. tables Again, the triangulation will be most exact, aixl 
therefore the test most severe, when the angles of each tri- 
angle are equal to 60° Now, the change in log sin Go" 
corresponding to a change of i^is is 2 111 units of the scvoiilh 
decimal place And 111 a piiniary tiiangulation an angle 
may, with the instruments now in use, be incasuicd with a 
p e of o" 25 Hence 

p e of log sin 60 — 12 2 X o 25 

= 3 o in units of the seventh decimal place, 

which p c IS 1 3 times gieatci than that arising lioin the 
log tables 

For the solution ol tjiangles, thcrcfoie, we conclude that, 
with oui present means of nicasurciiicnt, sevcn-iilace tables 
are sufficient The common pi act ice is to cairy out to 
eight places to give gi cal or accuracy in the seventh place*, 
and then drop the eiglith place in slating the final lesult 
(See Struve, An dn Mthidicn, vol 1 p 94 ) 

35 II an enorJ arises from three inclepeiulent .souico.s 
of the same kind, each of which can with the same pioba- 
bility assume all values between |- a and — a, then, the 
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rnasrimum error being' 3®, we have, fronn siniilar leasoning 
to that employed in Art, 33, 

when dis between 4- and + a 


<p{J) 


,i\ ^ 




when i is between + a and — a 


9 i‘^) — ^ IS between — a and — 


Also 


and 


3« 




= a 


/ 


■r 


dd — L 

8a‘ —2 


r = o 71a 

The curve of probability consists of three parts, as in 
the figure : ^ 

OAz=OB = 3a 0 ( 7 = OD—a 

There are common tangents to 
E the two branches at E and F, and 

the curve touches the axis of X 

o PC \ ''a The p e is repre- 

sented by OP 

36 A consideration of the results obtained in Ai ts 31-, e 

Tultr “ of '■■o' 0“ 

ed the nearer we approach the results obtained Irom 
the Gaussian law of erroi . Thus foi ^ “nea 11 om 



one source ^I-qo- 
two sources — = o 72 
three sources — = o 7i 
Gaussian law - =067 


-=IOO 

~ = o-B3 

^ = 0.87 
^ = 0.85 
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The forms of the curves of probability show the same 
approach to coincidence Starting with a straight line as 
thecuive for a single source of error, we appioach quite 
closely to the Gaussian probability curve, even with so 
small a number of souices of eiror as thiee Hence we 
should expect that, starting from the postulate of an error 
being derived fiom the combined influence of a very large 
number of independent sources of enor, we should arrive at 
the Gaussian law of error A complete demonstiation of 
this hy Bessel, to whom the idea itself is due, will be found 
in Astron Nachr ^ Nos 358, 359 The elementary proof 
given in Ait 33 for the simple case ot two souices of error 
IS due to Zachariae 

37 Experimental Proof of the Law of Error.— 
The same point was brought out experimentally in a series 
of leseaiches by Prof C S Peirce, of the U. S Coast Sur- 
vey * He employed a young man, who had had no previous 
experience whatever in observing, to answer a signal consist- 
ing of a sharp sound like a rap, the answer being made upon 
a telegraph operator’s key nicely adjusted Five hundred 
observations were made on each of twenty-four days The 
results for the first and last days are plotted below. In the 


Fig 6 
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* Coast Survey Report ^ 1870, appendix 21 
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fig'uies the abscissas represent the Intel val of time between 
the signal and the answer, the ordinates the luimbei of ob- 
servations. The curve is a mean curve for every day, di awn 
b> eje so as to eliminate irregulaiities entiiely Alter the 
first two 01 thiee days tiie curve cliffei'ed very little fioiii 
that deiived horn the theoiy of least sqiuies On Ihe hist 
day, when the obseiver was entiiely incxpeiienced, the ob- 
servations scatteied to such an extent that the ciiive had to 
be drawn on a different scale from that of the other days, 

38 G-eneral Conclusions — On the whole, though we 

II ” 

cannot say that the formula ~ will truly represent 


the law of erior in any given series of obseivations, we can 
say that it is a close approximation. 

When in a series of observations we have exhausted 
all of our resources m finding the corrections, and have 
applied them to the measured values, the lesiduum of eiror 
may fairly be supposed to have arisen from many sources • 
and we conclude from the foregoing investigations ^h\rof 
any one single law, the best to which we can rnsidei hm 
residual errors subject, and the best to be applied to a set of 
observations not yet made, is the exponential law of Ir^ 

to a hS senes be api.hecl 

dtvtdmg- each residual error hv the m . . 

»» .,u of .,u 


sating: basiwippaiatus of the Umted^*te”r ^ compen- 

the standard bar packed m th ^ Survey witli 

not follow the law of error as^it dififerences did 

they should, the bars beino- com suppose that 

being compensating. There was m- 


'IHI- I V\N »t| H!K«)U. 


steadareguUt dail'v soiur uiit* suuu t* t.| ni.ti 

exceeded the othcis tli.it i! nvci ‘.li.idovvi <1 tlu iii, \ Mii.h 
ol the results was tiMtle, Jitul tlu* law ol d.ulv « l».iii';t di*. 
covered, which {-.ive a means ol :i|.i.1mii<; .i Itn thu » um. 
tion The woilc done hitci, .iltei takiii;; .1. .rmiit ol tt,j. 
new concction, showed notlimj; unusual. 


CVmj tju at tit H ol ( V w7 ; .i /n 0/ \ . 

39 For puiposes oi leduction olisi'i s.ttious tii.iv hf di 
vided into two classes those wim h .iir indejM ti.h iif, h. 
subject to no conditions eveept lliose fixed In liie i.hsei v,,' 
tions themselves, and tluisc wlii< li ,ue sulips l to Mitaiii 
conditions outside ol the oliset vations. .is well as to thfi.in 
ditions hxed by the observations, lu ihe foituc’t « l.e 
foie the obscr-vations .iie inadr*. .ni\ one asMiiiie.l ./f ,,f 
values IS as likely as aiivotliet ; in the I.ittn m. ,.h 
can be as.suuiecl to satisfy appioximateiv the i.tiarv.ifum 
equations which does not e-xaellv satisfv flie 0 /,/>>» . on,h 
tions ' 

AO/i,AOC are tneasuie.d. [f the 

"direcdy ‘ ‘»1 I li<‘ of hei. the .in,d«-. .ue fMiiiid 

Iheanffle If(?('aniUl be defei tuiiie.l fioiii the irlafooi 
A()(' AOn i fUH" 

The miknovvn ,1, tins ease rnav be said |„. ..fr. ,vmI 
diiectly, and thoieloic independent ohseix.if iu,e. h,. 

rhetm'?"" ■ 

But if the an^flc /IOC is ohsei ved .liieiilv i- «,n . 
AOB,AOC,{htin these singles .ire no lom-er iii.ir prndenV 
but aic subject to the eoiulitioii (haf when a.lju'.ted 

A(W AO/) } jiO(' 

and no set of values can be assumed a*. posMide xvhi, h d,«-.. 

not exactly sali.sty tins couditum. ‘ 'vhnhdor.. 
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the adjustment of observations 

The observations in this case are said to be conditioned 
Though we have, therefore, strictly speaking, only two 
classes of observations, we shall, for simplicity, divide the 
first into two and consider in order the adjustment of 

(1) Direct obseivations of one unknown 

(2) Indirect observations of several independent un- 
knowns 

(3) Condition observations 


t If \rn i< Hi, 


" • * <11 \ M , ''I N I • • J, I < J > ) n ‘t \ H< >• '. n| K*.) 

" > f * t < M N 1 tl 

In th»' ajMtli* .itint) mI fin‘ i l«,tl iDnitiii.t <t| ( j If, tit 

•ttt •jitiiai •><•! u s mI <iI) >( } \ ,|| )i lit ‘.\t' ii.tli wdh <1 Miii'lt’ 

wliitlili.j Itf'Mi W<* -.lutll i(»u 

NhU I I W <1 t il* f * l*J titl' (III* 

•it inuiliiv. .m.l. HIM, tthi-ii »lif \ .m it .t .ill ul iHiii.a 

(iiuhl v> 

A. ( '/‘ui f I .i ,\, « , / / i,' t 

4 «t. TIm* >IoHt rrointhi** IIh* 

.IhMItl. \\V lM\r v*u tlM« 111 .1 .iif <4 thin » 1 \ i* 5 f 4 tV(’»l 
v.iUii’N l/„ }/ , . . . 1 /, «'i,n.ii •iiiil.u llii' 11111,1 j(tMl),iltU‘ 
v.iltir Till ( 111 * <|ii.it)iiiv 1 . ImiuiiI Itv l.tkm;* tlit* 

anliitti ' (11 iinMii III flu I v.tli, , 


It li.i , iiini ■h.iiMi tJi.if flu mu* i* .ii;i iviU lulluw 

li\ tit.ikiHi* flu* • imi Ilf flu .ijn.iii Ilf flu jt iiliitil niuf . it 

tititllllllltli i iill t !.(' iiii r I ii .ifiiijt j'n < t iii‘ I ijti If !■ Hi ,, 

/ 


.Mill I I', f«i Im* liiiiiiit 

' ' ‘ , .1 III.M. 1 It 

tll.ll I'., tlillll 

!<'■!...< r }/,<' .tlillll. r|j 
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Bj differentiation of (4) 

+ . +{F-M„) = 0 (5) 

and Vz= (•5^ 

In practice it would evidently be simpler to find the value 
of the unknown by taking the arithmetic mean of the 
observed values directly rather than to form the obsei- 
vatioii equations and find it by making the sum of the 
squares of the residuals a minimum 

It IS useful to notice, for purposes of checking, that Eq. 
(S) may be written 

M=o (7) 

41 As the obsei ved values M are often numerically 
large and not widely diffeient, the aiithmetical work of 
finding the mean may be shortened as follows 

A cursory examination of the obsei vations will show 
about what the mean value V must be Let X' denote this 
approximate value of Fi which may conveniently be taken 
some round number Subtract X' from each of the ob- 
served values M„ . in succession, and call the 
differences /„ . . /, lespectively. Then 

M,~X' = /, (I) 

By addition, 

[M^-nX' = [/] 
n 

=^' + K] 

n 

— suppose (2) 

Hence all that we have to do is to take the mean jr' of the 
small quantities /„ 4 ) 4 , and add the assumed value X' 

to the result. 


> irp 


* i ? 


- 'I M 1 ; s ,, 


/ * ’’ '*'*‘**i * Mtll • 4»-4| 4\iS IM till 

i 1 4Hi(r<»l «»f tlii> lritliitu*f u* M«*iiii. lit Ir.ist 

•')'»!’ •• 'U .Hi • >•) , It I, tiiipui t.iiii to h.iVf .t 

'*» »«'•' lo.iJ I III . IS Ni.tiially 

I «',i .!<• «tj»(t ,1 ( otiijiitl.tlioii t,iK> » \vi'« k'l, oi It 

•o V .t iitf mil , f.( <iiii*t;('l(' It, 1 m luitj* I uiiipuiatioiiv It IS 

5ot two ...MlJ'Mli j tuMoik lM*;i lit. 1 , UMIII* llllffirlll 

IMtl'l-d -^UiniM^l l«l'..t».!r. .mil 1,1 i,i!il[Mlf .It Ml 

l» ,4 l5. Util I t|.|| till , ,|j«,|||ist 

lit) f (kf., I. 'I .oiuriiUK . |j.ij,j„M. Ill, It I, .till tii.ikr tlm S.itiif 

‘ 1 .. I t' i.lltljiil , a 1 1 | ill > . lul ,1,1 il.'lll't*, 

«\ri| It I'.l- , oU,|.|U.|f|,,|M., llti|li|,||l ttf, It IS .uKlSlltl.* 

I * 1 , 15 . V |I.J,,||.l| ,111 |||,|r[.»*||.|, lit k rtiml, Iii.iy 1 „. 

fti.i 1 to |.| uilli |„ , „n,|,|i|.,f|,,|,, ,„,t ilin*lll.lff,l .» 

* itllMti 1 , i Iili,|| 

\« <Ml I, it Ml I III' .11 • III , I, 4 Ml III. ,11 lliit|M.tM IlirMII iti .1 
o^.ilts.iuil i,.i)mi , Mt ll't S,mi< <|it.iitliti I. .iHoolul I(V fill* 
I iltiMlI 


il.ti I (l‘ii Ilir Mini th' jio Iiiu* «.-.i,lu.ils slimilil lir 
.‘tMil I , t>tr mihi ,,l It,. ||, M.iin, I.. .I.limjt 

ll, lot I , M I , III 4|||ri|t| . til ,|l|t|,|||r lit IIMMII, I Ilf Mini I 1/ I 
o' tl.f fiw.l tiM.iiitiiif tt.i.n.,! .,, 1 . Ill ilisfilil.. Itv flifii 
IMIMI'l, , •„ ll,f mil ,1 ill) J.M ,,|,,| ||. r.,tt|^|. |f'.||{||,||,, 

'•I om.l if.i !».• . 5|ii i', lint til.. ..Ill, Hint ol tlif ili't if|.,tiii y 
• mu||,,,i!i »«• rMit.i.ilr .1 .Iiol .iHmh, ,1 || fli,. 

Ml III* tm 1*1 I iki ti M«f< ftnt l.ii»«. Ill, ,1 «r iliiii .iliiMtiiit, tliM 

jt • 'l.sr 1, , iliMj. » imM f ,i» it Ilf to I l,M;*f, ,iiti| ihf iiri{.ittvr 

If.'ilMli I loo I.I'JO . I t lint .illlMlItll, ItiflU’ tin* ills 

to',, isiirii.,; ti.itijiilif ,f IIIIII', |||t< ilMloiiiil th.ll 
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Ex In the telegr-iphic determination of the difference of longitude 
between St P'lul and Duluth, Minn , June 15, 1871, the following wcie the 
corrections found for chronometer Bond No 176 at rsh 51m sidcieal time 
from the observations of 21 time stars {Repot Chief of En^imers 1 / S A y 

1871) 


M 

V 

w 

s 

s 


-8 78 

+ 0 04 

0 0016 

76 

+ 02 

4 

85 

+ II 

121 

78 

+ 04 s 

16 

51 

64 

— 0 23 

520 

— 10 

100 

68 

63 

— 06 

— II 

36 

I 2 I 

58 

80 

— ■ 16 

+ 06 

256 

36 

75 

+ 01 

I 

78 

4 - 04 

t 6 

96 

64 

65 

+ 22 

— 10 

484 

100 

- 09 

81 

83 

+ 09 

81 

70 

- 04 

16 

64 

— 0 10 

100 

79 

+ 05 

25 

256 

0 0361 

90 
- 8 93 

+• 16 

+ 0 19 

Mean — 8 74 

4 - I 03 — 0 99 

[v= 2 02 

{VV\ =r 0 2756 

- 


ean to be - 8 74 This is the most p.obable value of the correction 


r-M=v 

They are written m two columns for convenience in applying the check 

b] = o 

sider the mean to be coSlctly found Hence we may con- 
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Precision of the Arithmetic Moan The dc^vice 

of confidence to be placed m the most probable value of the 
unknown is shown by its mean square or probable enoK 
43 {^) B esse Vs Formula 

If we knew the true value T of the unknown, and conse- 
quently the true eriors we should have, as in Ail* 

20 , for the m s e of an observation, 


But we have only the most probable value V and the 
^sidual errors instead of the true values 

4. 4 4 Now, 


1 1 

il 11 

ii II 

1 1 

(0 

V-v„=M„= T-J„ 


By addition, remembering that [■?>] — 


nV-=:nT — [J] 

(2) 

Substitute for V in equations (i) and 

1 

1 

1— 1 

1 

¥ 



— — 4 -j- (w — i)4 _ 


Squaring, 

wV = («-i)"4'+ z//. 


-2(/i-i)44 ... 

- 2{u~ 1)J,4 . . , . 


By addition, 
each other, 
probable. 


assuming that the double pioducls dcstioy 
positive and negative errors being equally 


«w=K«-iy+(«-i)n^ji 


\tnr\z=- ^[JJ] 

n 


= («— i)n‘ 


and 

which gives the 


//= _[!Zl 

n — I 

s e of an observation. 


(?) 
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Now, from Art. 19, 



r n{ 7 i—i) 


which gives the m s e of the arithmetic mean of n obsei va- 
tions of equal precision 

The result, /i" — - C— might have been inlerrecl h priori. 

For the series of residuals , found fi om the arith- 
metic mean V of the observed values approximates closely 
to the true series of errors J from which the law of error 
was derived Hence we conclude that the foimula 


would be a close approximation to the ra s e of an obscrva- 
tion It is, however, not satisfactorj', fiom the fact that it 
ought to become indeterminate when n=i, which it docs 
not For when n = i,v=.o, and unless the denominator of 
(4) IS equal to o, would be equal to o, that is, the first 
observation would give the true value of the unknown, 

which is absurd Hence we should expect the formula to 
be of the form 


n — I 

which becomes of the indeterminate forip 3 when i 
/M ^ expansion of 

(^117 ~ that the square of the ni s e. of//= is 

equal to fi ^ . We have, therefoie. 


,fl— M 
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Error of V =— 
n 

and = + + 

71 

— 


But from Art 20 





Again, 

J= T-M 


+ 4 )“ 



and 





[^] 

« 




Hence, remembering that [7^] = 

M 

^ W — I 



47 (b) Peters' Formula 

The m s e and p e of a senes ot observed values may 
be more rapidly computed from the sum ot the eirois lathci 
than from the sum of their squaiesby means of the con- 
venient formula first given by Dr Peters * 

From the equation 

M = ^ [ij] 


^ Astronomtsche Nachrichien^ No 1034 


1 ^ I * f I ‘ \ ^ , 

\\v hau* ai^jifosjnj tlfU. UitJiMUf ir»,aMl lu 


// 
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* J 
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A«Mii>{; aiifi tint iiti * »n 
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i * / ^3^ V I < 


\ *4 itP I , 
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J'<U *1 <lf*UH>U%tl fif lOU «»| Hil't fiU lUt)l t IMMir TU*fUMtlS HI foUU 
M*r ,V./i , \o 

A% III Ai t it tultuv^ * that thr |»iM r iMii ffi tlir* tunuMla 
in |i\ Ihi' t nU}(t}« tr toMii 
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t»f H j4imu V. If If *11% \\r Itaw* Ir j*fMi\f U 
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close for small values of n Thus when k = 2, if <7 denotes the 
difference of the observed values, then by Bessel’s formula 


one- 


^ d 

and by Peteis’ formula = i 25 which is 

fourth gi eater The conesponding probable errors are m 
the same ratio 

A foimula for the probable eiior of the mean which 
answers better than Peteis’ for small values of n has been 
derived by Fechnei (Poggendorff, Annalen, Jubelband, 1874) 
as follows 


^ ^955 

— 08548 » 

As this formula is troublesome to compute, and as it gives 
results agreeing closely with those found fiom Peteis’ 
formula when n is a moderately large number, there is no 
advantage to be derived from the use of it in ordiiiaiy 
woik 

48 Collecting the foimulas foi finding the p e of a 
single observation and of the arithmetic mean of w observa- 
tions, we have 


r = 0 

r,= o 


6745 

674s 


[_vv] 

T n 9 iA C *2 

[2/ 

n — I 

r — u 04^5 j 

Vii{n — i) 

[ 2 }V\ 

r,= o 8453 

• 

r^' 

n{n — i) 

1 

1 1 

j> 

1 


To save labor in the numeiical work I have computed 
tables containing the values of the coefficients of a/[H and 
[v in these equations foi values of n h om 2 to 100 (See 
Appendix, Tables II , III ) 

If Bessel s formula is used compute first \vz’\, then ^\vzi\ 
can be taken from a table of squares closely enough. This 
square-root number multiplied by the number in Table II 
coi responding to the given value of n gives the p e sought 
It Peters’ formula is used multiply the sum of the residuals, 
without regard to sign, by the numbers m Table III cor- 
responding to the argument n 
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measured results will show the largest and smallest, and 
their difference maybe taken as the lange in the lesults, 
and half the difference as the maximum enor Hence, 
since in an ordinary senes of from 25 to 100 observations 
the maximum enor may be expected to be fiom 3 to 4 times 
the p e , we may take the p e to be f 7 om I to \ of the 7 ange 
of the errors of observation 

This result may be confiimed as follows Expanding 
the exponential function (p{^A) in a senes, we may write 

where Q, R, are constants 

If a denotes the maximum enor, then, since the proba- 
bility of the occur! ence of an enor between the limits 
-{-a and — ^ is ceitainty, we have, taking two terms of the 
series, 

ffp-Q^)dJ=i 

Also, since ^ is the maximum error, its piobability is zero 
• P — Qa^ = o 

From these two equations P and Q may be found in terms 
of a 

To find the p e r we have by definition (see Art 21) 

—T 2 

or Pr-lQr^^l 

3 2 

Substituting for P and Q their values, and solving for r, we 
find 

^ ^ nearly 

that is, the p e is approximately of the maxinitim erior, or 
i of the range of the errors of observation. 
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A closer approximation would be found by taking thiee 
terms of the sei les for ^(J) We should then find 

nearly 

See note by Capt Basevi, R E , in T' Survej, of India, 
vol IV , also Helmert in Zettschr fur Vermess , vol vi 


Mx We shall now apply the 
42 to find the m s e and p e 
observation 


preceding formulas to the ex'imple in Ait 
of the arithmetic mean and of a single 


(i) Them s e andp e of the artthnittic mean 
rhese we may find in two wiys 

(-i) From the sum of the squaies of the residuals (Art 43) 


J-io 


y nin^ 


n(n — i) 




o 2756 
21 X 20 


= 0 026 

^0=0 6745 X 0 026 
= 0 017 

or from Table II at once 


^0= 0525x0 033 
= 0 017 

(b) From the sum [v of the residuals (Art 47) 

The multiplier ... Table III correspond. ng to the numbe. 21 o 000 
= 2 02 X 0 009 
= 0 018 

(2) The p e of a single obse}‘vahon 
Fiom Tables II and III directly 


^=0 525 Xo 151 = 0 079 
f = 202 X o 041 = 0 082 


CAeei(a) Let the residuals be arranged in ordp. of magnitude Theyaie 

0 23 o 22 0 19 0 iC 0 16 on 0 11 o 10 o 10 o 10 0 og 
009 006 006 oos 004 004 004 004 0 02 001 

The .es.dual 0 09 occupies the middle place, and is therefore tlie p e r- of a 
single lesult (Art 21) The computation sbove gives 0 08 P « « 

Cheeh (JS) See Art 50 


Range = o 22 + o 23 = 0 45 



= 008 


The values found by the diffeient methods agree reasonably well 
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5 1 The Law of EiTor Tested by ExiJerienee. — We 
shall now test our example and see how closely it confoi ms 
to the law of error, and hence be in a bettei position to 
judge of how far the law of eiior itself is applicable in 
practice This is the postenojt pi oof intimated in Art. ii 
as necessary foi the demonstration ot the law. 

(1) The numbei of + residuals is 12, and the inimber of 

— residuals is 9 

(2) The sum of the + residuals is i 03, and the sum of the 

— residuals is 0 99 

(3) The sum of the squaies of the -|- residuals is 1417, 
and of the — residuals is 1339 

(4) The p. e of a single obseivation is 0 08. To find the 
number of observations we should expect whose residual 
errors are not greater than o 10, we enter Table I with the 

argument i 25 and find 060 This multiplied by 21 

gives 13 as the number of eiiors to be expected not greater 
thano 10 By actual count we find the number obseived 
to be 14 

To find the numbei to be expected between o to and 0 20 
we enter the table with the argument 2 50 and find 091. 

From this deduct 060 and multiply the leniaindci by 21. 
This gives 6 The number observed is S- 

The numbei to be expected ovci 020 is, by theory, 2. 
The number observed is 2 

The preceding results are collected in the following- 
table ® 


Limits of Error 

Number of 1'iiors 

Theory 

Observ it ion 

s s 

0 00 to 0 10 

13 

H 

0 10 to 0 20 

6 

5 

over 0 20 

2 

2 
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84 the adjustment oe observations 

The agreement, especially for the laiger eirois, is not 
very close. Prof SafiFord, to whom I lefeired this ex- 
ample, states that in. a new 1 eduction of Bradley s obseiva- 
tions made by, Auwers a much better agreement between 
experience and theory is found Thiee souiccs of sys- 
tematic error enter into the observations which weie not 
taken into account 111 Bessel’s reduction 

(a) Personal equation Bradley was not the only ob- 
server, Mason and Green being the others. 

(b) Local deviation of the plumb-line 

(c) The assumption that the colliniatioii of Bradley’s 
Quadrant did not vary irregulaily 

Auweis has in a great degiee overcome these difficulties 
in his reduction He finds, for example, the nuinbei of 
eriors over 4" to be 2 instead of 6, thus agiecing with the 
theoretical number 

For another illustration see Helmert’s discussion of the 
eriors in Koppe’s triangulation foi determining the axis of 
the St Gothard Tunnel. {Zeitsckr fzir Vermess., vol. v. 
pp 146 seq ) 

$2 As the Gaussian law of eiior is found to apply 
reasonably' well to other phenomena, such, foi example, as 
statistical questions, guesses, etc , it has been often rashly 
assumed to be of univeisal application , and when prediction 
and experience are found not to agree, the validity of the 
law in any case has been as rashly impugned 

In the fundamental investigation in Ai t 15 the hypoth- 
eses there made are satisfied by other functions of the 
measured values besides the arithmetic mean Thus, lor 
example, taking the geometiic mean the lesulting law of 
error would be of the form 

to(^\ 

where c and h are constants 

This form appeals to apply to many statistical questions * 
better than the Gaussian law That it does so is, how- 


* Galton, P7 oc Roy Soc Lonef , 1879, PP 3^5 
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the lines are lun in the same diiection, it is to be expected 
that the final lesult obtained from measurements m opposite 
directions will be nearer the tiuth The conclusion arrived 
at by trusting to the m s e alone would be illusory 

Again, in measuring a horizontal angle, if the same part 
of the limb of the instrument is used in making the leadings 
the results may be very accoidant and the m s e conse- 
quently small, but the angle itself may not be anywhere 
near the truth This would be shown, for example, by 
the large discrepancies in the sums of angles of tiiangles 
measured in this way from the theoietical sums For a 
long time this contiadiction was a source of much pei- 
plexity, and many good instruments weie most unjustly 
condemned * At last the discovery was made that it was 
mainly owing to pei iodic errors of giaduation of the limb 
which, when coriected foi, made the remaining errors fairly 
subject to the law of erroi This most impoitant discovery 
may be said to have revolutionized the art of measuring 
horizontal angles 

The difficulty may be explained in this way In the 
derivation of the m s e from a senes of ii observed quanti- 
ties M^y we had the observation equations 

V^Jkr, = v, 

V— 

Also if — 

' n — I 

Now, if we suppose each of the observed quantities to be 
changed by the same amount c, which may be of the nature 
of a constant error or correction, so that they become 

the most piobable value, instead of 
being V, will be F+r Also Since 

v = {V+c)-{M+c) 

= V-M 

the residual errors will be the same as before 

* See, for example, G T Survey 0 / India, \o\ 11 pp 51,96 
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Hence //* is unchanged, and we see, thei efoi e, that the 
m s e makes no allowance for constant cirois oi coriec- 
tions to the observed quantit}^ These aie supposed to be 
eliminated or corrected for beloie the most piobable value 
and its precision are sought 

Anothei common misappiehension is the lollowing 
From Alts 19 or 46 the 1 elation between the in s e ol a 
single observation ft and the m s e of the mean ol n obsei- 
vations [JLo is 



This foimula shows that by lepcating the mcasuicnic^nl a 
sufficient number of times we can make the in s c ol the 
final result as small as we please Nothing would, theic- 
fore, seem to be in the way of our getting an cx*ic< lesult, 
and that we could do as good vvoik with a ludo oi luipci- 
fect instiument as with a good one by suflicicnt ly inci easing 
the number of observations 

EKpeiience, however, shows that in a long sciies ol 
measui ements we are never ceilain llial oiir icsult is lusiici 
the tiuth than the smallest cjiiantity llie instiuiiu'ul will 
measuie If an instiument mcasuies seconds we cannot be 
sure that by repeating the obscivations we can get the 
neaiest hundredth oi tenth In a word, we cannot mcasuic 
what we cannot see 

Take an example With the meiidian cn clc I’l of Rogois 
found the p e of a single complete observation in declina- 
tion to be ± o" 36, and the p e of a single coniidclc obsci va- 
tion in light ascension for an equatoiial stai to be .f o'o?r). 
He saj s If, iheieloic, the ji c can be taken as a tiicasuic! 
of the accuracy of the obscivations, thcie ought to be no 
difficulty in obtaining fiom a moclciate numbei ol obseiva- 
tions the light ascension within o»03 and the decimation 
within 0 2 Yet it IS doubtful, altei continuous obsci vat ions 
in all paits of the woild for moie than a century, if theie is 
a single star in the heavens whose absolute co-oulmatcs aic 
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known within these liiuits’'^ The e\i)Lination us, as inti- 
mated, that constant eirois aie not eliminated by iiici easing- 
the number of obseivations Accidental cnors aie elimi- 
nated by so doing , and if a number of observations e\- 
piessed by an infinity of a sufficiently high oiclei could be 
taken, so that the constant eirois enteiing in the dillciciit 
senes could be classed as accidental, these cnors would 
mutually balance in the i eduction and we should aiiivc at 
the true lesult 

Closely allied to the preceding is the common idea that 
if we have a poor set of obseivations good icsiilts can be 
derived fiom them by adjusting them accoiding to the 
method of least squaies, or that if work has been coaiscly 
done such an adjustment will bung out lesults ol a higher 
grade A seeming accuiacy is obtained in this way, but it 
is a very misleading one The method of least wsquarcs is 
no philosopher’s stone it has no power to evolve leliablc 
results from inferior work 

A third source of unceitamty fiom the same cause may 
be mentioned It may happen that the value obtained of 
the p e is numerically greater than that of the obseived 
quantity itself It is then a question whether in subseciiient 
investigations we should use the value of the obseived 
quantity as found or neglect it This depends on ciicum- 
stances It is ever a principle in least squai es to make use 
of all the knowledge on hand of the point at issue If we 
have stiong leasons foi expecting the value /cio it 

would be better to take this value Thus if wc lan a line 
of levels between two points on the surface of a lake wc 
should expect the difference of height to be zero If the 
p e of the result found weie greatei than the i csult itself 
it would be allowable in this case to i eject the determina- 
tion On the other hand, when we have no it prioTi know- 
ledge, as in determinations of stellai parallax, for example, 
if the p e of the value found were in excess of the value 
Itself, as IS sometimes the case, f we could do nothing but 

* Proc Amer Acad Set , 1878, p 174 f See, for example, Newcomb, A ^honomy, app va 
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take the value lesulting from the observations, unless, in- 
deed, it came out with a negative sign, and then its unre- 
liable chaiacter would be evident 

54 Constant Error. — The remarks on constant eiroi 
in the preceding articles lead us to notice an example or 
two of the detection and tieatment ol this great bugbeai of 
observation 

We suspect the presence of constant eriois in a series ol 
observations fiom the large range in the results — a range 
greater than would natuially be expected aftei all known 
corrections have been applied Gicat caution is iiecessaiy 
in dealing with such cases, and one should be in no hurry lo 
jump at conclusions 

Sometimes the sources of eiior aie delected without 
much tiouble' Thus in measuring an angle with a theod- 
olite, if the instillment is placed on a stone pillai liinily 
embedded in the ground, the lange 111 lesults, it taigcts aic 
the signals pointed at, would not usually be over to" iii 
primaiy work, and on reading to a number of signals in 
ordei round the horizon the fanal leading on closing the 
hoiizon would he neaily the same as the initial reading on 
the same signal If next the instiument wcie placed on a 
wooden post 01 tiipod, and leadings made to signals m 
order lound the hoiizon in the same way as bcloic, the 
final reading might differ liom the initial by a Luge aniount. 
The observations might also show that the longci the tunc 
taken in going aiound the gi eater the lesiilting disci cpancy. 
The natuial interence would be that in some way the 
wooden post had to do with the discrepancy in the results. 
In an actual case* ol this kind examination showed the 
change to be most unifoim on a day when the suii shone 
brightly Measurements weie then made at night, using 

'•'AtU S Like Survey station Bruld, lake Superior, nnny oWrv itions weic tAtn tiunng 
both day and night m July, 1871, to Uetcrmiiie the xatc of twist of t tntx t post on whu h th( the (ul- 
olite used m measunng ingles wii plicod 1 he conclusion unvtd it w is th it “ thiiiiig a fUy of 
uniform sunshine ind clear itmosphcre this twist seciutd lo bequiti. reguhi, lud it th< ut< of 
about one second of arc ^er 7 nintiie of /tme, re idling 1 nnaeixnuni ihout 7 i m uul a nuninium 
about 7AM, during the month of July On partiilly cloudy d lys theit w is no itgiiliuUy in the 
twist, being sometimes in one direction and again in the opposite ” 
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lamps as signals on the distant stations, and the same 
change was obseived, only it was in the opposilc diiection 
The effect on the value of an angle of this fwist of sta- 
tion, assuming it to act unifoimly in the same direction 
during the time of observation, can be eliininaled by tlio 
method of observation fiist leading to the signals in one 
dnection and then immediately m the opposite direction 
and calling the mean of the diffeience of the two sets of 
leadings a single value of the angle So also in aznmitli 
work the mean of the difference of the readings, stai to 

mark, and maik to star, gives a single value fiee fioni 
statioii-twist 


This mode of proceduie is in accordance with the gcncial 
principle to eliminate a coriection, when possible, by the 

See compute and apply it 


systematic enor causes in gcneial a 
con^derable increase of labor, and sometimes this is veiy 

two line measures belonging to the U S Engineeis the 

showed ! 

power V tk a wore ol low 

anrt I ’ 7 ^ of about oiie mm between thciinnei 

this value was obtained from ^ >son woik, and a.s 
value, error of focusino- entf» '"S'® on a space of known 
value of the screThLd t^h! H 

of readings taken tf each" " «P^cial set 

in reducing t^ie reo-ular oh<; ^ ® ^od this value used 
focus Ha^dThe Xoseo^^ 

have been sufficient to have dpf"° power it would 

screw once for all since thp the value of the 

focus could have been cwV^TccTdS 
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In trying to avoid systematic error the observer will, as 
he gains in expeiience, take precautions which would at 
first seem to be almost childish Good work can only be 
had at the cost of eternal vigilance 

SS Necessary Closeness ol Compulation. — The 
number of observations necessaiy to the propei determina- 
tion ot a quantity may be appioximated to by lefernng to 
the m s e of these observations If, after planning the 
method of obseiving with the view of eliminating “con- 
stant erroi,” we find that increasing the number of obser- 
vations beyond a ceitain limit does not sensibly affect the 
ms e , we may conclude that we have a sufficient number 
It is evident that increasing or decreasing this number will 
affect the result moie or less But we cannot say that we 
are neai er the truth in either case 

Hence the folly of a too rigorous computation An 
approximate value being the best that we can have at any 
rate, no weight is added to it by carrying out that value to 
a great many decimal places Thus il the most probable 
value of a quantity computed in an appioximate way is V, 
whereas the value found fiom the same obsei vations by a 
rigorous computation is V-\-c, we may estimate the allow- 
able value of c as follows Let J„ be the errors 

of F, then J, -j- r, r, -|- r ai e the eri ors of F-f- r 

Hence 

t-f=“ I (^i+o^+(4+o’'+ 

-p-v H-f’* 
and 

/Vh f = ^ I i approximate!}'. 

Now, we may safely allow the difleience between and 
*3 
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jiy to he ^ Hence theie Will be no appreciable eiro: in- 
troduced by computing in such a way that 

- A < — 

2 JJy lOO 

that IS, when the error c committed is, roughly, -j',, ol the 
m s e 


B Observed Values of Different Quality 


S6 The Most Probable Value: the Weight<‘cl 
Mean — It has been shown in Art 17 that il the (I needy 
observed values M,, M„ JIf ot a quantity are of clil- 
ferent quality, the most probable value is found by multiply- 
ing each residual erroi of observation by the leciprocal of 
Its m s e,and making the sum of the squares of the pro. 
ducts a minimum , that is, with the usual notation 


or 


ft ft ^ 



a mill 


(0 






ft / \ ft 

By differentiation and reduction, 
-M- 






(3) 

^e have, therefore, the equivalent rule 

If the observed values of a quantity arc of different oualitv 
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be the numerical 
of the type 


parts of — , 


I 



-L, such that each is 

l^n 


^ _ (unit of measurey 

~i? 

then equation (3) may be written 

~ [/] 


(4) 


Also, since JL, _L, JL aie similarly involved in the 

numerator and denominator of the value of V, this value 
will remain the same if , p^ are taken any num* 

beis whatever in the same proportion to — , -L., — 

that IS, if A) A» A satisfy the relations 


A 





(5) 


where fi is an arbitrary constant 

57 Let us look at this question from another point of 
view It is in accordance with oui fundamental assump- 
tions that observations of a quantity made under the shme 
conditions, so that there is no it prt 07 t reason for choosing 
one before another, are of the same quality They requiie 
the same expendituie of time, labor, money, etc If, there- 
foie, we lepiesent the quality of a single obseivation ol a 
certain senes by unity, the qualit}’' of the aiillimetic mean 
of / such observations, as it would lequiie p times the ex- 
pendituie to attain it, would be repieseiited by p Let us 
suppose, then, that the aiithmetic mean ot /, observed 
values of a ceitaiii quality is ot /, other obseived 

values of the same quality it is M„ and so on The total 
number ot observed values is \p] All of the obseived 
values being of the same qualit), the most piobable value 
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V of the unknown is given by the aiithmetic mean, that 
IS, by 

y sum of the values of all the sets 

~sum of number of obs m each set 


Pi + A +• + A 


_ [pM-\ 

[Pl 

which IS of the same form as Eq 4, above. 

The numbers A A. • A aie called the ivughts, 01, 
better, the combining weights, of the observed values, and 
the mean value V is called the weighted mean 

In view of this definition, the general principle stated in 

Art 56 maj be replaced by the following neccssanly equiva- 
lent one ^ 


If the observed values of a quantity are of different weights, 
he most probable value is found by multiplying the square of 

sum Qj the products a imntmum 

Thus the most probable value V is found fiom 


that IS, from 


[pvv] = z min. 


A( V~ Mf -j- . 

By differentiation, 

whence 


+ A( y~ M„y = a min. 


+A(i^— = o 


This form of the value of Plea^ to the rule- 

value by its weight and di y* rnulHplytng each observed 

t^sumoftl'XC "" 
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As m the case of the arithmetic mean (Art 40), it is evi- 
dently simpler in practice to find the weighted mean directly 
by this rule rather than from the minimum equation 

If the observed values M are numerically large we may 
lighten the arithmetical work by finding by the incthotl 
of Art 41 Proceeding as there indicated, we have 

= A' -t-y' suppose 

58 deduction of Observed Values to a Coniitioii 
Standard. — Ihe principle of the weighted mean is evi- 
dently an extension of that of the arithmetic mean, as was 
pointed out long ago by Cotes, Simpson, and otheis It 
merely amounts to finding a mean of seveial series of 
means, the unit of measuie being the same 111 eacli As 
soon, therefore, as results of dififeient weights are cluuigccl 
into others having a common standaid ol weight, the lulcs 
for combining and finding the precision of observed quantities 
of the same weight can be applied to weighted quantities 
This change we are enabled to make bj’ means of the 
relation (5), Ait 56, which may be written 


'^A Va 

Now, since ^ a are the m s e ol 

them s e ol would each be the 
same quantity 

Hence if a series of observed values M^, have ihe 

“^eights p^^^hey are reduced to the same standard by 

multiplying by Vp^, Vp,, respectively 

For example, given the observation equations, 

V— = v^ weight A 
V~M^ = 7', “ A 

V—M„ = v„ “ p^ 
to find the most probable value of V 
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Reducing to the same standaid of weight, we have tlie 
equations 

V— = n//, 

Va V — Va = Va 

Vpn VA^/m= VpnVu 

and the most probable value of F is found by making 

(VA + (Va + + (VA = a min. 

that IS, by making 

(Va V- va ^/.r+(\/A V/ + 

+ (VA 1^— = a mill. 

Reducing this equation, ve find, as befoic, 

v-\PE] 

[/J 

59 Computation of the Weights If • • A 

represent a senes of weights corresponding to the m s c. 
Ai Ai A> then we have the lelations 

/lA ~AA — — A»A'-— 

where the value of/z is entnely arbitiary The combining 

weights are, therefore, known when the m s e /z,/z„/Zj, 

aie known ** 

These relations suggest that it would be convenient to 
define // as the m s e of a single obseivation assumed to be 
of the weight unity 

tVe shall define fx m this way, so that in future it is 
understood ih&t standat d to which obseivations of dif- 
ferent weights aie reduced foi comparison and combination 
IS the fictitious obseivation whose weight is unity and 
whose m s e is ^ 

60 Control of the Weighted Mean.— Eq. 2 Ait t.7 

may be written 

[pv] = o 
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Hence if the weighted mean has been computed correctly, 
the sum of the products of each residual eiror by its 
weight IS equal to zero 

Usually, however, V\s not an exact quotient— that is, 
[pM] is not exactly divisible by [/] — and then the dis- 
crepancy of [pv] from zero is evidently equal to the pioil- 
uct of the sum of the weights and the diffeience between 
the exact value of V and the approximate value used. See 
Art 42 


Ex I— Deduce the relation |>®]=ofiom the observation cqu itions 
directly 

[Multiply each observttion equation by its weight, and add the produtts J 

2— Find the most probable value of the velocity of light from the 
lollowing determinations by Fizeau and othets 


298000 kil ± 1000 kil 

298500 “ ± 1000 “ 

299990 “ ± 200 

300100 “ ± 1000 

299930 ± 100 “ 


(^mer Joui Set , vol \ix ) 

The weights, being inversely is the squares of the probible 
the numbers i, i, 25, i, 100 (Ait 59 ) 

(a) Direct solution 


i iiois, *uc as 


M 

P 

pM 

298000 

I 

298000 

298500 

I 

298500 

299990 

25 

7499750 

300T00 

X 

300100 

299930 

100 

29993000 


128 

38389350 


Ur ”* approx , 


the exact value being 299910! J kil 
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(b) Solution according to Ait 57 

Assume X' = 298000 


/ 

P 

J0> 

fl 

0 

I 

0 

500 

I 

500 

1990 

25 

49750 

2100 

I 

2100 

1930 

100 

193000 


128 

245350 


x” 




= 1916'} 


and V = 298000 + I9i6fj = 299916! J-, as before 


Control Take V = 299917, and proceed to find \jv] (See Art 60 


V 

P 

pv 

1917 

I 

1917 

1417 

I 

1417 

- 73 

25 

— 1825 

-183 

I 

-- 183 

“ 13 

100 

— 1300 



26 


The discrepancy should be 

128 (299917 -2999161!) = 26 

which It IS 
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6r The Precision of the Weighted Menu.— Since 
the weighted mean V 3s the arithmetic mean of [/[ obseivn- 
tions of the unit of weight, its weight is [/>\ Hence the 
m s e /Ujroi Vis found from 

^ L/J 

wheie /I IS the ms e of an observation of the luiil of weight 
(standard observation) 

Accoiding to Art 58, the value of /i may be found by 
writing V,, V,, . for 7/,, . . in the (oimulas 

derived for observations of the same weight. Hence, sub- 
stituting in Bessel’s and in Peters’ formulas Arts 43, 47, we 
have 


_ ypvii]^ 

I 


2533 


and therefoie 


0 

/V 


[pmi\ 


\p\ (w — I) 


|V/ V 
I 1) 

|v> V 


lty= I.2S33 — 

V\P\/i{)i — I) 

These expressions reduce to those foi tlie nrilliniclic niCtUi 
where the observed values aie of the same weivht by 
putting [/] = np 

62 Control of {pz>v\ —A control of the accuiacy of | pxn<\ 
is aflfoided by the deiivation of this quantity Iroiii the 
observed values directly 

The observation equations aie 

i\=V — J/, weight A 
v,= V—If “ p^ 


i‘»= V — M„ 


Hence 


A 


A®.' = A V — tip, VM, + pjf^ 
p,v^=pj^ - 2p,VAf 


14 



loo the adjustment ot observations 
Bj- addition, 

[J>vzi\ = [/] 2[/J/] v+ IPMM^ 

= lpMM^, -.LlMZ 
l/J 

since 


l/-- 


[P] 


In using this formula the troublesome teim is [pJIfM! 

column/ijf, already computed in finding the weighted mean 

^ Th.sis specially advisable if one has a Lchine for omfoTrr 

>ng: mulfplications With small values f i I '^^Ibte 'f 
squaiesis best ^ taoie oi 

With large values of M we may perhaps proceed still 
more conveniently by the method expired m Ans f. I f 

IS foind thaT" reasoning as there employed it 


[pvv] = [pU] — 

[p] 

= [///] - [p/]j,« 

where the quantities I aie numerically small 

on tt?^sta?dlrd“st«m^ of inch [^] 

o» 050027. o.» 049971 0 - 0 0010 ® as follow. 

- .. rrzra.”.:;s;>; 

from the formulas of Art 61 The in s e or p e follows 

57 and 6 . 

onter ® of the large numbers that 


DIRECT OBSERVATIONS 


lOI 


Asstime A" = o 049971 


/ 

p 

// 

J >/1 

56 

6 

336 

18816 

0 

6 

0 

0 

48 

15 

720 

34560 

108 

15 

1620 

174960 

50 

8 

400 

20000 

40 

8 

320 

12800 


58 

3396 

261136 =f//o 
108842 = Uijy 

62294 = [/w] 


and 

Hence 


*”=■^ = 59 ^ = 0 6745 

5 ** T 58(6-0 

J^—0 049971 + 0 000059 

= o 050030 =: 0 ooooro 

F = o*» 050030 ± o*« 000010 


By choosing the approximate value JC' equal to the smallest of the nieisures 
or equal to the greatest of them, all of the remainders ^ have the same sign, 
which IS a great convenience in computation 


In this example an important piactical point occurs, 
and one often overlooked The p e is not computed fiom 
the original observations, but fiom these obseivations 
grouped in six sets of means These means we havetieated 
as if original observations of certain weights Had the 
oiiginal obseivations been accessible we should have used 
them, and would most probably have found a different 
value of the p e from that which we have obtained This 
arises from the small number of observations in the several 
sets In good work the difference to be expected between 
the value of the p e found from the means and that found 
from the original observations would be small Still, when- 
ever there is a choice, the p e should always be deduced 
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br..'„t :"£‘ ‘ban fro. a,., com. 

same'’4«KompM“ "‘'■'"‘'J' be the 

oiiffmal observations * Partial means or from the 

OWrif Valua Mulutl.s of ,ko Unhnonun 
3 the observed values MM , 

pies of the same unknown JT that ’’is' h 

bvthtarf r aie constants g-iven 

y eory fo, each observation. The values ^ 

of ^ may be legaided as directly obsei ved 

'veight If ^ ,3 the m s e of an nh/ 

of M M fu observation, that is, 

” - . then, since the m s e of ^ is ^ of ^ 

a' a. 


ISC, 


‘bn weights of these assumed obse'rvahls a"; 

r 

Hence taking the weighted 


proportional to a/‘,a'‘ 
mean ' ’ 


JC=fL 


+fv+ . 


Also, since Mis the weight of 


a. 


■ 


f^x 


'M 


tbe^m^Cr^r'rf iVearLT^'"' f- 

-r, we may mke the ielot t"«".'o " 
weights of the values o{ Jr S , relative 

a, as weiEhb al„f MefBoieats 

M. o * bne at dtstauces 

. from one end of the hue, .he most probable 

Suduu. c«.u.dr. .» ,o„,a a, 
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value will be the distance X of the centre of gravity of 
these weights from the end point, and will be found by 
taking moments about this point , that is, 


X {a^ + ^3 -j- 
and therefore 


L^J 


+ "« 


an 


Ex To test the power of the telescope of the great theodolite (3 ft ) of the 
English Ordnance Survey, and find the p e of an obseivation, a wooden 
framework was set up 12,462 ft distant from the theodolite when at station 
Ben More, Scotland It was so arranged that when proicctcd against the 
sky a fine vertical line of light, the breadth of which was rcguhttd by the 
sliding of a board, was shown to the observer The bicadth ol this opening 
was varied by half-inches from ij in to 0 m during the ohsoivalions which 
were as follows * 


No of obs 

Width 

Side of opening 

Mean of 
micr reading 

I 

6 0 

Ueft 
< light 

( 28 00 
( 37 50 

2 

5 5 

11 

( 28 5<) 


i r 

( 37 

3 

5 0 

n 

( 2 g It) 
i 87 '(> 

4 

4 5 

i; 

( 16 

i 3b Of) 

5 

40 

IJ 

1 80 >;o 


} I 

\ 87 i(> 

6 

3 5 

(1 

(r 

i 31 Tf) 

} 87 tx) 

7 

3 0 

\'. 

j 52 66 
i3f>H8 

8 

2 5 

11 

( 88 80 


u 

1 K8 

9 

2 0 

jl 

1 33 f>8 



1 r 

( 87 <x) 

10 

I 5 

11 

i 38 80 


i I 

i 87 16 


Account oy the Principal Triangulation^ pp 54, 55 
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^ sub.end.n,a„ open.ng oI 


6 9 50 = z/i 

5 5 8 50 = z/g 

5 ^ — 8 00 = z/, 
4 5-^ 6 50 = 2^4 

4 ^- 6 66 = 2 /, 


From the 
weights 


preceding we 


have 


3 5 5 84 = z/g 

3 4 ly = z/r 

2 5 3 33 = z's 

2^-3 r 7 =z/g 
I 5 I 66 = z/jo 

for the individual values of Xand their 


^=158 

1.55 


weight 62 
weight 5 52 


wcigmea mean 


6' + 5 5“ + 


( 6 Jir — n en ^2 _i_ ^ 


= a min 


(®"^-9 5 o)i >+(5 5 Jr -8 5 o)'’ + 
we find by diflferentiation that 

as before ^ 55 

atated^thus^^MultiSlr each obs® ™n ^e 

that equation, and add the products The resuU " coefiScient of Xin 

^"’®'^®®"'*"’KWion gives the value 

that of the arithmetic mean! and why n^a^sThaT general than 

-- in cthe. words, /e rn^t^re^h^pV-^^^^^^^^ 

^=IS 8 

^=155 

shouS’'betnrn^!tJ *he ^alue of because these equations 

^=158 + 1 ' 

6 


^=X 55 + 


il? 

55 


* *» “> ‘—I .. =». p,.p.„.„ 
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Precision of a Linear Function of Tndefemhntly Ohsei oul 

Quant It us 

64 Suppose that there aie n inclcpciicienlly observed 
quantities M„ M„ whose m s e aie //„ //„ le- 

spectively, to find the m s e // of F wheic 

F=ayM^-\-a^M^-\- (i) 

«i. a„ being constants 

This has been already solved in Ail ip, whc'ic if was 
shown that 

/i^=Layi 

On account of the great iinpoitancc of this lesull we add 
another method of deriving it 

If 4. • denote the enors of , we sliall 

have the true value 7' of by writing Jf/, -f- J,, Af | 
for i/j.Afj, in the above expression loi P\ fhaf is, 

+ + -j-a„{.J/„-l J„) 

Call J the error of F, then, since T= P-j- J, we have 

and ^=‘’A + »A+ +^A. 

Let the number of sets of icquiied fo had 7' 

be n and suppose summed lor all the si'ts of values of 
A, and the mean taken, then aflendiiig to Aif. »o, 

fA = a^n^ + -(- _j_ 2a^a^ / , v 

n ^ V-y 

In forming all possible values of J.J, JJ . tj,,. 

TssumJ ~ Products of each loim, and wc thc.efoie 

Hence M^J = [MJ=.. -=o 

/‘• = [«yi ( 3 , 
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and tube 2 966 tunes Given th ^ f i was placed in position 967 times, 

and of tube’.Jro»ooSrLl mr 

f-n.tLe„nced.«.3S.S^rof';h:t:^^ 

C P e from tube i = 967 x o 00034 = o»» 320 
P e from tube 2 = 966 x o 00037 = o» 357 
P e of line = V^o 329'+o 3572 
= o»« 485 ] 

2 In the Keweenaw Base thp no 

deduced from the discrepancies of sk mLLr “®«"rement of 94 tubes, 
found to be ot» 03 Show that the n 94 tubes, was 

arising from the same causes may be esUmated'af ± ^36 

[p e of I measurement of i tube =-2^ 

P e of base of 1933 tubes = ^ ^ 

^94 

= ± o 136 J 

ponairrih': T '“i 

throughout the measuJ™e“' “ cumulative 

root of the numbei^of^t°h^ "cultiplied bj the square 

independent of eveiy oth“' anyth' “''“^“temeiit is 
be in excess as in defect and thf f ^ 

destroy one another in the final reslT’ =^Pected to 

equal to a/i, but the s^’’ ^ “ ® « of-^i and a a constant, is 

quantities M., M, , that is. of V “^served 

each being /t, IS (/a Explain ” + the m s e of 

in the linear form ^wrfi^tred°^^ *t ^ required is not 

7. and apply nns, ,! “ ■” 
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the tiue value T of /J" will lesult if we write 

M,-{-dM„ foi the differentials representing 

the eirois of these quantities Then 

T=f{M+ dM, M. + dM„ ) 

Expanding by Taylor’s theorem and retaining only the 
fiist powers of the small quantities dM„ dM,, we have 




or 


Error of F= a,dM, + a^M, + 4. (i ) 

„ — A/ bf 

This expression IS of the same form as (i), Alt 64 Hence 


where 


/V — -j- -|- = [<3 V3 

The still more general case of the m s e of a function of 
quantities which are themselves functions of the same ob- 
served quantities may be leadily reduced to the form of 
Eq I The whole point is to express the erior of F 
as a linear function of the eiiors of the independently ob- 
served quantities 

It is useful to note that Eq i results from differ- 
entiating the function equation dnectly, as has been al- 
ready pointed out in Art 7 


Ex I If//i,/fjare the m s e of the measured sides A jB, J 5 Coi a tea- 
an^le ABCD^ find the m s e of the area of the rectangle 
[Here 


by differentiation 


and 


15 


dlf= MidMi + 
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Ex 2 The expansions of the steel and /me bais of tube l of th< Repsold 
base apparatus of the U S Lake Suivey foi t ° Fihi are ippioxiniattdy 


mm mm 



S=o 0248 ± 0 cx>oi 
Z=o 0617 ± 0 0003 

Show that 

*5' 2 I , 

Z 5 400 

[ Foi 

-=i 

and 



(P e )" = (o oooi)*’ (o oo<)3)“l 


3 The b'lse b and the adjacent angles Cof a tiumgle A Hi an* 
measured If their m s e are respectively /z^, /zt, hud the m s t of tho 
angle B and of the side a 
To fina jiiB 
We have 

B = iSo + — C 

where s denotes the spherical excess of the triangle 
Hence, A and C being independent of one anothei, 


To find /Za 


By diffdtentiation, 


= + Me" 

, sin A 

a ■=.b 

sin B 


sin ^ sin (C— e) 


and therefore 


Ua — 


—-d 

Sin’ B 


Mb* + 


sin^(C -. s) sin*’ „ 

sin* B + flf'cot'^7?sin'’ i" /zr” 


4 Given the base b and the 
Ml, Ma, mb respectively, to find the m 
We have 


angles of a tiianglt with ni 
** e Ma of the side a 


s 




sin B 


(0 


as follows ■” the preceding example, but moic conveniently 

Take logarithms of both members Then 

log a = log ^ 4- log sin ^ — log sin ^ 
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(a) By differentiation, 

da — °idh-\-a cot i sin i''dA —a cot B sin r "dB 

Hence 

^'cot’ 1 sin’iVi4® 4- a^toi'B sin'i''/^/^ ( 3 ) 

If, as is usually assumed in practice, 


then 


jiji = = jif^ and /lb = o 


sm i"/^ V'cot'-I + cot‘y? (j) 

(b) Using log differences as explained in Chapter I , wc have by diffcun- 
tiating (2) 

da da = Sb dd -h S^dA — dB ( 15) 

where Sa, Si arc the diffeiences corresponding to one unit tor iht nuiubt-is u 
and r5 m a table of logaiithms, and Sa, S/, aio the differences for i' foi the 
angles A and ^ in a table of log sines Hence 


The two equations (3) and (6) ma> bo used to cheek one another 




Ex 5 The following example is given foi the sake of showing the lorm 
of solution by the method of logarithmic differences 

In the trungulation of Lake Superior there were moasuicd in the triangle 
Middle, Crebassa, Traverse Id {ABC) 

Z ^ = Sy" 04' 51' 4 /.(A = 0" 30 
Z ^ = 67" 15' 39" 2 tth — O” 21) 

Ihe side Middle-Traverse Id as romputed from the Keweenaw H.iso is 
16894 9 yards Taking//, = 005 3 d , find //„ and m 

We have 

, sin A 
a = 0 

sin B 

log (rt 4- da) = log (I + dl>) 4- log sin ( f 4 dA) - log sin (// | dB) 

log {b + db) =4 2277556 + 257 db 

log sin {A + d 4 ) =9 9239892 4- 14 dA 

colog sin {B 4- dB) — o 0351398 — 9 dB 

log a + dada =4 1868846 4- 257 db + 14 dA ^ 9 dB 

and 283 da = 257 db 4- 14 — ^^dB 

mce log a =4 1868846, and 283 is the difference da ds given in the 
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Hence 


and 

Also 




= o 0024 

yd 

fXa = O 05 


= •*^(0 29)“ 4- (o 30)’ 
= o" 42 


Miscellaneous Examples. 

66 Examples of inean-Square and Probable Error. 

reading wll be a l.itle over i' 5, and if read by 4 verniers a little less than i" 5 

Bx 2 The p e_ of an angle of a triangle is r, show that the p e of the 
tnangle error is . V3, all of the angles being equally tvell measured 
[Error = 180" -(A + S + C)] 

rt IS? ^ 

was f ± i ^itiTfmls " Hieasurement 

length ofVirtnLurr the Un ik 7 ^ 

with the distance measured, is ^ supposed to change uniformly 

. 4- 1 (.-.j i 

[For rf IS the error of and of then the error of <1 + _«) ,s 

(i - -)<& 4 and the above p e follows 

It IS a common mistake to write the error in the form ^ 4 
and hence to infer that the p e is ] 

ferenceisifisoTiv^^^and^he * “^servations whose dif 

IS a IS o 337 d, and the p e of each observation is o 477 d 
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Ex 6 The line Monadnock-Gunstock (94469 w ) was computed from the 
Massachusetts Base (17326 m ) through the intervening triangulation The 
p e of the line arising fiom the tnangulation is ± o«* 317, and the p e of 
the base is o« 0358 , find the total p e of the line 


Ex 7 The Minnesota Point Base reduced to sca 4 evcl is 


1325 X 15 ft bar at 32“ + ii»« 314 ± am ^21 
15 ft bai at 32“ = i79»* 95438 ± o*« 00012 
show that the p c of the base is ± 0** 450 


[p 0 = ^(1325 X 000012)^ + (0421)’ = ± o*«45o Wc 
± ow» 00012 by 1325 uncertain which sign it is, but whichever it 
const-int all the way through ] 


multiply 
IS, It IS 


E\ 8 If the /cniih distance ? of a star is observed Wi times at upper 
culmination, and the zenith distance C ot the same star is observed times 
-it lower culminition, show that the m s e of the latitude of the place of 
observation is ^ 


2 



ft being the m s e of a single observation 


[Latitude = 90" - i (ij + 5') I 


Ex 9 


show that 


Given the telegiaphic longitude icsults, 

Cambridge west of Greenwich = 4 44 30 99 ± o 23 
Omaha west of Cambridge = i 39 15 o|. i o 06 
Spiingficld cast of Omaha = 25 08 69 i o ii 

Springfield west of Greenwich =5 58 37 34 ± o 26 
[p c = V ip"4. ,06^ T Tt-» = o 26] 


Ex 10 
and 
prove 


Given mass of earth + mass of moon =r 1 

305879 ± 2271 ^ 

mass of moon = mass of earth 

41 . 

mass of earth i 

309635 ± 2290 


[For (305879 ± 2271) X = 309615 ± 2299] 





mn 

d 

m 

+ 6^ 


the adjustment of observations 

Ex II In measuring an angle suppose 

n = p e of a pointing at a signal, 

^a = p e of a reading of the limb of the instrument, 

e = error of giaduation of the arc read on, 

then, assuming that these result from the only sources of enor not eliminated, 

shovf if the hmb has been changed m times and w readings taken in each 
position, that 

p e of angle = ± 

[For one position of the limb 

p c of angle = ± 

as the error of graduation remains constant thioughout each set of „ readings] 

Ex 12 The distance o—xmm on a graduated line measure is read with 
a micrometer show that the p e of the mean of two results is equal to the 
p e of a single reading 

[For distance o — i»*»^ 

=i |(fiist + second rdg) at a - (first + second rdg ) at J 
(P ®)’ = i |4 (p e y of a rdg J ] 

*e comparison of a mm space on two standards placed 

in A/ " *e P e of a single micrometer read- 

ing being a. show that the p e of the difference of the results of « combined 

measurements (each beiqg the mean of two measurements) is \/~^ a 
p e of a reading = a 
p e ofa combined measurement — a 

P e of mean of n combined measurements = etc ] 

Vn 

£.x 14 A theodolite is furnished with « reading microscopes all of the 
same precision A graduation mark on the hmb I read on^ timcs wA a 

Atfe™ted Tt’ ^ ® The telescope 

then pointed at an object m times, and the p e of the mean of the micrl 

scopereadings.sfoundtobe,» Show that the p e of a pointing is 


2 j 


[p e of reading (mean of verniers) with n microscopes = 
Total error = error of reading + error of pointing 


(P e of ptg ) 3 , etc ] 
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Ex 15 If jiiil/o are the m s e of the base measurements, and /^aA 
the m s e of the ratio A, given by the tri angulation, of a base < 5 . to a bast l>i, 
show tint the m s e of the discrepancy between the computed and measuitd 
values of is &2 '^[7'"'] 

[Discrepancy = — /jiA = / suppose 

— bidX — Xdbx = dl 
and ’ -H /^i’(/^iA)’ •}- A'(//i^i)' 

or /^;'(/// -f H 


Ex 16 At the time tx the correction to a chronometer was ax^ ± ? i, and 
at the time ti it was dh ^ show that the p e of the rate of the chronomttei 

IS — — and find the p e of the coircction to the chrono iieter at an 

tx — 

interpohted time t' 

Coirectioii =^7l + — fi) at lime t\ 

L 


p e =- 


Ex 17 Given 
find p e of ;r and of a 


(tx — tx) 

X cos = A i 
1 sin nr = A ± 


dx — —dh f- 

Ol\ vilx 

= H b — 

V/i * + // 4 l\~ ^ lx * 


P e = Similaily p e of rir - ^ ] 


Ex 18 Given on a line measuio the p e of a distance 0/i mcasiucd 
from 0 to be ?i, and of OE, also measuicd from 6?, to be 7^ , find the p e of 
OE when E is the middle point of 

[ 0E = i( O 1-i-OE ) 

^ = J 4 ' h rx^ 

If ? 1 = ; j — foi example, then r-=:of^ 8, when // =■ one micion 

It may at first sight appear paiadoxical that the p e of the computed 
quantity may he smaller than the p e of the measuicd It is evident, how- 
ever, that the error of OE is one-half the sum of theenors of and OE 
If the signs of the errors are alike the ciror of OE is greater than the 
largei of the errors , if the signs aie difleiciit it is ahmxys less J 
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Ex ig Given the p e of a to be r, find the p e of log r 
[^logx = ^,fx 

p e logx = I^,J 

El 20 In the measurement of the Massachusetts base line, consisting of 
216s boxes, the p e of a box, as denied fiom compinsons with the stindaid 
meter, was ± 0*0000055, the P e from instabihtj of microscopes in meis- 
uring a box was 0*000127, and the p e of the base from tcmper.tiiic coi- 
rections was 0*0332 Show that the p e of the base arising fiom these 
independent causes combined is 0358 

® ~ (2165 X 0*0000055)“ + (0*000127 V2r65)”+(o'»o^2)‘' 

= ± 0^0358] 


Ex 21 Given the length of the Massachusetts base to be 3761 

® lo«arithii, ,s 

S 973 in units of the seventh place of decimals 

[ log ± o 0358) = log d ± (o 0358) See Ait 7 

log mod 9 6377843 
log o 0358 8 5538830 


log b 


8 1916673 
4 2387077 


o 0000008973 3 9529596 ] 

decimal place"'!’" dTio^! findthVratio^of’r ^ s' e'^toVTuumlr’" 

[ log {N+ v) = log A^-pE2.1 j, 

IsT 

^\g (iv + ®) = " /U*’ 

mod 


N- 


= 106 — 10’' 


and 


N 
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410000 


] 


r- - ^ 


ri_i r I 1 

Lwt -3+3 + 1’ WtrzroGJ 


I 


r 


direct observations 

Ex 2 l{JC=a,xi+a3Xi+ + a„x„, a.ni pi, p,, 

of xi, X,, x„, and ^ the weight of X, show that 


ns 

pn are the weights 


_ r 

p'~lpj 


3 Prof Hall found, from observations of the satellites of Mars, that 
from De.mos.Mass of M.rs = and from Phobos, Ma’ss of 

3078456 ± 10104^ mass being expressed in the common unit 
Show that, taking the weighted mean, we have appioximatelj 

Miss of Mats = i 

3093500 ± 3295 

Ex 4 On a graduated bar the space o - i« is measuied and found to be 
i« with a weight I, and the space o - 2* is measured and found to be 2m 
with a weight a , required the value of the space i» — a® ard its weight E 

[ pace i« — 2« = im It makes no difference what the weights are so 
tar as the value of the space is concerned 

To find E (i« - 2>» ) = (o - 2<» ) - (o - i”‘ ) 


J I I 3 ,,^21 

= - + - = ^ and jP— ^ J 


I ' 2 

5 Given the weight ofx—p, show that 


weight of log 

Ex 6 If jT ='^ and the weight of y is p, then 
weight of 1 —c'p 

7 Given the results for diffuence of longitude, Washington and 
Key West, 


show that 


1873, Dec 24, 
Dec 26, 
Dec 30, 
Dec 31, 
^874, Jin 9, 
Jin 10, 
Jin n, 


19 01 42 d o 044 
I 37 ± 037 

j 38 ± 036 
I 45 ± 036 
I Co ± 04C 

I 55 ± 045 

T9 «T 57 ± o 047 


•ms 5 

= 19 01 4C0 ± 0 016 


weighted mean __ 

weighted mem of first four nights = 19 01 404 ± o 019 
weighted mean of last thiec nights = 19 01 573 ± 0 027 

and fiom the last two results check the first 
iC 
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Kent Id Base = 26758 432 ± o 38 
Show that raiie3r Id Base = 26758 176 ± o 43 

(r) Discrepancy of computed values = ’0256^057 

( 2 ) Most prob length of junction hne = 2675S 32 t o ols 

a™, ta o, ™ oZ ““I”"* 

FLet u - bemg unity 

star * * ° observation of one north star or of one south 

r south stars, the m Jof thrcombIL“oris°^ ” 


P~ s 


But 


i=c:- 


2 m 


n 


im “I 

~s J 


“ The combination of more than twn a*, 
case there were 3 north and j south h , * ® some trouble In one 
we.vhr r 3 X4 ’ P**-®. ^ut with a 

° ^ 3 - 1-4 similar cases I treated the whole com- 


‘'IT * ticticu me wnoie com- 

the mean of the dedinSions’J noTtrstrs Ind 0^^? P'''>^ided the half-sum of 
of south stars, and give the result a hivh of the declinations 

method >’ (Safford. 

u: *.sr.“r 7 “61 F"' ' -» “ - 

In 1875, with theodolite P and M No i, 

In 1877, wiioLh^ t" • 

required the most^Jrob^bTe Sl'ut ^1110^®? ' 

value of the angle and its probable error 


DIRECT OBSERVATIONS 


II7 


[With first theodolite p e of a single obs = 0" 29 1^16 = i" 16 
With second theodolite p e of a single obs = o" 22 ♦ 24 = i" 08 

Let a Single result with tho first theodolite be taken as unit of weighti 
then mean of 16 results has weight 16 

Let a single result with the second theodolite have a weight referred to 
the same unit as the first, then mean of 24 results has weight 24 p The value 
of/ IS found from the relation 


/_ /I r6y 
I \io8/ 

Also 

most prob value of angle = 74^^ 25' 04'' 4- jL *^^9 X 16 + 0 611X24^ 

16 +24/ 

and /t 

weight of this value = 16 + 24/ ] 

Noti — If, instead of being two measurements of the same angle, the above 
were the measurements of two angles side by side, then 

total angle =s 148® 50' 10" 040 

because, no matter how much better one is measured than the other, we can 
do noihing but take the sum of the two values The weight P of the result 
would be found from • 

i. — JL JL 

i* “ 16 24^ 

Ex 12 An angle is measured n times with a repeating theodolite, and 
also n times with a non-repeating theodolite, the precision of a single reading 
and of n single pointing being the same in both cases, compare tho weights of 
the results 

r the m s e of a single pointing and of a single reading 

With a non-repeiting theodolite each measurement of the angle contains 

(pointing + leading) — (pointing 4- rciding) 

(m s e )’ of one measurement = 2//1® -h 2/0** 

and (rri s e )® of mean of n measurements = - (a/ij" h 2/di®) 

With a repeating theodolite the sucpessive moisurcments of the angle are 
(pointing 4 re iding) — pointing 
pointing — pointing 

pointing — (pointing 4- reading) 

(m s e )® of « times the angle = 2w//i® 4- 2/da® 

and (m s e )® of the angle = 4- 2/ra®) 
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= I + 


ifi! 


fi? 

I + — > 


and hence it would see» that the method of lepet.t.on is to be preferred to 
the method of reiteration This advantage is so much less, the smaller ^-1=; i, . 

leadi?;'sunSl reprtlnf “^^^e 

and which IS so apt .o be^oVke^^Sjtts 77,)"" 

enter Te'we assumed T only accidental errors 

cannot g ve ^ra TeTeo ' ■n.trument But the instrument maker 

the systematre er or 777 niechanical reasons 

observations whereas in th? !"^ theodolite increases with the number of 
tematic error, m Sever This sys- 

discuss acc dental errors imt causes the trouble It is useless to 

been devised of getting nd of it theT' 

Cf Struve 7,Tl a/ itself has been abandoned 

MMs a re^eHt^.netre^terat^on, Gand rWs Herscbll’ 7T7 T 
omy^ Art I8S, C^^tS,i,veyR^o,t, 1876. App 20 ] ’ 

fits. t 

reading, with the second are m’ ii ’ “? the m s e of a pointing and of a 

areadfngard oU^^ s e of 

resul ts are as * weights of the 

«2 

M? M? 


NOTE I 

ON THE WEIGHTING OF OBSERVATIONS 

68 When the sources of enor are of such kinds that so 
ai as we know, they cannot be separated, the m s e and 

s=c”sr°Tr®'“ ■” 'h' 

,1,^ , * “ “ > number repret 

se..mg the relafve goodnes. of an obae.rat.ou, and T a 
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number mveisely proportional to the square of the m s e 
of an observation If m a series of observations the con- 
ditions required foi the determination of the law of eri or 
could be strictly fulfilled, these tvi o statements would lead 
to the same result In actual cases, however, this is only 
approximately true Thus two separate deteiminations of 
a millimeter space, made m the same way, gave 

1000 I ±040, mean of 20 leadings 
1000 3 ± o 33, mean of 30 readings 

To find the weighted mean of these two sets of measure- 
ments we may proceed in two ways The number of re- 
sults in the fiist measurement is 20, and the number in the 
second is 30. Hence, taking the weights proportional to 
the number of results, the mean 

= ia»+”X°'+3°>" 3^1000 220 
20-1-30 

Again, since the p e of the measuiements aie o 40 and o 33, 

their weights are as -i-, to JL that is, as io8g to 1600, and 
40’ 33 

the lesulting weighted mean is looo 219, agreeing, within 
the limits of the p e , with the other value 

In this example the two methods agree as neaily as 
could be expected from the small number of observations 
But It IS nojt always so Some “ run of luck,” or balancing 
of error, or constant conditions might have made the ob- 
servations of one set fall veiy closely together, in which 
case the weight as found fiom the p e would have been 
veiy laige, while varying conditions might have caused 
wide langes, giving a small weight A great deal, there- 
foie, depends on the judgment of the computer in deciding 
what weight is to be given, it being constantly kept in mind 
that the strict formulas which are correct in an ideal case 
must not be pressed too far in practice Thus in the second 
set of observations above the fii st three results were 999 8, 



120 


THE ADJUSTMENT 0> OBSERVAIIONS 


999 8, 999 8 The p e computed from these would be zeio, 
and the consequent weight infinite But no one will doubt 
but that the mean of the 30 lesults is more reliable than the 
mean of these three results 

69 An Approximate Method of Weiglitiiig. — A 
long-continued series of observations will show the kind ot 
work an instiument is capable of doing under la voi able con- 
ditions, and if woik is done only when the conditions aie 
favorable, the p e derived from a cejtain number ol results 
will generally fall within limits that can be assigned li prioti. 
For example, with the Lake Survey primary theodolites, 
which read to single seconds, the tenths being estimated, 
the work of several seasons showed that the p e of the 
mean of from 16 to 20 results of the value of a hori/ontal 
angle, each result being the mean of a reading with telescope 
direct and of a reading with telescope reverse, need not be 
expected to be greater than 0" 3 If, therefore, after having 
measured a senes of angles in a tiiangulation net with these 
instruments, the p e all fell within d: o" 3, it was considered 
sufficiently accuiate to assign I0 each angle the same 
weight 

The objection to this is that “an instiument which has a 
large periodic erior may, if properly used, give as good 
results as if it had none , but the discrepancies between its 
combined results for an angle and their mean may be large, 
thus gpving an apparently large probable eiror to the mean. 
Moreover, a given number of results over short lines, or 
lines over which the distant signals are habitually steady 
when seen m the telescope, will give a resulting value fo’i 
the angle of much gi eater weight than the same number of 

combined results between two stations which are habitually 
unsteady ” * ^ 

The same method of weighting was employed by the 
Northern Boundary Commission in their latitude work 
The standard number of observations [for a latitude de- 
termination] was finally fixed at about 60, it being found 

* Professional Papers 0/ the Cor^s of Engineers U ? ^ ,No 24, p 354 
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that With the 32-111 instrument 60 obseivations would give 
a mean result of which the p e would be about 4 feet * 

70 Weighting when Constant Error is Present.— 
The preceding leads us to the case where the eiror of ob- 
servation can be sepaiated into two parts, one of which is 
due to accidental causes and the othei to causes which aie 
constant thioughout the obseivations The total enoi e 
would, theiefore, be of the form 

This case has been discussed ahead}^ in general terras in 
Art S3 in explaining the well-known fact that an increase in 
the numbei of obseivations with a given instrument does 
not lead to a coi lesponding mciease of accuiacy in the 
result obtained 
Let 

/ij = the m s e of the obseivation arising from the 
accidental causes, 

//a = the eiior peculiar to the obseivation ansing tiom 
the constant causes 

Then /ij being independent, the total m s e of obser- 
vation may be assumed 

= + 

It n observations have been made we shall have for the 
m s e of then mean, since [i, is constant, 


It is evident that when n is large becomes the important 
term, and that in any case the value of //<> and consequent 
weight can be but little impioved by increasing the num- 
ber ot observations 

For the purpose of finding the value of the m s e 
arising fiom the constant sources of erior a special senes of 
observations is in geneial necessary After this senes has 

* Repoj Sjo viy oj iht No7 thi ? n p 86 
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been made the value of found fiom it can be applied in 
the determination of the value of fj, in any othei senes made 
under like conditions 

For illustration let us considei a latitude cleterniinatioii 
with the zenith telescope It is well known that with tins 
instrument a latitude result found from two observations of 
a single star eithei north or south ol the zenith is infenor to 
one found from a combination of a noith and a south star. 
This arises, not from any difference in the mode of obsei va- 
tion, but fiom the errors in declination as given in the* star 
catalogue being cumulative in the one case and balciiicin^ 
in the long run in the other 

The zenith-distance, of each star being observed, the 
half-difference of zenith-distances for each pair may" lie com- 
puted, and each of these computed values may be con- 
sidered an observed value The values of the declinations 
d are taken from a catalogue of stars The errois of <i aie, 
therefore, independent of those of C, and arc constant foi the 
same pair of stars The latitude <p from one pan is ven by 

Let 


— them s e of - i;) for one observation of one pair, 

[It the m s e of for this pair, 

m the m s e of the resulting latitude f from one pan, 
then for a single observation of this pair 

and for n observations of this pair 

tionfo'f The"la'L%I;i' o'/stamts'^heV^'^'l 

will not inSuence tho result aZh^ V"' 

^ obutnedfron. sereralpaus than fr^a sTn^Ie 

then, n,a„y pa,rs of stars be observed n.ghttfter rnght for 
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a considerable period Collect into groups the latitudes 
lesultmg from the observed values of each separate pan 
1-et w., w be the numbei of results in the seveial 

gioiips, the number in any gioup being at least two Foi m 
the residuals for each group and compute the m s e in the 
usual Wtiv- We have 


No of 
Night 

Fust Pair 

Second Pair 


Results 

V 

Results 

V 


I 




7 '/ 


2 


< 

<p: 

vi' 


3 

fr 

v!" 

<pr 

vr 


Means 

% 





Now, assuming that the m s e ol obseivation of each pan 
IS the same, 


It, then, « IS the total numbei ol lesults, and vi the numbei 
of groups, by adding the above equations theie lesults 

[_VV I 




I I — m 


In finding/.^ wc assume that though errois of declina- 
tion are constant for each star, still toi a latitude found 
fiom m^any pairs in the same catalogue these eirors may be 
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regarded as accidental Let, then, many diflferent pairs of 
stars be observed on each of h nights at ih' places, no star 
being observed at more than one place Collect the means 
of the single results of each separate pan and foi m the 
lesidualst/' for each place, taking the diflFeiences between 
these means considered as single results and their mean tor 
that place Then, reasoning as above, the m. s e of a 
latitude resulting irom « observations on a single pair ot 
stars is 



where is the number ot diflferent pans of stais observed 
and m' is the number of places occupied 
Now, /is is found from 


and is, theiefore, known for the star catalogue used This 
value may be taken ill future woik in finding from 

/l^^= /is *-j- — 

n 

and the consequent combining weight of (p will be as 

I 

An example of a simiLii kind is afforded in finding the 
weights of the angles measured with a theodolite in a tii- 
angulation wheie moie iigid values are required than would 
be found by Art 69 The actual eiior of a measuied value 
of an angle aiises from two main sources, eriors of gradua- 
tion and eriois ot observation The former aie constant 
for different paits ot the limb read on, and correspond to 
the declination errors above, while the lattei aie incapable 
of classifacation, and are, therefore, assumed to be accidental 
The periodic eriors of graduation aie supposed to have 


WEIGiniNG OF OBSERVATIONS I2I 

been eliminated by pioper shiftings of the circle The re- 
sultant ms e /I of a single measurement is found from 




and the m s e of the mean of n 
the same pait of the limb fiom 


measurements made on 


where ^ aie the m s e of giaduation and observation 
respectively The method of treating this problem is quite 
smilar to that of the preceding, /i, is found by reading the 
same graduation-mark on the limb many times, and a, by 
reading the angle between two fixed signals many times, 
the limb being changed after each leading Thence a is 
knowm for the instrument in question, and the combining 
weights of angles measured with this instrument are at once 

The foregoing leads to another important piactical point 
in the measurement of angles If the weight of a single 
observation is unity, then the weight of the mean of n ob- 
servations made with the hmb in one position is 

p=fll±K 

Exiieiience has shown that we may safely assume 

A=/-^ 

and theiefoie it follows that 


Hence, no matter how many observations we make in one 
position of the limb, we never reach the precision of the 

mean of two observations made with the limb in different 
positions 

It might fairly be inferred that the limb should be 
shifted after each single leading of an angle, and the rea- 
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sons for not doing- so are to guard against mistakes in 
reading and to eliminate twist of station, as explained else 
where (Ait 54) 

71 Assigniiioiit of Weight Arhitranly,— So far \w 
have deduced the combining wei4>hts lioin the obseived 
values themselves, 01 ironi them in connection with 4 
special senes ol obseivatioiis But tins may not always Ih* 
the besi way of finding the weights The observations mu\ 
not be our only souicc ol infoi mation, and, indeed, not tbt'; 
most reliable souice 11, foi example, some phenomenoit 
has been obsei ved by many persons in diffeient paits of tin* 
countiy,aiid the observations aieseut to one place for cotit 
paijson and reduction, it would not be pioper foi the cotri 
putei to deduce a weight for each sciies fiom the observu 
tioiis themselves indepenclcnt ol other sources ol infoimatioii 
he might have Some ol the most inexperienced observet^ 
with the pool ost instiumcnts might have apparently bettvf 
results than the most expeiienced with good instiumenU 
In such a case the computer must exercise his own judg- 
ment in classing the obsei vations He should consider thi* 
experience ol the obsei ver, his previous rocoid loi accurati^ 
work, the kind of instiumenl used, the conditions, and tlir 
observer’s lecoid of what he saw — whether it is clear aiiit 
precise 01 ha/y in its statements An ai biliary scale ol 
weights may then be constructed, and to each set of obset* 
vations be assigned a weight fiorn this scale accoiding U» 
the computei’s estimate ol its value No two computers 
would be likely to assign precisely the same weights, butll 
done by one of cxpeiicncc and good judgment the result 
obtained from weighting in this way will undoubtedly be of 
more value than that lound hy the stiict application of the 
formulas of least squares 

The point is simply this The class of obsei vations can 
sidered maybe expecled to contain systematic euois which 
cannot be detei mined, and is therefoie not capable of being 
treated by the method of least squares As vve have no 
direct means of eliminating this kind of eiror, we must do 30 
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indiiectly as best we can, and that is what the system oi 
weighting mentioned seeks to accomplish 

An example will be found in the discussion of the Tt/i- 
scopic Observations of the Transit of Mtitniy, May 5-6, 1878, 
Washington, 1879, wheie, ot 109 observations sent 111, to only 
18 was the highest weight assigned Piof Eastman, undci 
whose diiection they weie reduced, sa}s Sevcial 

instances may be found where small weight is given to ob- 
seivations that appaiently agree well with those to which 
the highest weight is assigned, but in most cases the ob- 
seiver's lemarks indicate the unceitain chaiacter ol the 
observation ” 

72 Combination of Good and Inlerioi" Work. — 

It IS strictly in accoidance with the idea ol weight that it 
we have two lesults of veiy diffcienl degiees of atcuiiiey, 
a lesult better on the whole than eithei nui} be loiind 
by combining both with then piopei weights Hut the 
proper weights may be difficult to hud On this account it 
depends on ciicumstances whether it is advisable to 1 educe 
a set of observations poorly made, in oidci to combine them 
with a well-made set It the quantit}/ isavtiilable loi obsei v- 
ing again it might not cost any more to do this than to 1 educe 
the poor obsei vations Even it it did the result would be 
more satisfactoiy The committee of the Royal Society of 
England which was appointed to examine Col LainbtonS 
geodetic work in India leported that Col LambtonS 
surveys, though executed with the greatest caie and 
ability, were earned on undei seiious chfhcultics, and at a 
time when instrumental appliances wcie far less coinplele 
than at piesent There is no doubt that at the present time 
the suiveys admit of being improved in eveiy i)ait The 
ds of len^^th are better ascei tamed than foimcily, 
and all uncertainty on the unit of mcasiue may be ic- 
moved The base-measuring appaiatus can be unpioved. 
The instiuments for hoiizontal angles used by C\)l Lamb, 
ton were inferior to those now in use The com- 

mittee expiess the strong hope that the whole ol Col, 
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Lambton’s survey may be repeated with the best modern 
appliances ” 

73 The Weight a Function of our Knowledge. — 

— If a quantity is not available for observing again, as, tor 
example, some tiansient phenomenon, all of the mateiial on 
hand must be used, and the best weights possible assigned 
to the separate values in ordei to combine them The 
point IS that where systematic or constant enor has not been 
eliminated the weight to be assigned is a function ot the 
state of our knowledge — is, in fact, a matter ol individual 
judgment 

This IS brought out very fully in the methods used in 
combining the older star catalogues with the moie modem 
ones Thus Safford [Catalogtie of Mean Declinations of 2018 
Stars, WdLshmgton, 1879) In computing positions I 

have generally employed Argelander’s rule giving to a 
modern determination from 

1 observation a weight I, 

2 observations a weight J, 

3 to 8 obsei vations a weight r, 

9 or more obsei vations a weight or 2 

Argelander geneially gives Piazzi a weight equal to unity , 
the value | is much neaier the truth , in general he assigns 
rather a largei relative weight to the older and pooler ob- 
servations than they deseive But this is mostly compen- 
sated foi by the number of determinations 

The weight of a quantity being a function of our know- 
ledge may have assigned to it a certain value at one time 
and another value at anothei time when our knowledge of 
It has increased Thus in the Fond du Lac (Wis ) base, 
measured in 1872 with the Bache-Wurdemann compensating 
apparatus, a portion was measured seven times The re- 
sults diffeied widely, far beyond what was exi)ected with 
the apparatus No reason could be assigned at the time for 
the discordances At this stage, then, one would have been 

* G T Survey o/Indta^ vol u p 70 
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nientthe weights maj be taken inversely as the squares of 
these m s e 

But if this has not been done, if in the older woik in- 
struments, observers, and methods weie pooier than later 
and the two have to be combined in the adjustment, the 
computer must estimate as best he - can then relative 
weights Thus in a system in Germany, Fiance, and Aus- 
tria reduced by Di Albiecht ' the observations weie made 
between the years 1S63 and 1876 The methods ot obser- 
vation had been much improved in this inteival In as- 
signing the lelative weights a scale of weights was fiist 
formed fioni a consideiation of all the knowledge on hand, 
taking the march of improvement fiom yeai to year into 
account, and the sepaiate deteiminations placed in one or 
other of these classes Thus, for example. 

Weight I— No change of observeis, few observations, non- 
adjustment of electric curient , 

Weight 2— No change of obsei vers , usual variety of obser- 
vations, non-adjustment ol electric current, 
Weight 3— Change ol obsei veis, usual vaiiety of observa- 
tions, iion-adjustment ol electiic cuirent, 

and so on 

Siinihiily Di Bruhns in Vci /iciudhin^tii der euiopaischen 
Gradmessung, 1880 See also Coast b>urvcy Report, 1880, 
Appendix 6 

74 General liemarks.— The subject of the weighting 
of obsei vations is confessedly a difficult one In general it 
may be affirmed that the less expenenced a computer is 
the more closely he will adheie to the rigorous foiraulas 
without consideiing whethei systematic eriois entei 01 not 
As he adds to his expeiience he will considei outside evi- 
dence as well as the evidence afiorded by the observations 
themselves This will be specially true if he has any prac- 
tical knowledge of how obsei vations are made Indeed, 
it is doubtful if a computer can apply the piinciples of 

* ■^stronomisthe Nticht'ichiin^ 2132 
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least squares pioperly unless he is at least an average ob- 
server 

Great caution, howevei, is necessary in assigning weights, 
because it is sometimes possible so to choose them as to 
make observations tell anything desired They should 
always be chosen from a consideiation of all the evidence 
on hand, and may be changed as additional evidence is pre- 
sented, so that a result is never final, but is ever open for 
impiovement The original lecords of the observations 
and the methods of reduction are quite as desiiable, if in- 
deed not more so, than the results deduced The best plan, 
therefoie, is to publish all of the data along with the reduc- 
tion, when the leader, if he wishes, can make a reduction 
for himself He can then form a moie intelligent opinion 
of the computers skill and judgment, and also of the value 
of the woik 


NOTE II 


ON THE REJECTION OF OBSERVATIONS 

7S Theie is nothing in the whole theory of errors more 
perplexing than the question of what shall be done with an 
observation of a series which differs widely from the others 
In making a series of observations khe observer is given full 
power He can vary the arrangements, choose his own 
time for working, reject any lesult or set of results, he can 
do anything, in fact, that in his best judgment will tend to 
give the best value of the observed quantity But when he 
has finished obseiving and goes to computing, has he the 
same power? Can he alter, reject, manipulate in such a 
way as in his best judgment will give a result of maximum 
probability ? As observef he was supreme , as computer is 
he supreme, or only in leading-strings ? Various answers 
18 
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may be given to this question, as we look at it li oni one 
point of view or another 

In the hypothetical case on which the exponential law 
ofeiioi was founded theie weie no discontinuous obsciva- 
tions taken into account Theie wc contemplated not only 
obseivations made with the best insli uniciits and by the 
most experienced observeis, but obseivations ol all giadcs, 
from this highest grade down to those made with the poouxst 
instiuments and by the most ignoiant and caiclcss obsei veis 
conceivable It is only in this way that ciiois conlinuous 
all the way from + co to — oo could arise Jn the (as<‘s 
occuinng in oidinaiy vvoik we conhne our attention to one 
section of the obsei vations only — that made with the good 
instiument and by the skilful observei This, to be sine, is 
the most impoitant, and, as shown in Ait 30, the lesult 
following fiom it differs oidinaiily but little fiom that found 
in the ideal case But we aie natuially confiontcd with 
difficult) when we try to deal with a very incomplete senes. 
Extra assumptions must be made, and it is not to bo won- 
dered at that no solution yet offeied is legaidcd as entiiely 
satisfactory 


76 A common summary method of disposing of the sub- 
ject is contained in the following statement “ The weights 
[of the angles] would have been niatenally inci eased in 
many instances by i ejecting what would appear obsei - 
vations, but the rule has been never to i eject any unless llie 
observer has made a remaik to the effect that it oiii?ht to 
be rejected ’ This statement, howevei, does not covej the 
whole giound Those wXo reason in this way make a dis- 
tinction between mistakes and enois ol obseivation. Mis- 
takes are rejected But the gieat difficulty is to tell just 
where mistakes 'end and eirors begin 

involving discordances unlooked 
for and ,vhich the observer’s remaiks do not cover how 
^aU we pioceed ? Two views may be taken In the fitst 
place, the computer, from a consideration of the measuics 
themselves and from all other evidence bearing ou them 
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that he can discover, ma} make a distinction between meas- 
uies and mistakes which will do for the set befoie Iiiiii 
With obseivations of anothei kind he might have a dillcieiit 
mode of procedure Anothci computer might have dilTei- 
ent rules altogether, preciselji as m the case of weighting 
as explained in Alts 71-74 

To put the discrepant values with the othei values, and 
take the arithmetic mean of all, would give a icsult con- 
siderably diffeient liom what would be found by omitting 
them It would take a gieat many good obsei vations to 
balance the effect of a single widely disci epant one It is, 
then, foi the computei to judge whcthei this discrepant 
observation shall have the same weight as the otheis 01 a 
different weight 

It may happen, indeed, that the disci epancy is so evi- 
dently a “natural mistake” that it may be concefed with- 
out a doubt from the evidence tuinished by the other 
observations, and the disci epant observation changed so 
that it may be treated as a good one Thus an angle may 
be read 5' or 10' wrong, or a miciometer sciew may be lead 
5 or 10 revolutions out of the way, as shown by the lesl of 
the obseivations, and the like 

Or the obseivations may be arranged in well-defined 
groups, and if the computei finds that he cannot account 
forthc piescnce of unusual discrepancies in a ceitain group, 
he may decide to leject the whole gioup For example, in 
longitude woik it may happen fhal one of the time stais may 
give a clock coirection differing, say, one second of time 
from that given by fifteen or twenty olheis ohsei ved on the 
same night Instead of rejecting the single stai if would 
pel haps be better to reject the whole night’s woik If 
necessary, an extra set ol observations may be made to (ill 
the blank By rejecting a group no hicklen law c.in be 
slighted, for if any exists it will continue to leappcat in 
fuither observations, and finally to levcal itself 

77 In the second place, the computei, instead of trusting 
to his judgment, may call in the aid of the calculus of jiroba- 
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bilities and seek to establish a test oi fi iteiion lot tlu' t< jet 
tion ot obsei vatioiis which will scive ioi all kinds of olisci- 
vations Ot the ci itei ions whu h have been idnpKseil the 
eaihcst IS due to Piol Pence. It is as l<»lhi\i s “(>|isei\a 
tions should be i ejected when the inohabilitc ot the s\sttin 
of eriors obtained by icMainiii}> them is less lli.in that ol the 
system ot euois obtained b) then itietlinn iiinlti|ili< d b\ 
the probability ol luakiiif; so maiiv and no iiioie abnoimal 
observations” A [iiool by I)i Ooidd wdl be loiind in the 
U 5 Coast Sunny Report, 1851, pp ih.i 1’. !• is loiindeti 

on the assumption ol the (iaussian Ian ol eiioi. 

Anotliei critciion ” loi the lejectioii til one doiibtliil ob 
servatiou” is given by Chauveiiet in his .htroriiwr, col, 11 
p 565 “ We have seen that the fuiKtioii | Ait ,io| 



represents in geneial the nunibei ol enots less than </ w hn h 
may be expected to oecm 111 any estendid setiesol ob-ei 
vations when the whole minibei ol obsei \ alioiis is taken as 
unity, r being the p e ol an obsei vafion. Il this be ninlti 
phed by the mimbei ot obseivations u, we shall have the 
actual number of euors less than a; and hem e the (|nanfit v 

n — h\i~ 

expi esses the nnmbei ol eirois to be expected gieatet lhaii 
the limit a: But il this (piantity is less than i it will lollow 
that an erior of the magnitude a will have a gieatej piob.i 
bihty against it than lor it, and may, thereloie, he tejet |<d. 
The limit of rejection ol a sirn>/e doubt ful vb^er out tort is, tlieie 
fore, obtained fiom the ecpiation 

4 - I - - ^{t) I 

= ' >■ 

2 « 


or 
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A third criterion was proposed by Mr. Stone, Radcliffe 
obsei vei atOxfoid, Eng Month Not Roy Astron Soc ^ 1868, 
1873,111 these tei ms I assume that a particular person, with 
definite instiumeiital means and undei given ciicumstances, 
is likely to make, on an aveiage, one mistake in the making 
and registcung n observations of a given class The proba- 
bility, theiefoie, is that any record of his of this class of ob- 
servations as a mistake is “ From the average discord- 
ances among the legisteied observations of this class we 
can find the p e of an observation in the usual way, and 
also the probability of an erior greater than a given quan 
tity, as C Then if the piobability in favor ot a discoi dance 
as laige as C is less than that of a mistake, or^, the discord- 
ant observation is rejected 

The least objectionable cnteiion based on mathematical 
principles may, I think, be developed from the pnnciple 
laid down in Ait 50, wheie the maximum error was esti- 
mated at about five times the p e 01 three times the m s e 
If, tlieietore, an obsei vation differs fiom the geneial lun of 
the senes by moie than this amount it should at least be 
bracketed and attention be called to it 

78 It may be stated that, as a geneial rule, criteiions are 
apt to be most highly esteemed by those who look at the 
obsei vations fiom a puiely mathematical lather than fiom 
the piactical observers point of view The latter is, with- 
out doubt, the tiue standpoint Eveiy obsei ver will, con- 
sciously 01 unconsciously, constiuct a criterion suited to 
the sort of woik he is engaged in This cnteiion will not 
necessarily be founded altogether on mathematical for- 
mulas Indeed, most likely it will not be Nor does it 
follow that the cnteiion adopted in any special series is oi 
universal application or will receive universal assent In 
the process of weighting the observer will not assign 
weights always as the inverse square of the m s e It is 
often better to assign them arbitrarily from a feeling 
founded on a general grasp of all the circumstances con- 
nected with the making of the observations In like man- 
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ner, and on this same feeling, he will found his ciiterion for 
rejection Theie is no uniform rule for weighting, ntilher 
is there one for rejection 

A criterion such as Stone’s, foi example, would be very 
useful in the work foi which it was pioposed, and in its 
proposer’s hands would be of much value But that any 
one without the insight given by long familiaiity into the 
special kind of woik from which this ciiteiion arose could 
apply it pioperly is not to be expected As alicady pointed 
out, in the case of weighting the only thing foi the com- 
puter to do IS to publish all of the obsei vations, including 
those rejected, along with his 1 eduction, when, if more 
light can at any time be thiown on them, a new reduction 
can be made Take, for example, Biadley’s observations as 
reduced by Bessel and Auweis (Art 51) It cannot be too 
strongly insisted on that a result deduced fiom a senes of 
observations is never to be looked on as final, but as ever 
open for improvement 

79 The difficulty in combining single obsei vations lies 
in assigning to them their proper weights We have as- 
sumed the arithmetic mean to give the most piobable value 
If the soul ces of en or could be separated, so that to each 
single obsei vation could be asciibed its proper weight, the 
resulting weighted mean would be neaicr the truth than 
the direct arithmetic mean We can, theiefoie, conceive of 
a better value than the aiithmetic mean in ceitain cases ^ 
This has been already pointed out in Ait ii 

We may, therefore, consider whether, when disci eiiant 
observations occui we may not get a more satisfactory 
result by ignoiing the aiithmetic mean altogether Sup- 
pose, for example, that we had thiee observed values, 100, 
60, 61, and that we had no means of getting any fuither 
observations These values would seem to show that the 
true value was likely to be nearer 60 than 100 Just 


•‘'De Morg^ {Encyc Meirop , “ Theory of Probability/’ p 456) suggested that the combin- 
ing weights might be found from the observed values themselves, but he did not develop his plan, 
and It IS apparently fruitless ^ ’ 
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how much neaier is the question To reject the observa- 
tion ICO would be without reason, and to take the aiith- 
metic mean of all three would ignore the evidence affoided 
by the obseivations themselves 

The obseivations being- discontinuous, the question is 
removed fioni the theoiy of least squares, which presup 
poses continuity (see Art 30), and must be Lieated by othei 
methods Laplace ^ discussed this problem long before 
Legeiidie and Gauss developed the method of least squares 
The subsequent confusion in the introduction of entenons 
has aiisen liom tiying to fasten to the method of least 
sqiiaies what is m lealily a veiy difFeient question 

When the obsci ved values aie discontinuous we cannot 
reasonably assume the value ol the unknown sought to be a 
symmctiical function of them (see Art ii) A plausible 
result has been given (Aits ii, 15) as that observed value 
which has as many obseived values greatei than it as it has 
less than it l^hus in the pieceding example a good value 
to choose w ould be 61 

In discussing such problems, so long as not much gi eater 
plausibility can be assigned to one method of combination 
than to anothei, the question of convenience of computation 
comes 111 In respect to this the propiiety of selecting the 
middle term stands pie eminent 

80 It is ever to be kept in mind that unexpected dis- 
crepancies 111 his lesulls do not always proveto the observer 
that his woik is bad, any moie than a close agreement 
among them shows it to be good When either occurs 
great caution is necessary It is unsafe to have a rigid rule 
of any kind for silting the obseived values, not allowing 
the computei to make use of evidence outside of the ob- 
servations By lollowing such rules we are apt to bar 
the way to discovery of new tiuths, or at least to hinder 
progiess in that direction See, for example, the history 
of the discovery of peisonal equation, Amtrtcan Cyclo^cedia, 
vol xin 


* M^jti Atiui Pa 7 is^yo\ vi p 634 
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Throughout this discussion it has been assumed that the 
observations have been 1 educed by the obsciver himscll or 
by a computer who is at the same time a competent ob- 
server A computer who is not an observci must ol ne- 
cessity employ the same ciiterion always , and in tins case 
the criterion derived from Ait 50, as stated on paj^o 135, is 
to be preferred 

The following memoirs may be consulted m addition to 
those alieady mentioned Geigonne, Anuah<! dr JUrf// , 
vol XII pp 181 seq , Peirce in Goidd’s Astiou. Jour , 
vol 11 pp 161 seq , Airy in do, vol iv pp 137, 138, Win 
lock in do , vol iv pp 145-147 , Stone, Month Not Roy. 
Astron Soc ,vo\ xxviii pp 165 seq , vol xxxiv pp. 9 seq , 
Glaisher in do , vol xxxiii pp 391 seq, also in Mi7n Roy 
Astron Soc , vol xxxix pp 75 seq 


CHAPTER IV, 


ADJUSTMENT OF INDIRECT OBSERVATIONS 
Detei fntuaiton of the Most Probeihle Values 

8i If duect measurements of a quantity have been made 
under the same circumstances, we have seen that the anth- 
metic mean of these measures gives the most probable value 
of the quantity We now come to the case where the 
quantity measuied is not the unknown required, but is a 
linear function of one or more unknowns whose values are 
to be found This is the more general form, and its solution 
has been carried a certain distance in Art 14 The point 
stopped at was the combining of observations of different 
weights As by the aid of the law of erior this can now be 
done, we proceed to finish the solution 

Let, as in Art. 14, the equations connecting a series of 
observed quantities M„ M, . M„ n in number, and the 
independent unknowns X,Y, . , n, in number (// > «,), be 

a,X + F-l- . 

M, + 7;, (I) 




where a:, b„ 4, 
tor each observation, 
errors of obseivation 


are constants g’lven by thcoiy 
and 7 >„ V, are the lesidual 


In practice the labor of handling these equations will be 
much lessened by using an artifice we have several times 
already employed (see Art 41) Let JC, Y, . be close 
approximations to the value of A; Y, found by oidinaiv 
e imination from a sufficient numbei of the equations, or by 
some otbei method, as by trial, for example, and put 


X~X = :i, Y- Y'=y, 


19 
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where x,f, are the conections reqiincii to H'diiot* (li« 
approximate values to the most piobable vm1uc<'. 

Then the observation equations reduce^ to 

-j- 

+ —4 "''i < *) 


where 


—4 <'« 


-/. = «.X' + 4F+ -A, I/. 

-4 = «,X' + 4F+ -A,- 

-/„ = ««.r + ^J„F+ . - A,- d/. 


and are, therefore, known quantities 

It IS more convenient in practice to onut the lusiduals 
and write the observation equations in tlie ioiiii 


a^- + -|- = /„ 

always keeping m mind that the stud foini is as in (2) 
The observation equations 3 may be wiilteii 


— /, 
'>=// 


if the values of^, are supposed to bo known. 

Now, It has been shown in Ait 63 that the most piobahlr 
value of X would be found fiom these c<]uations by taking 

the weighted mean of the sepaiate values 

T., 

The weights of these values are in the same section shown 
to be as a‘, a", We have, therelore, 
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or, by putting for //, their values, 

[<^^ 1 / — \n>- \t- — 

\aay- 

Similarly if the values of a, . are supposed to be 
known, the most probable value ofy' is found fiom 


and so on for 


f W] — [ bd\A — [ ^t] j — 

~ " LWJ 


Hence we should obtain the weighted mean values of 
X, y, . , that IS, then most probable values, from the 

simultaneous solution of the equations 


\m\ 

^_[ W 1 - — • 

\bb\ 


that is, from the simultaneous solution of the equations 

\aa\x-\-\ab\y . — \al\ 

[ba\x-\-\bb\y + . =[H\ (5) 

which equations arc equal in number to the number of un- 
knowns They are called normal equatiom, or, better, final 
equations We have thus found the most probable values of 
the unknowns m a senes of observation equations by taking 
the mean * 

♦Another method o£ jbolving 1 senes of observation tq.uations, duo to Richelot, xe ■worthy of 
notice 

lake the simple case of n aquations involving two unknowns Let the equations (» > a) be 
written in the stnet form 

4i t ] /,j V - /j - 

"I “ ^'a 

1 

to find the values of t, winch satisfy them best 

Multiply the equations in order by the undeteimincd factois li, X3, and add, then if 

“satisfy the condition [hA'\ ^ 0, we have 

\.U\ ^ {Aa\ 

The best value of j, must be that in which tlit second member is as small as possible, and thi^ 
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'^■>1 perhaps she,? sM L^fcltrlvXt 
Of the separate va.„e: 

«bservat!oTequl[.onsr"^‘”^‘'°"'''^^' 

Z= 

a x-^ h^y — 4 

a,x-^bj — l^ 

already g-ivenm Art 14 

d-liZ\n:Z aid 

AA-a,b^x = bJ,-bl, 

Art “c^ln^Ihe^esuTi” ““‘"■'‘“S 

, = 

_(«/|L^<5] - [abl[b/] 

{aaJlb^ — i^Xab] 

Similarly 

lr^^ ~J - \l>l }\ad\ 

I aa]l6d'] — [abXaJ] 

htpp^^ns when [Xrt] IS, as gi eat as possible But r/.*l 1 r 

» endmon eaists among the /'s of at least two dimistoas'” Th^“““? “"‘‘““'n 

aimenstons The simplest such condition is 

l/U = I 

I f wc now compute the maximum value of M subject to the conditions 

W = O fXyC] - I 

we .hall find as the best value of ar (Todhunter, D.lf Calc , chap vv. ) 

t = 

MW - MW 

which aarees with the value resulung from the normal equations 5 
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These are the same values as would be derived from the 
solution of the equations 

[aa\x -f- \ab\ y = \al^ 

\ba\x-\-\bb\y^\bl^ 

Hence if in a seiies of n observation equations containing 
independent unknowns (it > we solve all possible sets 
of equations by the method of determinants, the weighted 
means of the separate values found will be the most probable 
values of the unknowns 

This method of solution would be very troublesome 
when the number of equations is large, and accordingly we 
must look foi a more convenient but necessarily equivalent 
method 

Since the principle that the sum of the squares of the 
residual eiroT*s is a minimum holds whether the observed 
quantity is a function of one 01 of sevei al unknowns (Art 17), 
we can apply it to the simultaneous solution of the equations 
2 The residual errors must satisfy the relation 

+ “1“ Vn = a 1^11^ 

that IS, we must make 

{a^x-\-b,y-\- — + —O'* 

+ + + — 4)“ = a min 

Now, the variables x,y, being independent, the dif- 
ferential coefficients of the expression foi the minimum with 
respect to each of them in succession must be equal to zero. 
Hence 

+ -l,) + ala^x + b^-\- -/,)+ =o 

+ — /.) + -j-bjjy-j- — /,) + = o (6) 


or, collecting the coefficients of x, y, 

\ad\x -|- {cLb^y -j- -f- 

[ab]x + [bb]y + [b,]s-l- 
[aejx + \bc\y -f- [cc]^ + 


m each equation, 

= m ( 7 ) 

= [^/] 
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The number of the^e equations is the same as the number of 
unknowns, that is, Then solution will give the most 
probable values of , and, adding these values to the 

approximate values Y' already known, the most 
probable values of JSf, F, will lesult 

The equations 7 aie identical in form with equations 
5, found by taking the mean ot all possible values of .x and 
y As It has now been abundantly shown that the piinciple 
of the mean and that of minimum squaies lead to the same 
results whatever be the number of independent unknowns, 
we shall use whichever promises to be most convenient in 
any particular case 

It IS useful to notice that equations 6 may be written 
[av] = o 

[b%^ = o (8) 

These relations correspond to \v\ = o in the case of the 
arithmetic mean, and may be used as a check on the com- 
putation of the values of the residuals 

Ex Given the elevation of Ogden above the oce in by C P R R levels 
to be 4301 feet, and the elevation of Cheyenne to he 6075 feet, also the ele- 
vation of Cheyenne above Ogden by U P R R levels to be 3749 feet, 
the adjusted elevations of Ogden and Chejcniic above the ocean, supposing 
the given results to be of equal value 
Eirst solution 

(a) Ogden — 

Direct dcteimination 4301 weight T 

Indirect dcteimimtion 4326 “ J 

weighted mean = 4309 feet 

(b) Cheyenne — 

Direct determination 6075 weight i 

Indirect dcteimination 6050 “ J 

weighted mean = 6067 feet 

Second solution ^ 

LetJT, y denote the elevations of Ogden and Cheyenne respectively 
Then 


(-^T — 4301)" + (y — 6075)“ + y + 1749)*’ = 2. min 
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Difterentiate with respect to X, Y m succession, and 

2A’— 7=2552 
— + 2 7 = 7824 

X = 4309 feet 
7 = 6067 feet 


82 If the observation equations aie of different weights 
Piy - reducing each equation to the same unit 

of weight by multiplying it by the square lOot of its weight, 
we have 



- VpJ^=\^p^v^ 

Vp, + V'/j h^y + 


*>/ p„a^x-\- '^p^h^yA^ 

- *fpJn= 


(I) 


with 


[^2;z/] = a min 


Substituting the values ol Vp^v^^Vp^v^, . in the mm 
mum equation, and differentiating with respect to Xyy, 
as independent variables, we have the normal equations 

\_^paa\x + {,pcih'\y + = 

\_pal)\x + \_pbh'\y + — \_P^^~\ (^) 


from which Xy yy niay be found 

The relations for weighted equations corresponding to 
those of Eq 6, Art 81, are evidently 

Ipav'] = o, [pbz>] = o, (3) 


FoTMCition of tlu Normccl Rqucttions 

83 Instead of forming the minimum equation and dif- 
ferentiating with respect to the unknowns in succession, it 
IS more convenient to pioceed according to the following 
plans suggested by the foim of the normal equations them- 
selves 
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The first, from equations 6, Art 81, may be stated as fol- 
lows To foi m the normal equation in a multiply each obser- 
vation equation by the coefficient of ,r in that equation, and 
add the results To form the normal equation in y multiply 
each observation equation by the coefficient oi y 111 that 
equation, and add the results Similaily lor the lemaming 
unknowns 

The second is suggested by the complete form of the nor- 
mal equations as given in equations 7, Art 81 Accord- 
ing to this plan we compute the quantities [aa |, | |, . [ al], 

etc, separately, and wiite in then juopei places 111 the 
equations 

The equality of the coefficients of the noi nial equations 
in the horizontal and vertical rows leads to a consideiable 
shortening of the numeiical work in computing these quan- 
tities Thus with three unknowns, a, y, z, all the unlike 
coefficients aie contained in 

-t- \aa\x -\-{ab]y -\-\ac]iz = [<r/ 1 
^lbb^y-^\bc^z = \bl\ 

+ [CC\Z=:\CI\ 

Instead, therefore, of computing 12 quantities, only 9 aie 
necessary, as the remaining 3 can be at once wntten clown 
With n unknowns the saving of computation amounts to 

1 + 2 + 3+ +(«- i) — J/+/— 1) 

quantities 

If the observation equations aie of dificrent weights the 
formation of the normal equations vn^iy be carried oul pre- 
cisely in the same way as in the picceding as soon as the 
observation equations have been reduced to the same unit 
of weight 

The foim of the weighted noimal equations, however, 
shows that It is not necessaiy, m oidei to obtain the coef- 
ficients \_paa], [p^d]y to multiply the observation equa- 
tions by the square loots of their weights, and form the aux- 
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iliaiy equations i, Art 82, since the products aa, ab, 
multiplied by the weights of the respective equations from 
which they are foimed and summed, give \_pad], \_pab'], 
directly This is impoitant because labor-saving 

I Given the observation (or error) equations, all of equal weight, 

X = I 

^ =3 

A + r = 2 

— X —y + 2=1 


show that the normal equations are 

^x^y =5 
^ + 3)^ — 22 = 0 
— 2y + 22 = 3 

E\ 2 The expansions xx, x^, rj, x^ for i° Fahr of four standards of length 
were found by special experiment to be connected by the following relations 
at a temperature of 62" Fahi (/£ = one micron ) 




= 39 945 

weight 

1 

+ 


= 5 932 

( t 

16 


+ Xj 

= 5 371 

1 1 

4 

+ — 

I 0937 Xs 

= 0 ooO 

It 

8 

+ 4''a 


-^4 = - I 335 

1 1 

3 



- A4= + 14 833 

1 1 

6 


hnd their most probable values 
[The normal equations are 


+ 7Vi — 60-4 = + 128 943 

+ 72 oooai — 8 750a?a — l2Xx = + 78 940 
— 8 750 Tj + 13 569^8 =+ 21432 

— 6-ti — 12 ooojfa + 9^4 = — 84 993 

ju. M M- ^ n 

and Xi = 39 913, = 5 932, xa = 5 405, ^4 = 25 075J 


An example will now be given to illustrate the method 
of forming a series of observation equations 


-fi’v 3 At Washington the meridian transits of the following stars were 
observed to determine the correction and late of sidereal clock Kessels No 
132^, April 12, 1870, at IX hours clock time 


20 
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St-ir 

Observed 

Kij^ht lucit mil 

clock time of tiansu, 1 

ol t u, « 


h m <i 

1 

r Leonis 

11 2T 17 ()8 

1 () 

r Leonis 

IT 30 20 JI 

Ih M 

p Leonis 

II 42 28 ^7 

Cilt ^7 

0 V rgmis 

II 58 15 

20 

7 Virgmis 

12 T3 la 37 

^7 

0 Virginis 

13 3 If> 36 



Let X = con of clock at 11 hours clock tmip, 

^ = r ite per hour of clock 

Now, from theoretic il consideration'?'** it is known that the equation 
A +^(7 ’— rT)=-/r- 7 " 

gives the relation between the clock coircction and rate and the ( Un k tune id 
transit of each star observed 

Hence the observation equations aie 

ar + 0 35;/— — 1 qS 

A. 4 O 50^ - — I ()() 

ar + 0 7rj/ -- 2 oo 
a: + o 98 y — - r ()«; 

't + I 22 r — — 2 (X) 

l [ 2 OijJ/ - - T ()7 

For the remainder of the solution see Art 104 


Sx 4 In the iriangulation of Lake Superioi exi(utt‘<l by the U S 
Engineers there were measuiecl at station Sawiecth East tlio anul.-s 

r Faiqiihar-Pouupine 62 " sq' pi* n woiglit s 
faiquhar-Oulct (4 

Farquhar— Bayfield jiki 20 * 2 t)* 12 

Porcupmt-Baj field 20 ' p) 

Outer-Bayfield 'pi uS' sn hIi 

required the adjusted values of the angloH 

All of the angles may (vidontlv In- l•slttcss<•(| in 
teims of i,,.t v , p, / ,1,.. 

piobable values ol these angle*., and Ut V'. I",/' 1„. 
assumed approximate values ol iluse most iitolialtlc 
values, and x,j,, « thetr most piobable corroetions nenoting the measuie.l 



* See Chauvenet, vol u (hap v 
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angles in order by Afi, Mn, A/’a, and their most probable conections by 
»i, 2'j, 2^6, we have 

-Y'+jr= X =Afi + z^i 

y -hy = IT = 4 fa + z/jj 

Z‘ + z=: Z = M’k + V ( 

--V'-Jl + r + zr=->X^ Z=:AU + Vi 

— y' — y4-Z'+2f=— K-h Z—Mf, + 

For simplicity the assumed approximate values may be taken equal to the 
observed values of the angles, so that we have the reduced observation 
equations 

+ -r = z'l weight 5 

—Vi “ 7 

+ 2 = z's “4 

— +fl; — 076 = ^/! “ 7 

— y 4 jj — I 66 = 7/5 “ 4 

Hence the normal equations 

12X 7j0r = — 5 32 

4 Tiy — 4jaf = — 6 64 
— 7v— 41/415^=41196 
Solving these equ itions, we find 

— o" 05, y = — o" 36 «= 4 0" 68 

Hence z/i = — ©"os, 7/a=-o"36, 7/3 =4 0" 68, 7/4= — 0" 03, 7/5 = — 0" 62, 
and the adjusted values of the angles are 

62" 59' 40" 28 
64” ii^ 34" 56 
100° 20' 29" 80 
37” 20' 49" 52 
36° 08' 55" 24 

We might have used Vu for the corrections without introducing the 

symbols x, y, si at all 

£^x 5 If the unknown x occurs in each of the u observation equations 

— ar 4 ^ly 4 aai 4 — /i weight I 

— r 4 I- o;ef 4 =/j “ i 


these equations are equivalent to the leduced observation equations 
<^iy 4^^10 4 =/i weight I 

/>jy 4 C 32 i 4 =/a I 
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el.minat.ng ^ are the 

same as the normal equations formed from the second set directly ] 

Sx 6 Instead of the observation equation 

ax + dy + cs-i- —I weight p 


we may write 


qax + qby + weight ~ 


EoultiW* 1 rormation of the Normal 

quations.-A very convenient check or control is the 

tionThe! ^ f observation eaua- 

lute ttm r 1 of and of the abso- 

as we dn tV K terms just 

as we do the absolute terms Thus let y,, ^ denote 

the sums, so that “ -J* aenote 




+ k = s. 

+ 4 = Jo 


«»+4+j«4- +4=j„ 

Multiply each of these expressions by its « and add the 
products, each by its b and add, and so on , then 


\aa] -f _[_ 
[ab] + [bb^ + 


+ fa/] = [tfj] 
+ [^/] = CiJj] 


[a/]+[W]+ 

Zrrel7 s^^^sfied the normal equations aie 

IS foimed equation is tested as soon as it 

Since [rrn], [abl [^^/J have been computed in forming 

in annT*”^ terms to be computed 

m applying the check are [a,], [^r], [/j], r/n 

Various modifications may leadily be applied to suit 

mdmdual tastes Thus the absolute term may be placed 
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the other side of the sign of equality , 01 the sign of the 
^heck may be changed so as to make the sum of each hoii- 
row equal to zero 

8 5 Forms of Computing the Normal Equations. — 

en the number of unknowns in the observation equa- 
1 ions IS large, or when their coefficients contain several 
f i§?nres, it is convenient to have a fixed form for the compu- 
1 o-tion of the terms of the normal equations It lightens the 
l 5 :ibor much eithei in forming, solving, 01 in finding the pie- 
oision of the unknowns from these equations, if the computa- 
t-ion IS so arianged that a check can at all times be applied 
the whole process proceed in a uniform and mechanical 
iiianner 

The aids in the arithmetical work are a table of squares, 
^ table of products, a table of reciprocals, a table of log- 
arithms, and an arithmometer, or machine for perfoiming 
tiiultiplications and divisions The latter is of the greatest 
xise in computations of this kind With it the drudgery of 
oomputation is m great measure got rid of On the Lake 
Sxirvey two forms of machine were used, the Grant and the 
Thomas A senes of trials showed that with eithei ma- 
chine multiplications could be performed in from one-half 
to one-third of the time lequiied with a log table, and with 
inxich less liability to error About as good speed can be 
made for a short time with Crelle’s multiplication-tables, but 
it cannot be kept up 

JForm (a) With Crelle's tables, or with a machine, the 
products aa, ab, are found directly, and all that is then 
to be done is to write them in columns and take their sums 
With a Thomas machine, however, each 
px’oduct may be added to all that piecede, so that the final 
values result at once 

Let us, for example, take the observation equations 

— I 2 x-\-o 2y-\-o g = 

+ 3 or-2 ly+i l=v, 
o /r + I 6y — 4 o = 2/3 
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Arrange as follows, the headings indicating the nature of 
the numbers underneath 


a 

— I 2 
+ 3 0 
+ o 7 

b 

+ 02 
— 2 I 
+ I 6 

/ 

4 0 () 

1- r T 
-4 0 

r 

- 0 I 
} 2 0 
7 

aa 

ah 

a! 

tf'r 

I 44 

— 0 24 

— I ob 

1 0 12 

9 00 

— 6 30 

+ 3 30 

4 0 (X) 

0 49 

+ I 12 

— 2 So 

- I ^9 

+ 10 93 

—5 42 

— 0 58 

f 4 <)3 


bh 

hi 

h\ 


0 04 

+ 0 IS 

- 0 02 


4 4 T 

-2 3 T 

“ 20 


2 56 

— 6 40 

2 22 

- 5 42 

+ 7 01 

— 8 ‘)3 

- <' '14 



— 

— 



n 

h 



0 Hx 

- 0 Of) 



I 21 

f 2 20 



l6 00 

1 U So 

— 0 58 

-8 53 

+- 18 02 

f H t)i 


Hence the normal equations, with the check all leady foi 
solution, are ^ 

^ = +io93''‘-'-S42jt-os8 +405 

^=- S42j: + 7oij/- 8 S3 _0y4 

Form (b) If logarithms alone aie used, foini a table of' 
e log coefficients of the observation equations as follows ; 

log log b,, log 4, log 

log «« log b„ . log 4 , log 

log log b„, log 4 ,, log 

Iw,fo™„g fte pro'duot “ "‘""S 
log log ,log«. 4 , log«.^. 
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Similarly with log foim the pioducts from the second 
low, 

log log , log log 


and so on till log is reached 

The numbers coi responding to these logarithms are next 
found, so that we have 

^ 1^1 > j ^ 1*^1 

It ) 

^n^ny > ^fJnt 


By addition we find 

\aa\, [ab\ [al\ [as] 

m 

the coefficients of the unknowns in the first noi mal equation 
Proceed in a precisely similar way with log 3 ^, log ^3, 
log omitting the teim [ab] already found, with 
log log Tg, . log omitting the terms [^r], [be] already 
found , and so on till the last quantity is 1 cached, 


log a 

logd 

log / 

log 

0 0791 8/r 

9 30103 

9 95424 

9 ooooow 

0 47712 

0 3222211 

0 04139 

0 30103 

9 84510 

0 20412 

0 60206;/ 

0 23045W 

log aa 

log ad 

log al 

log as 

0 15836 

9 3802IW 

0 03342« 

9 07918 

0 95424 

0 79934» 

0 51851 

0 77815 

9 69020 

0 04922 

0 4471 6« 

0 07S55« 


log dd 

log dl 

log ds 


8 60206 

9 25527 

8 30103W 


064444 

0 36361;/ 

0 62325« 


0 40824 

0 8061 8w 

0 4345 7 « 



log// 

log Is 



9 90848 

8 95424” 



0 08278 

0 34242 



I 20412 

0 83251 


and the numbers conesponding to these logs are exactly 
the same as those in form (a) The remainder of the com- 
putation IS the same as there given 
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Form (c) If we wish to use a table of squares altogethei, 
then since 

ah — — 

and therefore 

\ab-\=^{[ia + bY'] - - W’W (0 


we form the square sums 


[(« “t" bf \ [(« “t- r)“], 

ibbl [{b + cfl 




1//1, i(/-i-^yi 

and perform the necessary subtractions 

In doing this, first take from the table of s<iuaies the 
squares aa, bb, . U, ss, and sum them , next wnte the co- 
efficients of;ron a slip of paper and carry them over the 
coefficients of y, s, , forming the sums a,-\- b„ «',+ ^ , 

Take out the squai es ot these nunibei s 
and sum them Proceed similarly with the coefTicienls of 
y,z,. . Finish as indicated in (i) 

Thus in the preceding example, 


aa 

bb 

U 

M 

1 44 

o 04 

0 81 

0 01 

9 00 

4 41 

I 2 T 

4 00 

0 49 

2 56 

16 00 

2 h() 

10 93 

7 01 

18 02 

(> ()0 


a -j- b (a-i by 

a 1 4 " * 

ft \ \ (f/ f i)*' 

10 I 00 

03 0 OQ 

1 3 I 6t) 

09 0 81 

4 I 16 8x 

5 0 23 (H> 

23 5 29 

3 3 10 89 

r 0 I (K) 

7 10 

27 79 

27 (>9 

[ aa ] + [ bb ] = 17 94 

[(Id] + [//I = 28 95 

} 1 91 1 " 17 

— 10 84 

— I 16 

9 SO 

- 5 42 

— 0 58 

4 

= M 

= K1 



giving the same results as before 



INDIRECT OBSERVATIONS . I $5 

This form, which is very neat analytically, was fii st given 
by Bessel in the Astron Nachr , No 399 

A consideration of the simple case of three observation 
equations, each involving two unknowns, will show that to 
form the noimal equations, using a log table only, 24 entiies 
in the table ate required, while by this method we only 
need to enter a table of squares 18 times, thus effecting a 
saving ot 6 entries The Bessel method has also the ad- 
vantage that, as we deal with squares, all thought with 
regard to sign is done away with Besides, if the table of 
squares is a very extended one, accuracy can be had to a 
greater numbei of decimal places than with an oidinary 
log table As compared with the logarithmic form, then, 
this method is to be preferred, moie especially when the 
coefficients are not very diffeient 

On the other hand, if Crelle's tables or a computing 
machine is to be had, the direct process explained in (a) is 
much to be preferied to either, as experience will show 
It is woith noticing that whichever method of formation 
of the normal equations is adopted, labor will be saved by 
changing the units in which the unknowns are expressed if 
the coefficients of the different unknowns are very different 
Thus, suppose we had the observation equations, 

Cheek sums 

1000^ + 0 000 1;)' = 4 II 1004 I loi 
999;tr + o ooo2y = 3 93 loo^ 9302 


fiom which to 
By placing 


find X and y 

y = I oox, y' = o oiy 


the equations reduce to 

Cheek sums 

10 ^^ “|-ooi^^ — 4^^ 1412 
9 99-^^ + o = 3 93 13 94 


which are in more manageable shape for solution 


21 
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Solution of the Normal Equations 

Before beginning the solution of a sciiesof nonnal equa- 
tions we should consider whethci the object is to find 

(1) the unknowns only, oi 

( 2 ) the unknowns and their weights , 
and, in the latter case, 

(a) whethei the number of unknowns is laigc, 

(b) whether many of the coefficients ol the unknowns in 

the normal equations aie wanting 
Normal equations may be solved by the oulinaiy algebiait, 
methods for the elimination ol linear equations 01 by the 
method of determinants When, however, they aie iiimici- 
ous the methods of substitution and of iinliiect cliininatioii, 
both introduced by Gauss, are moie suitable. liacli has its 
advantages, which will be pointed out as we luoceecl The 
method of substitution is quite mechanical, and is well 
suited for use with an arithmometer, which is as gieat a 
help in solving as it is in foiming the normal equations. 

86 Tlie Method, oi Substitution. -For convenience 
in writing, take thiee unknowns, -, the piocess being 
the same whatever the number 

The normal equations aie 


[аа] x -(- [ali])/ -\-[ac\cTz.\a! \ 

[аб] x + Ibb^y -{-\b(\z- \b/\ 

[ac]x -{-[bc'\y-{.\ct\c . (r/) 
From the first equation 


[naf [aa\' ^ |^w| 




Substitute this value in the remaining equations, 
the convenient notation of Gauss, there icsult 


and, 


in 


[bb l-\y^\hci\z^\b/l\ 

\bc [rr I ]£ = (</ 1 1 


(. 3 ) 
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where 

[aai 

Again, from the first of equations 3, 

which value substituted in the second equation g-ives 


(4) 


( 5 ) 


where 


\cl 2 \ 

[CC2] 


[.. 2 ] = Lrri]-^[^. Ij 
[./2] = [r/i]-M[<5/l] 


( 6 ) 

( 7 ) 


Having thus found g, we have ^ at once by substituting in 
(S), and thence x by substituting for y and x their values 
in (2) . 

The first equations of the successive groups in the elimi- 
nation collected are 

[ad\x-\- \aU\y + \ac^s = [«/] 

{bbi\y-\-\bci]n=:{blx\ (8) 

[cc 2 ]:? = [c/ 2] 

These are called the derived normal equations. 
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Divide each of these equations by the coefficient of its 
first unknown, and 


laay [aa] '' [aa] 


^ [bb ly ~ i] 

,=\ti3 

\cc 2j 


(9) 


, 87 Controls of the Solution. — In solving- a set ol 
normal equations a control is essential It is sometuiics 
recommended to solve the equations aiianged in the leveisc 
Older, when, if the work is coricct, the same results will be 
found as before But what is wanted in a contiol is a 
means of checking the work at each step, and not at the 
conclusion, it may be, of seveial weeks’ woik, when, il 
the results do not agree, all that is known is that there 
IS a mistake somewhere without being able to locate 
it 

(a) Continuation of the loiraation control lixpcnence 

has shown that it is convenient to cairy on thiough the 
solution the check used in forming the equations It meiely 
consists in placing as an extia teim to each equation the 
sums [as], [bs], [/s'], and operating on them in the same 

way as on the absolute terms [al], [ 6 /]^, The sum ot the 
terms in every line, after each elimination ol an unknown, 
must be each equal to the check sum numeiically , the 
closeness of the agreement depending on the number ol 
decimal places employed 

This check may be applied at every step and mistakes 
be weeded out 

(b) The diagonal coefficients [aa], [bb |, . ol the normal 
equations, and [aci], [bb i], [cc 2], of the derived noimal 
equations, are always positive 
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For [bb i], being the sums of squaies, are posi- 
tive Also 


\_ad\ \bb i] = 


[aa\, _ 

\ab\, \ bb^ 




+ 


!«i. <5. 


+ 


a positive quantity 

Similaily for \cc 2], [dd 3], , . 

The pimciple ma}^ be of use as a check in the solution 
of a series of normal equations which are apparently cor- 
lect, but which have been improperly formed The follow- 
ing noimal equations, which came up once in my own ex- 
perience, will show this 

7.r+ 7j/ — 9 i-cr=: 26 
jx -\- 2 Zy — 120 =64 
— 9 I^r — I 2 _ 7 -f- I 23 r = — 39 

The deiived noimal equations are 

yx-\- 7y — 9 14 ?=: 26 
+ 2IJ/ — 29^=38 

— O 24? = 0 I 


showing by the presence of the negative diagonal term that 
theie was a mistake somewhere An examination of the 
data from which the normal equations were deiived showed 
a condition wanting and a condition incorrectly expressed. 
After the piopei corrections had been made the solution 
was earned through without trouble 

(c) By equations 8, Art 81, the residuals found by sub- 
stituting foi x,y, z their values in the observation equations 
must satisfy 'the relations 

[av] = \bv] = =0 

(d) A very complete check is affoided by the different 
methods of computing \yv\ the sum of the squares of the 
residuals (See Art 100 ) 

88 Forms ot Solution. — In applying the method of 
substitution to any special example it is important that the 
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airangement of the computation be convenient and that 
every step be written down Experience teaches that sim- 
plicity and uniformity of operation are gicat saleguauls 
against mistakes 

Foim (a) Solution without logaiithms 
The following form has been found by cxpenencc to be 
convenient It is well fitted for use with the anllunometei 
or any other rapid method of multiplication The foini 
can be readily modified to suit computer’s tastes 

Foi illustration let us take, as before, three unknowns, 
4r, y, z The computation is divided into sections, each sec- 
tion being foimed in a precisely similar way, and in each 
section one unknown is eliminated 
Given the noimal equations. 


No 

X 

y 

s 


Check 

Uematlci 

I 

II 

III 

[aa] 

'a3 

M 

bi 


[at] 


«s| 





Solution 






IV 

1 

[a^ I 
[aa] 

[ac] 

[aa] 


lal] 

[aa\ 


|/tr I 
\aa\ 

I . |<««| 

V 

II 


[36] 



1 • 
[/■' 1 

IV la6\ 

U 

VI 


[li i] 

i6c il 

Wi] 


xl 

11 -V 

VII 

III 


[6c] 


Ml*'] 

[cl\ 

[ai 

bi 

IV . Im 1 

III 

VIII 


[dc I] 

[« ij 

. [‘/Il 


i<rTi 

m - vn 

IX 


X 

U>c l] 

[66 i] 


[/'.] 

L-s/'il 


i/'i i] 

w ti 

VI j [66 :\ 

X 

VIII 



[tc ij 

r/ ir""! 
hi ij 

[6c j 

\6\ xl 

rx > [Ih il 

XI 



[a a] 


[ct a] 


l‘i 1 

VIII X 




X 

[<IJ\ 

[cc i] 

\ti 2] 

M Uc I 


icc a] 
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Flora Eq IX 

y= 

Flora Eq IV 

x = 


^ \ic l1 , \bl I] 

\bb iy\bb i] 

_ „[££]_i 

[aa\ "[aa] ' 


[aa] 


To eliminate the first unknown, x In the first line wiite 

the quotients is, the coefficients of the 

laa] laa] 

first normal equation divided by [aa], the coefficient of x in 
that equation 

The first line is now multiplied in order by [ah'], [ac], 
foiming the second and fifth lines 

In the third and sixth lines write equations II and III 
The fourth line is the sum of the second and third, and 
the seventh the sum of the fifth and sixth 

This concludes the elimination of and the results in the 
fourth and seventh lines involve jk and ^ only 

Take now these lesults and proceed in a piecisely simi- 
lar way to eliminate j/ 

The value of the last unknown, xr, next results 
Now proceed to findy and x Thus substitute for z its 
value in the eighth line, and we have y , and foi y and x? their 
values m the first line, and we have x 

In carrying this solution into practice there are three 
points that deserve special notice 

(i) In order to render the work mechanical, and so 
lighten the labor, the number of diffeient opeiations should 
be made as small as possible Instead, therefore, of divid- 
ing by [aa]y [W i], [cc 2 ], it is better to multiply by the 
reciprocals of these quantities, and, in order to avoid sub- 
tractions, to first change the signs of the reciprocals We 
shall then have to perform only two simple operations — 
multiplication and addition By transferring the terms 
[al]y [W], [^/] to the left-hand side of the equations before 
beginning the solution, the values of the unknowns will 
come out with their proper signs 
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(2) Equations VI and VIII are the normal equations with 
X eliminated An inspection of them shows that the co- 
efficients of the unknowns follow the same law as the co- 
efficients of the unknowns in the original noimal equa- 
tions with respect to symmetry of vertical and hon/ontal 
columns Hence m the elimination it is unncccssaiy to 
compute these common terms more than once. Thus \!h i | 
from Eq VI may be written down as the first term of Hep 
VIII This principle is of gieat use in shortening the 
work when the number of unknowns is large 

(3) In a numerical example it is evident that since \att\f 
[66 i], [cc2] do not in general divide exactly into the other 
coefficients of their respective equations, and that only ap- 
proximate values of the unknowns can at best be obtained, 
it will give a closer result to divide by the laigci coeffi- 
cients and multiply bj" the smaller than 7fZiC vcri>a Atten- 
tion to this by a proper an angement of the coefficients before 
beginning the solution results in a consideiable saving of 
labor, as the successive coefficients in the course of the 
elimination need not be carried to as many places of deci- 
mals to insure the same accuiacy that a different an ange- 
ment would require 

Ex To make the preceding perfectly plain wc shall solve in full the 
normal equations formed in Art 85 

(i) Write the absolute term on the i.ght of the sign of equality, and mnlvc 
the check sum equal to the sum of the othei terms in each hon/ontal row 



X 

y 

1 

Check 

Remarks 

I 

II 

+ 

1093 

5 43 

- '5 42 
+ 7 01 

ooo 

+ 

h 6 09 

♦- TO 12 



III 

+ 

I 

“ 0 496 

+ 0 0'j3 

H 05157 

1 

1093 

IV 

II 



+ 2688 
+ 7 01 

+ 1 
ooo 

- 3019 

I 10 XM 

in 

II 


V 



+ 4 322 

+ 8818 

1 15139 

11 

- IV 

VI 



+ 1 

+ 2040 = 5/ 

H 3 040 

v 

1 4 533 

VII 

III 

+ 

I 

1 1 

0 0 

- I 012 
h 0053 

- 15 C 58 

VI 

III 

0 19 <S 

VIII 

+ 

I 

0 

+ I 065 = iC 

^ 2 065 

in 

VII 


Hence 


= I 06 


;/= 2 04 
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(2) Write the constant teim on the left of the sign of equality, and form the 
check so as to mike the sum of the terms in each hoiizontal line equal to/cio 



Reciprocals 

X 

y 

1 

Check 

Remark's 

I 

II 

0 OQIS 

1 1093 
- >^ 4 -* 

- ■; 42 
f- 7 01 

- 0 ^8 

-8 53 

- 4 9 ^ 

+ 6 94 


III 


- I 

1 0 496 

1 0 033 

i 0 ISI 

I ■< - 0 091s 

IV 

II 



- 2 m 

1 7 QIO 

-0 28S 
-■ 8 530 

-r 1 

ni 

v 

0 231^ 


1- 1 322 

- 8 81& 

^ 4 195 

II + IV 

VI 



- I 

f 2 040 =y 

- I 040 

V X - 0231 \ 

VII 

III 


- I 

'I'l 

T” 

h I 012 
» 0 

0 0 

1 

VI X 0 -196 

III 

VIII 


- I 


» I 065 = ^: 

- 0 065 

III j vri 


In Older to find the values of the unknowns to two places of decimals ihe 
computation should be carried tliiough to three places, and the third place 
diopped in the final result 

Foim (b) The logarithmic solution 

As an example of the logarithmic method let us take the 
geneial form ol the preceding example, when R and 5 aie 
substituted foi the absolute terms 058 and 8 53 lespcc- 
tively 

In the numerical work it is better to convert all the 
divisions into multiplications Theiefoic wnte down the 
complementary logs of the divisois with the signs changed 
Each multipliei may now be wiitten as needed on a slip ot 
paper and carried ovei each logarithm to be opeiated on 
Thus for the first operation the slip would have on it 
8 96138;/, wheie the ;/ indicates that the number is negative 

Paper ruled into small squares, so as to bring the figines 
in the same vertical columns and facilitate additions and 
subtractions, renders the work moie mechanical and is con- 
sequently an assistance to the computer. 

In geneial solutions, when the number of unknowns is 
laige, it will be found much better to cany a double check, 
one for the coefficients of and the other foi the 

coefficients of Rj 5 , Though unnecessary in our ex- 

ample, it is inserted for illustration 


22 
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It Will be noticed that the coefficients ol S m the 
values of follow the same law of symmetry as the nor- 
mal equations A little consideiation will show that this as 
always the case 

Hence, attending to this, we may shoitcn the comiauta- 
tion by leaving out the common teims We have, there- 
fore, one term less to compute foi each unknown , pro- 
ceeding from the last to the first The case is piecisely 
analogous to that of Art 83 








*■ 

— 


X 

y 

Check 

R 

S 

Check 

Remarks 

I 

II 

1093 

- 542 

- 542 
+ 701 

“SSI 
- 1 59 

- X 

- 1 

1 I 

1 1 


III 

IV 

1 03862 
(SgdisSn) 

0 73400« 
969538 

0 74ii5« 

9 70233 

0 

8 96138 
+ 0 091 


0 

8 96r38M 

- 0 oyi 

IO(( I 

in - io[r 10 9i 

Nos 

V 

VI 

II 


+ 7 010 

0 43653 « 

- 2 732 

- I 590 

9 69S38M 
- 0496 

- 1 

9 C 95^8 

1 0 496 

1 I 

IV - If)g 3 42 

Nos 

II 

VII 


+ 4322 

- 4322 

- 0 496 

- 1 

1 I 496 

VI 1 II 

vili 

IX 

X 


0 6^568 
(9 36432 «) 

- I 

0 6:)368n 

0 QOOOO 
+ I 

o 6 g 548 « 

1 9 05900 
^ 0 T15 

1 0 0 

936432 
+ 0 231 

, 0 

0 

loir VII 

VIII - loff J 322 

Nos 

XI 

Xll 




8 75318 
+ 0037 
+ 0091 

9 03970 
»• 0 115 

9 2^46^« 

- 0 ijj 

- 0091 

IX f loif 

Nos JO 01 

xiir 

- 1 


+ 1 

1- 0 148 

^ 0 113 

- 0 264 



x=oi^SjR^o iisS 
:>' = 0115/0-1-02316 

Substituting for ind 6 their values, we have, as before, 


^=: I 06 


y = 2 04 


£x I In the elimination of n normal equations by tlu method of 
ti on, show that the lotil number of independent cocHietents in llu- 

and derived normal equations is ”(”+J0(”+S) 


substitu- 

otiginal 


[The sum IS i |i 4 + 2 5+ 

riedfut L unknowns in the noiuiul tqu it.ons is tar- 

ned out by the method of substitution, the product 


[aa] i] [rr 2] 

his the same value whatever order has been followed 
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[For It IS the determinant 


[(Kj], [ar] 
[ffc], [i5f], [cr] 


89 The Method of ludirect Elimiuatiou. — Tins 
method is often of sei vice when the number of unknowns is 
large and many of the teims in the noimal equations aie 
wanting The principle involved in the solution is very 
simple If x', y, y are approximate values of x, y, s, and 
x^,y^, the conectioiis to these values, so that 

X = x' -|- Jt'j 

y=y' -\-y^ 

<V ■' _ I zv 


then, substituting these values in the normal equations, we 
have 

[aajx, + [al>]y, + [ac\z, = [«/], 

{.ab-]x, + ibb-\y,^ibc-\s,= \bl\ 

\ac]x, + \bo\y^ + [rr]?, = \_d\ 

wheie the new absolute terms [n/]„ [z/], will be, on the 

whole, smallci than the onginal teims [a/], [bl], [r/| A 
second approximation will tend to deciease the absolute 
terms still larthei. The appioximations are continued till 
the absolute terras either vanish or are sufficiently small 
Then 

x—x’ + x''+ . , y=y' -\-y ' , . 

In finding the approximate values it is best to coiisulci 
one unknown at a time, and piefeiably the equations should 
be operated upon in the order of magnitude of the absolute 
terms Thus suppose [oil] the largest absolute term, then, 
since the diagonal teim is in geneial the important term m 
a normal equation, we may neglect all but it in the equation 

and call the first approximation to the value of x 
Substitute for x this value in the three equations, when a 
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value of y or of ^ may be smiilaily louiul ()i (Iu> 
of the equations may be such that fast appioviniaf ions to 
the values of both x and y, oi of x, y, and , tna\ be ad 
vantageously found fiom the onginal f(|iMtions bclou* 
making any substitutions These and siiuilat point.s must 
be decided according to the circuinslanccs ol the case in 
hand 

If the diagonal terms in the noinial cciuatioiis, instead 
of being much laiger than the olhci loiins, aic hut litth* 
largei than several of them, considc‘iablc dilficulty will 
be found in making the approximatioius An appi ovinia- 
tion made for one unknown may counlci balance tliose 
made for several others, and the whole piocess will be 
found tedious and tioublesome Vaiunis expedients have 
been suggested for getting ovei this dilficulty, Imt in all 
cases wheie the normal equations aic not vei y loosely 
connected (that is, wheie many tcinis aie wanting) and 
the diagonal coefficients laige, inj cspeiieiuc has been 
that It is much bettei to use the method of substitution, 

"I 

Wh,l» employed on the adjosUneiil ol the 
tr.anguIat.on of Lake Snpeno. wc came ao.oas Iw 

of”sofn3® T°rr '>1 ll"s .nelinni 

ot solution, and deteimined to £iive it a lied Tt.,. 

number of equations to be solved was 32 Whine the 

connection of the unknowns was loose it woiked well 

enough, but where they fell jt^oups ,t nas veiy 

troublesome and slow On the whole, the no,k w I'l 

rnore fatiguing and took longer time Wc never tned 

™„rcaaet 

faror "" ''“1' '“‘"'I' 

in general tedious°V^«^mr^^Jx\°/d^ 

coat.ary vmw aee Can. .^,1 ' a',; i;',";,':; 

* dcrllumUH Quad,uU IlMuiudmoi,., ,Bf,, 
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Fieeden, loc cit , \fo^^v^Gru?idziige de^ AiisgUtihungsreih'- 

nung, p 129 


Ex Required to solve the equations foimed iti Art 85 

Solution 



ChcLk 

10 93 
-5 42 

- 5 42 
-h 7 01 

- 5 5 x 

- I 59 

— 0 58 
-5 420 
-t -5 465 

-8 53 

4 - 7 01 
-2 71 

+ 9 II 

- I 59 

- 2 755 

-0 535 
- 1-5 46s 
- 5 420 

-4 230 
— 2 71 

4 7 01 

4 - 4 765 
“2 755 
- X 59 

— 0 490 
+ 0 5465 

— 0 1626 

4 0 070 
— 0 271 

4 0 2103 

4- 0 420 

- 0 2755 

- 0 0477 

— 0 1061 

0 1093 

- 0 0542 

4 0 0093 
- 0 0542 

4 0 0701 

4- 0 0968 
-0 0551 
— 0 0159 

“ 0 0510 

4- 0 0546 

4 0 0252 
— 0 0271 

4 0 0258 
— 0 0275 

-h 0 0036 

— 0 0019 

— 0 0017 


The arst two lines contain the coefficients of r,y, together with the d» ck 
suras , tne third line the absolute terms and their cheeJt sum 

The arst approximations aic taken jr = i and ac =, o s The sfcotid and 
first hues aie multiplied by these numbers and the pioducts wiition in the 
fourth a^d afth linos The third, fouuh, and afth linos arc summod, and 
y-i,x — oi are taken as the next appioxiinations Tho sum of the t 
CO ninn of approximations gives the value of a, and of tho j/ column tho 


90 Combmation of the Blroet and Iiullr«<‘t 
Methods of Solation.— A numencal example illustiatinie 
an ingenious combination of the direct and inclii cct nictluxls 
o elimination is given in the Coast Survey Report for 1H78, 
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Appendix 8 For perfoiming the multiplications ncccssaiy 
Crelle’s tables aie used altogether 

In order to make the process employed icadily followed 
I will give in geneial terms the solution of the lliicc iioinial 
equations 

[aa\x-\- [ab']y-\-[ac'\'. =z\al \ 

[ab'lx 4 - \bb'\y-{-[bi Jo = [ /;/ ] 
lac]x + [bc]y-i-[ul^z=z[(/\ 

according to this foim 

The coefficients and absolute term of the lust equation 
are written in line i, Table A The recipiocal of the diago- 
nal coefficient \aa\ is taken fiom a table of rccipiocals and 
entered in the front column with the minus sign piefixed 
The remaining terms of line i are mullijilicd by this 
leciprocal, and the pioducts written in hue 2 This gives 
X as an explicit function oiy and : 

The coefficients and absolute teim of Eij 2 (oniitling the 
coefficient of ;tr) aie wiitteii 111 line i, Tabic B The teinis 
in hue 2, Table A, beginning with that under/, ai c multiplied 
by [rt/;], the coefficient of/, and the products set down in 
line 2, Table B The sum of lines i, 2, Table B, is now wiit- 
ten in line 3, Table A 

Line 4, Table A, is found fiom line 3 in the same wav «>s 
line 2 was found from line r This gives y as an explicit 
function of S' 

The coefficients and absolute teim of Eq 3 (omitting the 
coefficients of ;!? and /) aie wiitten m line 3, Table B The 
terms in lines 2, 4, Table A, beginning with those iitultT 
are multiplied by \_ac\ [be i], the coefficients of s in lines i, 3 
respectively, and the products set down in lines 4, $, 'I'abie 
B The sum of lines 3, 4, 5, Table B, is wiittcn in line 5, 
Table A 

Line 6, Table A, gives the value of j 

The next step is to find / and x The coelficients of 
the explicit functions are written in Table C 'I'he abso- 
lute terms of the explicit functions are written 111 the first 
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line of Table D The value of ^ is multiplied by the 
coefl&cients of z in Table C, and the pioducts wiitten in 
the second line of Table D The sum ot the numbeis in 
column y gives the value of y written underneath in line 
3 The value of y is multiplied by the coefficients ot y in 
Table C, and the products written in the thud line ot 
Table D The sum of the numbers in column ;ir gives the 
value of X 

The values of x,y,z are now found to three places 
of decimals Denote them by x', y', z' If these values 
are not sufficiently close a second approximation must be 
made Tins we proceed to dtsciibe 

Fust substitute the values obtained m the original noi- 
mal equations, and carry out to a sufficient number of deci- 
mal places The lesiduals aie wiitten in the hist line of 
Table E The coefficients m line i, Table C, are multiplied 
by — [^/], and the pioducts wiitten in line 2, Table E 
The first leciprocal in Table A is multiplied by the same 
lesidual, and the pioduct wiitten m column x, line i, 
Table F The sum of the numbers in column 2, Table E, is 
wiitten underneath, as — \bl ij. 

The coefficient in line 2, Table C, is multiplied by 
— \bh\ and the pioduct written in line 3, Table E The 
second recipiocal in Table A is multiplied by the same 
residual, and the product written in column j/,line i, Table F 
The sum of the numbers in column 3, Table E, is written 
underneath, as — \cl 2], 

The third leciprocal of Table A is multiplied by this 
residual, and the product wiitten in column z, line i, 
Table F This gives the correction to the value of z 
The first line of Table F coiiesponds to the fust line 
of Table D, and exactly the same process employed in 
Table D will complete Table F The total values now are 

x = x'-\-x" 
y=y-\-y'' 
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Table G is written last in the column of leciprocals of 
Table C (a) with the minus sig-n The product of this 
reel p local and the absolute term — [dlY oi the ncAV equation, 

that is, IS an approximate value of w This value of w 

IS multiplied by the terms m the last column of Table C (a), 
and the pioducts are wiittcn in the first line of Table H 
Column 3 gives the correction to .c Table H is now com- 
pleted in the same way as Tables D and F 


C(a) G 



y 

z 

w 

^ I 

” laa} 

Ca«J 

'[aa} 

_ [aiq 
[aa3 

I 

■" Ibd I] 


[bci] 

[WlJ 

[bdi] 
[bb 1] 

I 

'"C«2] 



_ [cd_2] 
icc 2] 

I 

" Idd 3] 





X 

y 

s 

W 



w 

■ 

Ldd] 

- r» 

{bd 1] 

[Cd 2 ] 

\dd%] 


H 


X 

y 

z 

W 

M 

laar 

' iaaf 

. 

loaf 

x' 

[bd n 
if 

[if t] , 

"iM ij* 

y 

[Cd2’\ 

" kf 2 r 

. m 

[dd ^1 

z 



91. Time lequired to Solve a Set of Equations. — 

The labor involved in solving a sciics of normal equations, 
and the consequent time employed, inci eases enormously 
with an inciease in the number of normal equations To 
any one who has never been engaged m such woik it will 
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seem out of all leason Thus Dr Hug-el,^ of Hessen, Ger- 
many, states that he has solved 10 noimal equations in fiom 
10 to 12 hours, using a log table, but that 29 equations took 
him 7 weeks 

The following are examples of lapid woik Gen 
Baeyei, in the Kicstenverinessimg (V ovwoit^ p vii ) mentions 
that Herr Base solved 86 noimal equations between the 
first of June and the middle of September, and Mi Doo- 
little,! of the U S Coast Survey, solved 41 noimal equa- 
tions in days, or 36 woiking hours 

A great deal depends, so far as speed is concerned, on 
the foim of solution and on the mechanical aids used 
With a machine or with Crelle's tables much better time 
can be made than by the logarithmic method, which is by 
far the most roundabout Mr Doolittle used Crelle’s ta- 
bles and the form explained in the preceding article 

In comparisons such as these it is impoitant to know 
how many of the terms of the normal equations are want- 
ing Herr Base’s and Mr Doolittle’s equations were both 
derived from ti langulation woik The latter had only 430 
tei ms in his 41 equations, while the formei had 3141 differ- 
ent terms in his 86 equations 

A machine for the solution of simultaneous linear equa- 
tions has been invented by Sir W Thomson, of Glasgow, 
Scotland The results are obtained, by a senes of approxi- 
mations, to any accuracy lequired A description of the 
machine and of the mathematical principles underlj-ing its 
construction will be found in Thomson and Tait’s Natural 
Philosophy, vol 1 Appendix B Sir W Thomson says 
‘^The exceeding ease of each application of the machine 
promises well for its real usefulness, whethci for cases in 
which a single application suffices 01 for others in which 
the requisite accuracy is reached after two or three or more 
of successive approximations ” 

With regard to a machine for performing miiltiplica- 


* itL Hi > al-Btrit hi Uhi r die t.ui'o^etnrhen Gradmeisiini^^ 1867, p 109 
\R(/tdri U 9 Coast Survey^ i8|8, Appendix 8 
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tions and divisions, I am certain that no one will evci pictcr 
to use a log table in solving a set of equations by the 
method of substitution who has evei used any ol the foinis 
of arithmometer 

92 For Jacobis method of elimination, and the applica- 
tion of determinants to the solution of normal eci nations, see 
Astron Nadir , 404, i960, Month Not Roy Astron Sot , 
vols XXXI V , xl , Proc Ainer Assoc fo? Adv of 188 1 


The Precision of the Most Probable {Adjustid) Values 

93 The problem now befoie us is to find the in s c* of 
the unknowns jtr, y, as detei mined fiom a senes ol 
normal equations If the observatiojii equations aie le- 
duced to the same unit of weight, which wo shall take to 
be unity for convenience, the geneial lonn of the nounal 
equations is 

\_ad\ r -f- \db'\y -j- = \al | 

\_ab-\x^{bb-\y+ =K;/1 (l) 

Let the m s e of a single observation, 

= the m s e of y, 

— the weights of x, y. 

From Art 56 we have 

=/^’ (2) 

In order, therefore, to determine wc must make 

two computations, one of the weights A>Ai ^“<1 '*1*^ 

other of [i, the m s e of a single obsei vatiou 

It IS evident from an inspection of the iioiiiial equations 
thatjr, _y, are lineai functions ol /„ 4, . Let, 1 lien, 

+ +/ 3«4 = [/ 9 /! ( 3 ) 

m which 0,, , , . aie functions ol 

, «a, b„ . , . their values being as yet un- 
determined 
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Milfi tlif tmiili I ,f.f III hvii uukiunviis, i,i’, wltuli an In 
Itf liiiuiti linm liic limt (iIimm v.iliiiii fiiuatimts 

./ I ! /' r / 

a I 1 '> »' / 

•/ I . / r / 

all III till '.aiiif ttff hi, 

I'lir iiuimal I ijii tillin’, all’ 
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that IS, nuight of y n the dinominttlot >7 ///• .<//«» e( i 
found pom the udiitum oj the not mat Kfu ition', l>v ff« It v 

method of substitution. 

The gcncuil (k'lnoiisd.ilum lu.iv h'‘ <.iiih> 1 mH 
simply by tlic apiditalion ol tli<‘ pinu iplcs nl iiinlcU 1 imia 1 
coetficicuts. Tims substitnlf |w/l, \,i/\ hn 1 . 1 . 

in the iioinial ociu.itions (,0, and 

\aa\\a/\\ \at>\\,t/\\ . |.//, 

1 \hb\\P\ 1 . . UV 


01 , aiianginj^ aocouhnjj; lo /,, / . 


\[aa\(/, 

-1 -I k 1 

. 'h!/. 




1 ll'wk, 1 l'"''U 1 




hfP 




1 t \hh\,i, 1 

/' ;/ 


The unknown tiuantilu’s . iiiav !«• so ilctrniiiiH <1 

that the coelficicnts ol /,, /,, . . shall c.u li ((lual /es » 

a, I > 

(/, I » 

. * ') 

h, 0 

h .1 


Hence the sevcial het.s ol niuations 


■ I'f^'k 1 


1 


( \‘ihK 1 mi, 
I \ab\a, 1 m-i- 


aie snmiltaiicously satisfied by the same values ol 

« , (i„ fi,, . . , 
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Multiply the equations of each set by a„ a„ m oidei , 
and add , then necessanly 

[aa\ =1 I , [afi] = o, [ay] =0, (9) 

In a similar way, multiplying by b^, , r_, , etc , 

and adding, there result 

[ba] = o, [/;/ 9 ] = I , [by] = 0, 

[ca] — o, [cf] =:o,[cy \ = I , 


Again, multiply the first set by , the second by 

so on, and add, and we have the sefs of 

equations 

( [aaj(/(i] 4- [ab][afi] + = [aa\ = 1 

i 1 W + U>b> 4- =\b(/] = o 

i (10) 

( L"^W14-["'^ll/?/?l+ =[a/9\ = o 

j |rt/;J[tf/9l4-[/;i!'jj|/9y9]4- I 


from which equations [««], [aft], may be found 

It IS plain that the coefhcicnts of | rw |, , 1 «/ 9 |, 

|/ 9 / 9 |, . in these equations aie (he same as those of 
in the normal equations, and that (he absolute 
terms arc i, 0, ,0,1, . , instead of \a/], 

I bl], Hence, 

94 To Find tho Weights of the Unknowns. — In 

the Jirst Jiorinal equation wnte i for \a/], and in the other 
normal equations put o for lach of\bl\, |r/|, , the 'value 

°f ^ found from tJuie equations will be tlu rcciproial of the 
weight of a, and the values of y, jn, will be the values of 

[ff/ 9 ], [ay\ III the second normal equation write I for | bl |, 

and in the other equations put o for each of \al |, \ cl [,. , the 

value of y found Jrom these equatiow; will be the rccipioial of 
the weight of y, and the values of e., found will be the 
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I 7 H 

cif - Sninltuly lot OiUh ol tlu^ ittikuowus m 

siucosstoa Por exainplo, the (‘(|iiatHHis lin three 

unknowns aie 


l«‘*l 

IWM 

luYl 



l«/M 

\m 

lavi 

1‘vi ! 


Ivvl 



t 

» Otl 

I 


t 

» 

1 |lfi 1 41 

1 1 111 

i‘i 1 

' l«»*l 

o 

» l(»M 

1 1/.M 

• (A.] 

(1 


• W 

1 |W.l 

‘ t/“l > , 

1 00 

1//1 1 

< l^tl 

o 

t [,u 1 

1 tM 

1 l«*l 

n 


* (**‘1 

• I/O 

< 1h| n 

<00 

1 0 ^ 

' l*4l 

I 


riu‘ ciuantifios 1 ^/;'!, :‘i<‘ ih‘( I'ss.u v wluui the 

wc'ij^ht t)I a liiu'iii luiu'lion ot tin* uiilsiiowiis is i fijiui t*cl, as 
will Ik‘ scon picscnlly (See Ait. loi ) 

It is evident fioni (lie loiin ol tlic \vci<-lit etinutiuns that 
il the elimination IS (allied tliiouj'li In llif nicthoil ol sub- 
stitution, the suc'cessive stc'ps to the lell ol the sifju ot 
('(luality ate the same as in Ait 88 I lent e il the e<itiatu)ns 
aie ai landed so that the miUnown whose \\ei.>lii m re- 
turned , loi exainple is lotiml lust, we slionhl li.ivo the 
loi ms 


V 




|iiyl ! >py it ' I 

< W 

1 Oil 

i.i/i 

1 

1 (till (»/| t»l *’ 

t |/>/^ I) 

I jAi II 

(Mil 


, M ^tl 1> ’1 M j 


1 

I'/il 


1 1 * * : 


l<. 1 

l-OI 


! ' 'vvl * 


Ilenet: the ('oeUmient ol the unknown lust toiiml in the 
ordinal V solution ol the nonnal etjitalious is the vveij^ht ol 
that nuknown liy a sepm.ite elinim.ition loi e.u h unknown 
the weight ol tnat unknown rould he lonml .is .ihove, hut 
the iiiooess would he mtolciahlv tedious, 

yS* Spt'tirtl Co'<( !> of 'Hoo tnnf 'Ihtt't I til'no,oii\, \\ c nmy, 
howtwet, lioin the pieeedinj; deiive loimul.is toi the \v<“ij'hts 



\\U\H\ <1 «♦! 1’^ 


tn a s< Ilf'S <»! iMini.il not nniic than 

tliint unknoa ns, \v hii h an t,is\ <fl appin ation 

linn willi t w » » niMomw ins i mil r, r In in<» Imunl lust, 

* 

. I i 

f 

In tin H w I * »n<if i, i In iin; Intunl tint, 


<n 

r 

1 

(/./ 1 

1.'/' j 

^ / 


*s 


\N 'ini 1 


■ ' 



.<-» 1 /’/‘ »//» |,;/>| 

Witn 

liunr* niiknowns, 

1 . 1. , |H'i Itu iiiiii'’ tlic e'iitiiin.i 

tion oi tin 

inn 9M r f f piatioti 

. Ill »lif in<lt 1 . 1'. 1 , \vr 


' I./ M I !<#, , * I 

( j/*. ^ 

wIinlM ^pn aoM* in immU fiaii Jorim il intn 


wlinn 

/ !♦////♦/ 
*» 


/ 


r 


i 

»hf , »4 J r/y 


r 


i 

/V» it j 


•»./;! A 


/ ' ' I »// ] 





l8o THE ADJUSTMENT OF OBSERVATIONS 

Fiom these foimulas the weights of the unknowns can be 
found directly without solving the normal equations If 
the normal equations have simple coefficients it is much 
more rapid to find the weights m this way and solve the 
equations by ordinary algebra rather than by the Gaussian 
method But when the number of unknowns exceeds three 
this becomes too cumbersome 


Ex To find the weights of the idjusted angles m E\ 4, Art R3 
Here 

A. = 12 X 11 X 15 - 12 X 16 - 11 X 49 


and 


= 1249 




149 


4 


1249 

A =7^ = 9 5 


= ^^^ = 95 
132 


If ux, tty, ng denote the reciprocals A respectively, then 


Ux = o 1193 

Uy = O 1049 

Us =0 1057 


96 Modification of Gcniral Miiliod —To carry out the 
method of Ait 94diiectly as stated would be excessively 
ti oublesonie, and various modifications have been proposed 
The following scheme, which consists in 1 mining the weight 
equations together, vill be found very convenient 

Take, for simplicity in willing, tliice unknowns, .r, jj/, 5, 
and to the oidinaiy loim of the norm.il equations as ar- 
rangfed for solution add the columns 

o 


I o o 
O I o 
O 0 I 


the check being earned thx-oiighoiit 
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Pei form the elimination exactly as stated in Art 88, and 
find the values of the unknowns in the usual way We 
have then 




where 

Ybb ij 

Now, taking' the fiist column in the table under the 
heading R, and attending to Ait 94, we have 


R. 


[cc 2 1 


R, 

\lH I I 

[bbi 1 

l^^ll 

R, 

_L RA 

Ybb.i] 

+ L^il 


Ux=- \<^\ = — f-^l <fft] — !-^-![c/r 1 

1««1 ' [aaf 

I 

[aaj \bb i\~^ [cc2\ 
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1 83 

Similarly for the colutim uiuU-i .S, 
irt'i I I 

\Mtt \ ' I -I '1 

and lor the column mulct 7', 


n .- \ yy \ 

Also it IS evident that 


y 


X 


I 


I Mil !./• 
IMll ' In • 

1(^/1 , I 

Uw| ' |M.|| 


\ 


/'■ i 


A' 


The loims ol the e\i>icssions ItM |««!, . i < 1 , . 

that these ciuantities may be couvementh « niMpiUetl 
the pieceding labuhu elimination seheiue. I Im* loe 'uoi 
of the products ol each paii ol mimlieis l»iai Krtnl iiiub » 
the heads R, S, 7 ’ will {jfivc //„ //„ «, lespei tnelv. 

The convenience ol this lotni is seni i«» 'lu I* a «.icr e 
the followinjf, which is ol lonunou ot « mieju t . In a ’at >»’. 
say, 40 normal equations the weights of 10 «•! liu' unknown’- 
maybe requued These 10 would be pbHtd l.i -t -u Ibr 
solution of the ctiuations, and the esfia itdiiiiin- A', , . 

added alter 30 ol the unknowns had \ntu 1 l»itii»at«'f‘, 
thus giving the weights lequiied, with a liilhu'; iinir.i » 
of woik 


INDIRECI OBSERVAnUNS 

I 

Ex I Given the noimal equations 

12 X — 75=^ 

+ iijj/— 4s = vS* 

— 7j: — 4J/ + 15s = 7" 


to find the weights o( j* and z 


X 

y 

z 

6 

+ 12 

0 

- 7 



4- II 

- 4 


- 7 

- 4 

4-15 


I 

0 

- 05833 



4- II 

-4 

4- 1 1 


- 4 

4 - lo 9169 

1 


I 

— 0 3636 

4- 0 0909 J 



4- 94625 

4 0 3636 ] 



I 

4- 0 03S4 ) 


Hence 

= I X o 1057 = o 1057 

iiy = 1X0 0CJ09 + 0 3636 X o 0384 = O I04() 
igreeing with the values in Art 95 


£x 2 Show that 

i] = [rt/jA»x + \fii] 

[f/2] = \til\Ri 4 L^/J*Si4 - [f/ ) 


Ex 3 Show that the multipheis • , s itisfy the conditions 

[aa]/ii-\-[alf']:=o 

[ad\Jij 4- I — o 

M]A’, +[h]^o 

[<ia\/i i-\-\ab\S\ +[«4) J\'^r\ad\:zz o 
[ab |/v? I 4- \dl)\ 63 4 [^^7 ] y j f [ f)(i I = o 

[flfcjA’j 4 - 4- [£*6] T’H l^yjsso 
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97 Second Method of Finding the WidghlH of 
the Unknowns. — If we multiply the lust of the noinial 
equations i, Art 93, by [ac/], the second by the thud 
by [«x], and so on , add the pioducts, and attend to equa- 
tions 10, Art 93, we obtain 

;t:=z[aa]L^z/] + [tf/9JL^/J -f [tfy||</ | -f 

Similarly 

y = + mw \ + \ftr\un-\ . 

^ = [ay Ian [jW/ \ + [yy\\c / . 


f 

Hence since [era], [/ 9 /?J, are the lecipioeals ol the 

weights of X, y, , this method ol finding the weights 
may be stated as follows 

In any given senes of observations, having formed the nonnal 
equations, replace the numerical absolute terms by the general 
symbols [al], [bl], . and find by any me thod of elmtnation 
the values of x, y, , in terms of \al |, [bl], , than the 

weight of X IS the reciprocal of the coeffineut of\etl\ in the value 
of X, the weight of y is the icciprocal of the eoe file lent of \bl | in 
the value of y, and so on 

The coefficients of the lemaimng symbols foi the ah.so 
lute terms m the expressions forx,y, give the values 
of [ay], , [fiy], , and the mimencal values 

of the unknowns y, may be found by substituting 
for [al], [bl], their numerical values 

In this method of computing the values of the unknowns 
and their weights a tnachine can be used with gieaf ad- 
vantage 

The formulas of Ait 96 are easily denved lioin the pre- 
ceding piinciples For solving the normal eiiuations 

[aa] x -f [ab]y -f ) s = [„l \ 

[ab] x [bb]y -|- [be ]s = \bl \ 

[ac] x -\-[bc]y-{- [a ]!:=.\cl\ 
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by the method of substitution we have for the fiist un- 
known 

Comparing this with the general expression for ;ir in Eq i, 

[aal = ^ I 

laa\^ Ibb \_cc 2-] 


m= 

[ay'] — 

Similarly ior y and z 


[bb i] ^ [cz 2] 
i?a 

[rr2| 


A'wi To find the weights of the unknowns in Ex 4, An 83 
Solving th( normal equations in general terms, 

jr = o 1193 [a/] + 0 0224 [/</] +0 0616 [cl] 

> = o 0224 [«/] +0 1049 [W] +0 0384 \c!\ 
s = o 0616 [<7/] + o 0384 [W] +0 1057 W\ 


as found in Ait 95 


ttx = 1=01 193 

«J/ = [fSfS] = o 1049 
«» = \7'r] = o ro57 


98 In deducing the formulas lor the piecisioii ol the 
adjusted values in a scries ol noimal equations we have, for 
convenience in writing, taken the observation equations to 
be 1 educed to weight unity, and the noimal equations, con- 
sequently, to be of the form 

[ atz]x -f ( ^b]y -|- =[a/\ 

\ab]x-{-\bb]y-\- —[bi\ (i) 



i86 the adjustment of OBSERVAITONS 

The formulas with the weight symbols introduced, cor- 
responding to those found in the preceding articles, aic 
easily deiived fiom them by writing a Vp, Vp, ^ Vp, 

for b, /, and a ^ VTi, ft’ 

tively (See Art $8 ) 

Thus, foi example, from the noi mal equations 

S^pad\x + \,pab'\y + = 1 

\_pab'\x + ipbb ]y+ =1 P^>^ 1 

we should have 

;i: = [<//] = [?/</«][;)«/] [?/«/?! I pb>/ I -\- 

y = [/3/] = [uvfi][pa^ + [?//9/911 P^'^ I + 

and by equating coefficients of /„ /,, 
expi ession, 

I wi^b, =1/ p, 

[]/aj3]a, -f -j- = w./?, 

99 To Find the m. s. c. p of .i Siiiftlo OhHerviitioii. 
—If the enois A weie known— that is, if the n obsei v.ilion 
equations wei e 

^ + “ 4 =" -*1 

^2^0 “I” ”1“ I CO 

where ^i"e thetiue values ol the unknowns —we 

should have at once 

n 

But we have only the lesiduals v with the obsei vation 
equations 


( 2 ) 


15) 

111 the 111 si 

W) 


"a4-^J' + 


— — 7 '. 

— ---- 7 ', 


( 2 ) 
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wheie X, y, aie the most probable values ol the un- 
knowns We must, theielore, express [JJJ in terms of the 
residuals 111 ordei to find ft 

Fiom the two sets of equations, by subtracting' 111 pans, 

— -1-') + —f)-h- 

4 = ?'. + — ■*■) -f (3) 


Now, taking the m s e to be the eiiois ol 

> that IS, to be equal to — r, — y^ . ^ we 
have fiom Eq 4, Art 93, 

— y = 'F;p], . 

and theiefore 


4 = 7',+ /<«. + <5, </[ /?/?J + ) 

4 = 7'j + 1 + (), VUfiJ + ) 


Squaung, adding, and attending to equations 10, Ait 93, we 
have approximately, «. being the numbei of unknowns, 

[JJJ = [77/] + 7 /, /l’ ( 4 ) 

Putting [JJJ = 7/ft\ thcie icsults 


71 — 


(S) 


the expression leqiiiied 

Reasoning as in Peters’ formula. Ait 47, we easily de- 
duce from (4) 


/i=i 2533- 


| 7 / 


V 7 i{n — 7 /,j (^) 

which IS known as Luroth’s formula {Asf/o/t Nath? , 1740) 
When 77,— I, equations 5 <ind G reduce to IJessel’s and 
Peteis’ foimulas respectively (Aits 43, 47) 

1 00 Methods of Computing [ vv\ — (a) The 01 d inai y met hod 
is to substitute the values of the unknowns found tioni the 
solution ol the normal equations in the obseivation eqiu- 
25 
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tions, aiul thciicc' lind v„ 'I'lu* sum <»! I lie stjii tii -l 

these lesicliuils will f>ive | .'i'| 

The icsuluals Iiavnit> (o lit* limtui, loi flic 
testing- t lie (]ii.ility ()1 the* wmk this um'IIkhI «il •' 

|7':'| IS on tlic whole as slioil as ati\ 

As checks on tlie values ol l.-.'l luuiul iii fins u i\ il,« 
iollovwng aie ol value 

(b) U we multiplv <‘a< h obseivatioii i-iiualum lt\ il , 
and take the sum ol the piodm Is, then, lememlit i iii", IIm» 

-=0, o, , we Imd 

l.'.'l 1.-/I 

(c) II we ninlti|)ly each ol th<> obsei vat ion eijualnm. 
its / and take the sum ol the luodiiels, 

I i |//| l.'/| 

(d) We have lot two unkiiowiis, i and r, 

\vv\- /y\ 


- 1 

1 1 \M'\v' 


1 .’(/>/ If- 1 ],/ ; 



\,r/\\' 

1 ([/'/'I 
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w\Y 

1 1 M 1 1 )' 

' 'K'/ 1 1 )' 1 'Vi 
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|/V- 1 !/ 
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|/-/m 1/ • ‘ ' 
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£jc 3 Show that 






[aa] 1^^ T I 

[Form the normal equations fiom equations 3, Art qq, and 

[aa](xQ - or) + - v) -1 =- [rt: J ] 

[ad](jco - a:) + ICyo - 1 ) + = [M | 

since [av] = \bv\ = =0 

Hence from Art 100 


lAAl = \yv\ + + I 


4 From the equation 

[a/]x + [3/]j/ + 


and 


deduce 


• [//] = — 


+ i,/2i 

[aa] ^ [ii ij + [I7i] ^ 

[wi] ^ 

r/./. T" r — n *ja + 


jj/ = 


[W l] [■(< 2j ' 


^ ^ [H [Mil 

Ex 5 Prove that [a»] =z [/?»] = = „ 


6 From 


M = [ - W - ^1! - 

M [w t] 

w — 7lt 


deduce the formula 
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F=f{X'^x, F'-i-jy, . ) 

6F dF 

=/{X', ) + + 

or, as it may be written, 

dF= . (3) 

Now, since x, y, are not independent, but aie con- 
nected by the equations 

\ad\x [ai]y -f =[«■/] 

[ad]x-\-[pd']y-\- =[<5/1 

we must get rid of this entanglement by expressing these 
quantities x,y, in terms of /„ /„ , which are inde- 

pendent of each other From Art. 93 we may write 

;£•= [a/], 7 = [/9/], 

where O',, </,, , /3„At , are functions of <5„ , 

^5. ^a> , Hence, substituting in (3) 

dF={G^a^-\- G,j3 ^ X + -|- • yj + 

and, therefore (Arts 19, 56), since the obseivation equations 
have been reduced to weight unity, 

7 fj,= iG,a,-\-G^,+ y + {G,a,-{-GA+ y+ . 

= G,^[ao-] + 2 G,G,la^]+ . 

+ m-h ( 4 ) 

+ • 

wheie [ao-], \ap\ may be found in the manner indicated 
in Alts 94, 96, or 97 Hence //is known 
(b) Eq 4 may be written 


+ G,Q, -(- -(- G„Q„ 


( 5 ) 
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where 

Q\ = “h “(- 


I 9 S 


(C) 


that IS, wheie (see Eq i, Art 97) 


Hence the weight of a function 

of scvcial inclepcuclciit unknowns r, is found from 

^<i. = [GQ\ 

whcie <3.) satisfy the ctiuations 

\<r<r]Q, + \^/>\ 0 ,-[- =G, 

\al>\Q,^\M\Q,Jr =G, 


Theiefoic we conclude that, 7/ 711 a series of ohsirvattoii 
iquatioH'! the va/ua oj the tinkno 7 vn’! v,jr, arc required, as 
7 vdl a\ their 7 oetj>hts or the 7 vci,qht of any fuiution of them, 
thesi results lan be Joiiud at one time by making a solution of 
the normal i qua turn r for findiiiji a , y, m g ncral term s, and 
then substituting for \bl\, their iiitmerual values on 
the one hand and the values of G„ (f, on the other 

(c) This result may be stated in olhci forms Thus from 
4 » substituting loi \»a\,\(/(i\, their values from 
Art 96, or liy substituting foi (}„ Q„ their values in (6) 
as cxpiesscd m Ait 96, we have, aftci a simple leduction, 


'‘^-\aa\^ \bbi\ + 1^21 + 


( 8 ) 


Comparing this expression with (d), Art 100, it is evident 
that the seveial teims aie such as would result from the 

26 
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following elimination (Ex thiec unknowns) by luuling the 
products of the quantities biackcted 


X 


z 


[aa[ 

[ac] 


^ ^ Si 

I 


ac 

be 

u 


I 


(lit] 
aa] 
hb i] 
be ij 


(U 1 

aa] 
bej] 
te 1 1 




r^.ii 

\bbi\ 

[ec 2] 





1 



6. 

6 , 


(fi 

l'wl 

6iA*i I 


i 6iA*i } 6j 

|M r| 

I (/{Ri 1 O* Si 1 
1 6''iA*i •{ 1 


(f I 


6, 


(d) The expression (8) for^/^maj be easily tiansloi mc<l 
into 

k,\aa] + / 1 I 4 - //I 2 1 -1 

where 

= - G, 

\_ab'\k, -f [/;/; _ 0\ 

+ [be I \k, + 1^2 = - r;, 


Circumstances must decide which ol the loui foinis given 
should be chosen in any special case A inachiuc can be 
used to the best advantage with the second and thud lonns. 
The third form is also convenient when the weights alone 
are required, without the values of the unknowns, and the 
second when the values of the unknowns can be lound by 
an easier method of solution than the Gaussian method ot 
substitution 
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r In E\ Ait 


FSB 

Ihc function is 


S3, It IS required to tind the m s c of the angle 


dF-=^ —x-\z 


hirU Solution From Eq 4, 

= L«-«J - H Irrl 

=: o r r93 - 2 X o 0616 h o 1057 (fiom Ex , Art 97) 

= 0 1018 

St€ond Solution Fiom equations 7, 

^ 12G1 ~ 7 e.=-T 

+ IiGa- 4Qi = o 
7(?i 4(?-» + ^5(?» = + I 

lienee 

Gi= ~ 0 0577, G. = + o 0440 

and 

= — X X - o 0577 + X X o 0440 
= o TOX 7 

7 hud Solution Add the exlri column G to the solution of the normal 
equations, which would give the scheme 


X 

y 

z 

G 

1 12 

1 n 

- 7 

— 4 

H IS 

— I 

0 

■+ T 

>• 

\ 1 

\ 11 

- 1’ SBS'? 

— 4 

1 10 9169 

- 0 0833 

0 

+ 0 4169 



1 T 

— 0 3636 
\ 9 )62>; 

0 

•1 0 4169 1 

1 


ff 

t r 

1 

4 0 0441 J 



//y, — I X — o o«33 1 o 1x69 X o 0441 

-=r o 1017 


lienee 
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houfth Solution 




Also 


l 

1 l/l 

7 /« 1 ^» 1 •> / 1 

n < »S ^ / 1 I >, / 

(<> oSu)’ I t‘* “M^l 

0 it)i() 

//// I 

1; 


1 I 
o 


I 

"“IP* 
M I** ‘ 


hx 2 (jlivon tlu ohsoi valion t‘(iuatn»u 'I 

i/ii I /ii /i 

1 liV ^ 


aH\ \ 

to find Ihc weight ot /x { /k 
[I hc uounal ('(luatious lu 


I \ttl\y |w/l 

[.//Mt I |A/.|, 1/./I 




I 

i] 




■i«''ii/.i ' i.'-i.' : I 


102 lo Jmd the azurafit i'lt/jw 0/ t/te rufio t</ f/it' ,t’i fx 'it >‘t 
the observed value of a quantity to that of its ad/it\t<d ea/ut in 
a iystem of iiidefeiuhiitly obserotd qiianlitics. 

The atljuslcd value ol the In. si ob.si i vrtl (juaiititv a/, i’. 
iI/, + 7', Fiom Alt 81 it lollows that ll»‘ wfifjht of JA, j 
IS the same as the weifyhl ol /, | N(»\v, 

/,-| 7', «,r 1 r 1 . , ( 1 1 

Hence if /’ is the wt'i}>hl ol tlu* a(l|ust<Ml \alu(' J/, [ th.it 
IS, IS the weight ol the luiu.lioii 1 !/',>' | ... .tiiil 

P»Pi, ■ aie the vvcishls of /„ /„ . . ., we have 

I m , ! . . . 

where (sec liq 4, Art. 98, (b) Alt. lot) 

Q,-~\ia/a\a^ 1 \u(/(t\b, | . «,«, 

I \itiW, I ■ . . uA » tl 
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rht'H'loic by substifutioii ol Cj,, Q , 


Siiniiai l\ 




I v,-l- 


/- 

r 


au , I 1 


in ( 2 ), 


1 U iKT liy addition 



tlif luiiiiboi ol indci»cndcnt nnknowns. 

Tills icsnll may lu* vciy loadily douvcd duectly as 
lollows In (i) put \<ti\ loi i, lii/l loi . , and wc have 

1 I 1 )/. 1 (./.«, 1 I . 1 

I IflKT, shut/,,/, , aic iihIcikmhIouI, 

I I M I > 1 I {<h". 1 I )' ' 1 . 

^ « /I rt 

it,)\iiuii\a^ I 1 I 

I I I 1 

I V, 1 ) (4) 

as 1k‘1ou*. 


I I a(Mh(tkth( \vt u'.lus cif th( ul|usti*tl value s ul the angles louud ju 
hx j, An 

'Pile wtMglits (d the ui(4isui( tl V dues of the 

•i» 7. I* 7. f 

a he weights ol the adjusted value salt (IVK , Ait ejs , l%x i, Ait tot) 

I* u U <1 H. 7 S 

Also 

^ I ’ I ^ I ^ 

S j r, q <) H 7 <5 

t 

the mimher of mdepeudem uiikuownh, 


as tt sheudd 
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103 Fioni the piinciplc pisl pioved w< iii.u .1 

pioof ol the foinmlcV iound lu All <)<j loi ‘he in s < ul .m 
obscivation ol weii>ht unity in a sci ks nl // t)hs( i \ alums iii 
volving independent unkiiowiis It is .iiialugdiis to (In 
proof given for the 111 s 0 ol a siiiglt ohsei vatioii in a s( i n ' 
of « obseivations ol one unknown 

The eriors of t lie obseived values //,, I/, //„ an 

*^i> J„, and the cirois ol tin inosf jn oliahle \ aim s 

K, F;, may be assunietl to In /o,,/'. „ n 

spectively Hence since 

J/= I'-.' 

we have 

a, 

J - /I, 

- f'l U ~ ‘’u 

and, theieloic, 

|/JJ| I /'//,//, I I l/SS'l Ml 

Again, since J\ is the weight ol / „ 

/'n'- 

whcic//is the 111 s c ol uii obbCi Vtil K )n ol \\< units 
Hence 

A/b, p/' 

^ 7t 

l/Yh/<»l- - [/IJA 

■ I -I 


By addition. 



INDIRKCl OBSERVAllONS 


201 


But by clclinition 

li = L^l 
// 

Substituting in (t), we ha\^c iiiially 


the icsult icquiicd 






MiHcllancons lixaviph^ and A'tlifues oj Ehnnnattou 

In tins section will be discussed several piobicms ol im- 
poi tanee, and tilso ceitain aitilices ol elimination which may 
oltcn be employed with advantage in the solution ol obsei- 
vation equations 

104 The laboi ol solving and finding the values of the 
unknowns may ol ten be shoitcncd b} taking advantage ol 
some piiiiei])le inheicnt in the foim of the obseivation 
equations themselves Foi example, il we have a senes ol 
obseivation eciuations containing two unknowns, and of 
which the cocKieicnt ol the lust unknown is unit} , instead 
ol solving in the usual way we maj 1 educe the obseivation 
eqiuitioiis to eciuations containing the second unknown only, 
and thus solve moic leadily 
(liven 

a = 4 weight 

= / - p 


I'oiiniiig the noinml equations in the usual way, we have 

l/IH \PAv =^\PA 
\pi>\x-V\piAy--\piP\ 


whence (diniinatmg i, 

- l/ll//' K = \H\\p!>\ — 

Now, il the Inst nonnal ociuation is divided by \p\, so that 


i/i 


\p\ 
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I IIK \I>IIISI Ml^ N 1 <)l‘ < >ns| K\ \ I 


and liom this (([luition cm h ol |Ih‘ (>l)S( i \ jtion < tjit itiun 
succession IS siibtiac lc‘(I, 11 k‘u i(‘snll llit 



/, u t lit /' 


/ 


tn 


1 lie noi nial e([uat ion loi Imdin*; rlniiii thoM (ijiialiMU i 

ll/ll/H I /'ll I /• 

the same .IS lesnlts iiom tin chnunalnui t»{ i ni tho iimiui. 
eciualions 

Tins piocc'ss IS spe( iall\ (onxtiuonl il tli< ♦»> 

servation cciu.itioiis die niinunons and tin (Milinifiit' 

^^7 tlu leims /,, /» lainj and ni>l unlils di! 

Icrent 

/m To s<)1v< tli( < ([inlion , iti I‘a ^ \n ^ 

The inc* in ol ilu < <(ii is 

' O ‘1/ I I •!, 

Subli u t < i( h < (HI ilion liom iliis iim in < (|ii uion iml 

I (0» ’ I ! 

I 1/ 1' (Ml, 

i < > JO ]' i ( M I t 

(Mil 1' (MM 

(» JM' I (» 

I OS r (M M I 

Hr noim il ( (lualion lonnod Ihuu tlu‘s< ojuilioii* i 

f loir ( I • ; 

•in<l I (I (HI 

SubstituU foi riisviliii in the in< m < ([u ition. md 

» i' 0 

105 Ai>.nn, w(‘ ni.iy hike ach .iiit.ii>,r ni (he i.iis.-iit, 

Inc i)iol)I(Mn ol some aihitiaiy <|iiaiitit\ to «liiili a t.m. 
vcnienl value may he assii-ued Thus, lo liml llu .lilli i.m . 
of llic (oelfuienis ol c‘\|)ausiou ol two staiitiutls / au<i /' 
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lioni obscivcd clillci cnees of Icns^lh at ccitain fixed tem- 
peiatiiics 

Let i = the excess in Icngtli of A ovci B at an aibitiaiy 
tom pel at me 

y = the excess ol the coefficient of expansion of 
ovei that of />, 

/p /, —the obsei ved dillcrences in len^^th at tcmpcia- 
tiiics L, n.nd whose weights nic /p /> , 

We 1ki\c then the obscnvation equations 

1 + (A - Oj' — 4 = weiglit 

1 -1- ('' - OJ' -/. = ?' weight / (.1 ) 


and the noimal equations 

) I 1 - 1 /l/o t ' -h I X'' - \.y =1 — AW I ( 2 ) 

As the \m1iic ol /„ is aibitiaiy, the noimal equations will 
be siinphlied by taking it ccjiial to the weighted inean of 
tlie tcnii)eiatiiic s , that is, 


<ind they will then become 

\PV =1X1 

I p{t - A) b = I b - A)/^ I ( 4 ) 

liom which 1 luul y aic lound al once, with then weights at 
llie me an tc nqieiatiiic 

II the values ol /aie niimciically large it will lessen the 
laboi ol liiiding the value of j' il the mean value oi i lound 
[lom 

i/ii = 1x1 

IS substituted ui the obsci vatioii eciuat ions bcfoic the not - 
null ciiiuitioii ill j' IS loimcd \Vc should then have 

IX/-- A) b'-^iX/-A)(/-01 

iioin winch to laid j’ 


27 
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It IS evident (lint the value ol /'louinl m tlin-. \\.i\ is tin 
same as bcloic l*'oi 

/„)(/- 1)1 - |^(/ /„)/| !|/'/| I 

--{/>(/ on 

since the cocfliciciit ol i is e(|u>il to /eio iioin l‘i| ; 

'I'he quantity / — i (oiiies iii vei y i oiu eiiii iit 1\ iii luiii 
putinj> tlic icsidiials a in IukIimj; the piei isnui 

'J hi priiisiou -- 1 I >1 IS tin iiuiiihei ol (ilis( i \ at n ue . f li< 
miinlxi o( unknowns beiiifj we ha\( loi tlie iii >. < ul .i 


Single obscivatioii 


!' 


and 

/' 

/'v 

H /1 



/'v 


riie length at any teiiipeiatiiie /' is 


■ -1 (/' A,) )' 

and its 111 s e //,. is lound lioiii 




/'■ , {'■ 
l/l lA' 0 \' 

The weight isgieatest when//, i.s least, that is. win 11 



/' ( The followiii)! weu imonK tin »t>s< i viiiim.. m iile l.n ilu |, n>i t. . 

tionoftluMlilKHmi ol lo.iKlh lx iw. ( u ilx I iki Slum S|. ml. „„1 

Yaid, ind also fm ihi dilliKim lioiwu ii Hi. i. i.mIIkiiiii >il . m ,,,11 
lilt unit IS iiith 


I (MltHH) 
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Rcquiicd the dillciencc of length at 62" F ihi and at iny other tempera- 
tiiic t 


D ite 

Obsetved tcmii (/*) 

B ir - Y ud C/j 

Weight (/) 

lS/ 2 , M lieh 5 

24 7 

7 <Ji 

811 

5 

“ U 

n 1 

1 

“ 26 

61" 7 

833 

6 

Apiil 4 
“ 12 

10 3 

820 

6 

66 b 

847 

8 

“ 20 

5 

849 

8 


Let \ — the most piobible clilleience between Hir ind Yard at 62° Fahr , 
y — the most piobahle difleience between coefficients of expansion of Bai 
and Yaid 

The obseivation equations will be of the form 

a: + (/ — (}2)y — I =.v 

llie computition is uianged in tabular foim as follows 


P 


pi 

1 

I 

1 

1 - X 

5 

5 

3055 

— 32 2 

— 40 

I 

17 I 

bi i 

— 19 8 

— 20 

6 

370 2 

400fi 

1 4 8 

^ 2 

() 

S 

4920 

- 76 

— XI 

S 

SU 1 

677G 

+ 90 

h 16 

8 

57-J 0 

6792 

^ 14 b 

+ 18 

U 

T033 0 

28252 




= 56 i) 

i ■= 831 





„ 



_ _ _ 



/(/ — /o)(/— X ) 

lii - h ) 

V 

pvv 

518 J 4(. 

i ) [ {<) 0 

— to 6 

— 0 6 

I 8 

V)J OJ 

39O 0 

-21 9 

-49 

24 0 

I pS 2 t 

57 6 

1 6 0 

-1 4 CJ 

96 0 

1|6 5 b 

501 6 

- 96 

H r 4 

11 b 

784 <)S 

1 267 2 

1 12 5 

~3 5 

9b 0 

1705 2S 

2102 J 

1 1 

1 0 4 

1 3 

tiSS'* l<> 

10764 S 



Cl 

Cl 

J' 

- r 26 
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_ 72329 _ 
“r 6-2“^ 


1 6 


Mx^ 


1 6 __ ^ 
'♦^34 ^ 




7 6 


: = 01 


■♦ 8550 40 
Value of = 831 at 56 9 
64 5’ I 


= 8374 62° 0 

= (i 3)^+ (5 1)- X (o i)" = I 9 

These values may be checked by computing by the ordin try i>iotcss 
The application of the preceding method to the solution ol this piobleiii 
IS due to Mr E S Wheeler 

106 It often happens that of two senes of observed 
quantities one is a function of the other, and that, thei cfoi e, 
the observed quantities may be regaided as co-ordiiuiles of 
points in the cuive which represents the 1 elation connetl- 
ing them Fiom the plot of the points the gcncial foiin ol 
the cuive can be judged, and then the special form winch 
satisfies the obseivations may be found as follows 

Let us investigate the impoitant piactical case whei c the 
co-oidinates have been equally well measuicd and the cm ve 
is a stiaight line, both co-ordinates being regarded fallible 
Letar^jj/j ji„, f„be the obseived values ol 

the co-oidinates, and j;, F, A'„,y„ihcn most 

probable values 

The conditions to be satisfied ai e ^ 

Y, = aX,-\-b 

Y, = aX, + b (I) 

where a and b are constants, to be found liom the obsei va- 
tions. Also 

{X^ — + ( Fj ~ + = n. min (2) 

Eliminate the Y's by substituting from equations i in (2), 
and then 

(X^ — x^) -|- {aX^ + b — -j- 


= a minimum 
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Dilleientiate this equation with lespect to the independent 
vai lables A', X„ X^, and 


-V", — ,ij -|- a{aX^ -f- b = o 
ATj — ,1 _ -j- a{aX^ -\-b—y„)=o 

-\-b—y„) = o 

tioni which equations X^, X„ X„ maybe expiessed in 
tei ms oi a, b and tlic known quantities ^ , v r v 

Again, dillcicntiate with lespcct to a, b, and we find 


a\X\-\-bn =fj/] 

llciicc a and b are known, and theicloic the equation ol the 
stiaight line is known 

Tlic same mode oi icasoning maybe applied to the pass- 
ing ol a CLiivo ol a specified lorm thiough n points, whether 
their co-ordinates have been equally well nieasuied or not 
1 he pioblcni ol passing a line which should deviate as 
litlle as possil)lc fioin the positions of seveial given points 
was discussed by Lainbeit^ as long ag<} as 1765, thiity 
yeais beloie Cxauss Inst made use ol the method oi least 
s(iiiaics Lainbeit icasoncd that it the line is supposed 
diawn the points should deviate as much on the one side as 
on the other, and hence that the line would passthrough^ 
the centic ol giavity ol the points 

107, rothoiiot’H Pioblein.— Intopogiaphicalwoikthe 
thiee-point pioblcm, usually called ^ 

Pothenot’s [iioblem, is ol gieat im- ' 
poitance It may be stated as fol- 
lows 

Lot I\, I\ be tin ee points whose 
positions ai e known — as, tor (‘\ample, 
by tlieii co-oidmates witlucleienccto 
known a\cs — and P <l point at which 
the angles P,PJ\ = ai e cT 


Fig 10 



^ um inhuiuchu dtr MathemattJ Beihn, 1765 
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observed II is required from those claU to dctciuiuie llic 
positiou of P 

The geometiical solution is simple I’lot the points 
P^, P„ P, Describe on the line J\P^ ii cncle eontainmg au 
angle equal to and on P^P, a ciicle contaiiiiiig an anuk 
equal to The inteisection of these eiiclos will bo tlio 
point requiied 

A solution much used in piacLice— as, loi txainplo, in 
plotting soundings — is to lay off on a piece ol liac ing-Iiiion 
two adjacent angles equal to tp^, and then move this 
figure over the map on which the [loints /’, /j, /’, aio 
plotted until the dnections PP„ PP^, PP, lie ovei the points 
Pj, Pj, P, lespectively The position ol P is then pnokod 
through 

Sofai astne plotting of soundings is concoi nod, the above' 
is in general sufficient, but in the lot at ion of iinpoitanf 
secondaiy points with releience to known piiniaiy points 
greatei precision is necessary 

The position of P may be computed tiigononieti italic 
as follows Since the positions ol the iioints /'„ /’, aie 

known, the lengths of the lines PJ\, PJ\, /»/’, au* known, 
and, therefore, the angle PJ\P, can be loiiiul Call its 
value /3 

Denote the angles PPJ\, PP,P, by t/„ t/, i cspeci ively. 

The sum of the angles of each ol the tiiangles PPJ\, 
PPjPj being i8o°, we have 

/5 +'■/, + -f- y’a — 

and, theiefore, 

«, + «, = 360°-^.-^ -fi 
a known quantity 

Again, 

J!i\ 

Sill sm siu sm <p^ 

sui sin 

^ ~ ^ .suppose, 
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and 

sin tf, -[- sin a, _ i -(- tan y 
sin «, — sin — I — tan y 
01 

cot I («j = tan {y -[- 45) cot J (a, -j- 

and, thcielore, is known Combining' with the value 

ol f/, -|- «„ we hnd w, and 

Hence the position of Pis completely determined 
It often happens, as in the dctei mination of the position 
ol a Iight-house, for example, that more than three points 
aic sighted at fiom the point occupied, and that theie aie 
more obseivations than are necessary to locate the point 
Its most probable position can consequently be found We 
pioceed to show the method of finding it 

Let Pi,P, be the known points in oidei of azi- 
miif h, as seen li om the unknown point P X„ F, X^, F, , 
the co-oidinalcs ol icfciied to some known sys- 

tem of 1 octangular axes, pi efei ably the pai allel and meridian 
at the point chosen as oiigin of co-oidinates 
the angles which t he most pi obable positions of PP„ PP^, 
make with the axis of a ( 9 .', 0/, appioximate values 
of these angles as computed fiom the co-ordinates, and 
collections to these appioximate values so that 

= + + 

<f„ <f„ the angles observed at /^between the directions 
PP„ PP„ and the initial diiection PP^ 

X, Y, the co-oidinatcs of /’ leferred to the same axes 
as V„ F, Wj, Fj, Suppose X', Y' to be close 

appioximations to the values of A'', F, found giaphically, 
and X, y collections to these values, so that 

A'=A"-f -r, F= Y'-hy, 

Now, 

F— F 

tan ( 9 ,= 

A — Aj 
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nils A1I)IIS1MIM tilisl U\ \ I IMS . 


tanlh',' 1 'V,) ^ j ^ 

Take lo^s ol boUi iuchiIk is .iikI < s|i.tiii!. llt< ii 

lof^tan W/ I 1<>H ( 1 ' 1 ,1 I '» I Iff, < \ \ t 

wlic'io aie tabtil.u dillcifiirtN .is cspl.iiii' >1 m 

But 

r' 5 

tan W,' .. ami IS, tiu'icli'ir kiu'-m 

' ' I 

1 leiue 


oi 

Sinnlaily 


/I’ll 1 /*, r siippi*-' . 

w, a: 1 I , 

«, O' I 1 /r r 


Now, c'ompai iii'i computed and ohscived \.du«' 

aiiKic 

W/ O' 1 (f/, »/ M 1 (/' /' > 1 

('alluiff the (piautit V 

the ob.seivatioii ctiuntiou ni.iy be wultcii 

(fC, rt,)l 1 (/', /, 


mI f 


Am obscivatiou cciuation ioi caili ol the ollu i an '.i» 
obscMvccl at /’may be loiiiicd in tin sann* w.n 
In tlie expansions above we have used l(i!i dilltirmi 
as being most convement ami as leadiin’; to ic'.ull > lo .i 
enough 111 pioblems td this kind love pi, n't lablt .in 
sutficient , indeed, in most eases iotii plaie aie amph 
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On tins problem consult Bessel, Zach’s Monathche Cor- 
re^pondenz, yo\ xxvii p 222, Gerlmg, Pothenotsche Aufgahe, 
Marbuig, 1840, Gauss, Astron Nackr ,vo\ 1 No 6 . Schott, 

C S Riport, 18O4, App 13, Petzold, Zeitschr fur Vermess 
vol XU p 227 ’ 


Ex Given the 1 octangular co-ordinates of six known points, and the 
angles observed at the point P whose position is to be determined, as follows 
(r b Repoit, 1864, App 13) 

18450 = 55340 91=61° 12' 10" 

A j ■= 1485 o Kj = 2486 7 = 97° 48' 27" 

Aj=: 00 K<)= 00 93 = 195° 55' 56" 

A^ = 44x 8 2 K, = 14167 9i = 205° 35' 04" 

A’'ft = 6x63 8 rfl= 3981 96 = 215° 53' 44" 

A'fl =r 5810 6 Kfl = 1255 7 

to hnd the co ordinates of P 

By plotting the pointb we may take off the approximate values 
= 3448 r = 2440 

Following the form laid down in the preceding Art , and using five-place 
log tables (Art 7), 

log (3()() t — v) =3 49052 — 14 oy 
log (— 1603 —jr) = 3 2049377 + 27 IX 

log tan + 8 iBi = o 2855977 — 27 ir — 14 qy 

Hx' = ti7" 23' 19" and di = — 31 foi 1' 

Hi = H7” 23' 19" -H 52 5^ + 27 ly 

Hi = 178” 38' 14" H 2 sx + 103 67 

=2x5® 17' 07"— 28 o;»:+ 396;/ 

Hx = 313'’ 28' 28" — 103 2x — 97 

Hq 323° 03' 45" — 35 6jr — 47 sy 

H„ — 333" 22' 37" — 35 6jr— 71 oy 

Subtracting Hi from each of the values felj, 0 -,^ in succession, and com- 
paring with the mcisurcd values <pi, 9^, , we have the observation 

equations 

50 or— 765^=165 
8 o5;c— 125^ = 321 
X55V + 124 9;/ =553 
88 lx + 74 4;^ = 322 
88 T;»r 4 98 I V = 334 


Now, 

Hcntc 

Similailj 


28 
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Hence the normal equation*; 

4874(mp 4 2(iKi 3 r “ i77()Kf) 

2qHi3A 4 36767^ 

The solution ^ivcs 

\ i 3 66 wcM^fht 2|*;7- 

y 002 W( ijtifht 

which added to the approximate values above p^ive the final values 


j^-“3t.c;i66 Y 2j3()<)H 

Substitute forx, y in the observation equations, and we have tlie te* nlu iIn 

z'l = 4 - 19 5, — 27 H, 7/, - I H 1, ? I \ I o. Vu MS 

Hence, since [7/©] = 1402, 

,1 - „ 

"*5 2 


and 




22 


V24472 


/'I 


22 


0 n 

o 16 





CHAPTER V 


ADJUSTMENT OF CONDITION OBSERVATIONS 

io8 We now take up the third division of the subject as 
Lud down in Art 39 So far the quantities we have dealt 
with, whether diiectly observed or functions ol the quan- 
tities obseivcd, have been independent of one another, but 
if they are not independent of one another — that is, if they 
must satisfy exactly certain relations that exist ct prion and 
are entirely separate from any relations demanded by ob- 
sei vation — they are said to be conditioned by these relations 

All problems relating to condition observations may be 
solved by the rules laid down in the preceding chapters. 

Let, with the usual notation, F",, . denote the 

most piobable values of n directly observed quantities 
M„ whose weights ai e A, A. A respectively 

Let the He conditions to be satisfied exactly by the most 
piobable values, when expressed by equations reduced to 
the linear form, be 

-r = 0 

-U = o (i) 

where a', a", , b' , b", , , L' , L", are known 

constants 

If v„ v„ denote the most probable corrections to 

the observed values, so that 




(2) 
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we have Ihc reduced condition c(|uations 

a'v^ f . /’ (» 

h'j\ |- Ifv^ f . /" () 


oi [rt'i'l /' o 

\1>V\ /" o H) 


whci C /•'=//— .ttld .lie, lIlCM* 

fore, known quantities. 

The most piobable system ot uiiiet turns is t!i.it whu It 
makes 

\/>i’7'\ =a minimum, a> suppose. 

The problem is to solve thus inmmmin inmitoii when the 
corrections tiaie subject to the above //. lomhlioiis. 


Direa Solution— Method of In,/i/>tniit'tit I 'n/muon. 

log It IS plain that ol the coiieU ions c.iii, hy iiumiis 
of the condition equations, be expi(*sseil in teiiiis ot the 
remaining? ii — //, coneetions, and that by siihstiluliiiK tlirsi- 
w, values in the minunuin hitution we should have .» 
reduced minimum function containing u //, uidependent 
unknowns Ihis function can be found iii the tisii.d w.iy 
by equating to zero its difleiciitial coeffii lents with lespeit 
to each unknown in succession. Tlie ft n, icsultuig eqii.i 
tions, taken m connection with the //. i.oikIiIioii isiuation-., 
determine the ii coircctions 7^,, *I*heiue 1^, ,'] 

IS found 

The solution of the n- equations can be i aitied 
through by any of the methods of t'haptei IV. 'I he pie 
cision of the adjusted values, oi of any turn turn of them, 
can also be found as in Chapter IV. 
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£x X Take that already solved m Ex 4, Art 83 

Let Vif vx^ vj, vu be the most probable corrections to the measured 
angles, then the conditions to be satisfied are 

JP SB + t/ 1 = FSB + FSP V\ 

OSB + = FSB + z'j — FSO — z/a 


Substituting for FSB, FSB, etc , their measured values, the condition equa- 
tions may be written 


z/i — = — o 76 

t/j — Va + a's = — I 66 


with 


5z/i® + Jvx^ + 4vP + yvP + = a min 

Substitute lor Vi, 7 >a in the minimum equation, and 


5t/i® +• 77'/ 4 - + 7(^1 ^ Vs + 0 76)® + 4(7/j — z/8 -h I 66 y = a mm 


Hence, differentiating with respect to z'l, 7'j, 7 's as independent variables, we 
have the normal equations 


whence 


I 27'1 — 7Z/J = — 5 32 

Il7/i — 47'8 = — 6 64 

— yvi — 47/j 4- i57'3 = II 96 

Vi = — o" 05, 7'j = — 0" 36, 7/8 = 4- o" 68 


and fiom the condition equations 


7/i = — o" 03 7/6 = — 0" 62 

riiest lesults are the same as those already found on p 149 


/m 2 lli( angles C of a spherical triangle are equally well 

measured , r< quucd the adjusted values and their weights 
Iho condition equation to be satisfied is 

W 4 --^H- C= 1804- (i) 

whore e is the spherical excess of the triangle 

Putting Jlfi 4 rq, Mx 4- + for A, B, C, the condition equation 

becomes 

7'i h 7'a 4 7', — 180 4 £ — [^] 

= / suppose (2) 

Also 

7 'i‘’ 4 7// 4 7/|® = a min 

Substitute for 7/3 fiom (2) in the minimum function, and 
f 7/4® 4 ( 7 'i 4 — /)® = a min 
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Differentiating wth respect to the independent v^iruibles .'u *'4* 


2.'l + 7'J -- / 

7'1 h 27 'i / ( t) 

which give 

/ 

■" 7'ji - ^ 

Also from Eq 2, 

/ 

7',^ ) 

Hence the conechon to each ts onf‘thi)d of tfu thfluitue of //.* *t* 

and measuted sums of tfu three 

To find the weight of the «idjiisted vilut ot an ingle, as / 

The function is 

dF - 

Hento, following the method of Ait loi (b), 




\ 

wt 


\('V\ 


where Gi ■=: i, and (?i, Qi arc found from 

\ Qj I 
<?i f 2<)j 0 

that IS, weight of // =5 if weight of measuud vahu it* uimv 


Chech Weight of direct measure of t 1 

Wi of indirect meas (-iho 1 f fi (*)of / \ 


as already found 


WcMght of llUMtl I *, 


S\ 3 To hnd the weight of a sidc» a, in a UlaiigU all of whoso aiiftlcu 
have been equally well measured, the babe; being ftee from tufoi, 


Hero 


A - rt 


sin A 
bin Jf 


dF ■r a bin r" (cot>f /q - c ot H * j) 


The weight is found from 

= sin r" (.otA (?i — « sin f cot/^ Oi 


where Qi, Qa satisfy the equations (Art tox) 

^ < ot *1 

‘ Qi 4 - 2(2a = — (* sm i" cot /i 

Hence 

<2* sin» I*" (cot® A + eot“ F -f cot A tot F) 
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Sx 4 The measured values of tlie angles, of a tiiangle have the same 
weight Show that if the coirections to the angles are expressed in terms of 
the coriections to the log sines of the angles, and the corrections to these 
log sines found by Heating them as observed quantities, the same results 
Will be obtained as in Ex 2 

Foi example take qo", 60 \ 70" 00' 30" 

Indncit Solution — Method of Correlates 

1 10 If ihe unknowns in the condition equations are much 
entangled the diiect solution would be very laborious It 
is in general, theiefore, advisable, instead of eliminating the 
unknowns directly, to do so indirectly by means of unde- 
termined niultiplieis, or correlates, as they are called 

II we multiply the condition equations 3, Ait 108, in 
Older by the con elates Id, k", ,we may write 

CO — k' ([ av\ — I') k''(^bv\ — I ") + [/w] = a min (i) 

and detcimine k', k", accordingly 
By dilfeicnfiation, 

doo — {a'k' 4- b'k" -f- -f- 2 p,v^dv, 

-|- {^ed'k' -f- b"ld' -f- -j- 2p^v^dv^ (2) 

If we place equal to zeio the coefficients of of the dif- 
leicntials dv„ dv^, we shall have equations from which 
to find k', k", Substitute these values in the ex- 

piession loi dco, and there will remain n — Uc differentials 
which are independent of one another In order that the 
function may satisfy the condition of a minimum, the co- 
efficients of each of these differentials must be equal to zero 
This gives n — equations, which equations, taken in con- 
nection with the Vc condition equations, give the « unknowns 

I'he practical solution would, therefore, be Form n 
equations by placing equal to zero the diffeiential coefficients 
of the minimum function with respect to each of the 
quantities v^, v„ From these n equations and the 
Uf condition equations determine the unknowns 

k', k\ , v„ t'i, , and thence the function \Jrvv]. 
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In carrying this out the form of the differential equation 
2 shows that it would be advantageous to multiply the 
minimum equation by — i, and so write (i) in the form 

k'{[av] - /') + - 1 ") + -l[ = a mm ( 3 ) 

Differentiating, we have the n coi i elate equations 

=p,v, 

c^'k!^b''k!'-\- ( 4 ) 

Substituting for in the condition equations their 

values denved from these equations, and the normal equa- 


tions result They are 



[7]^'+ 



[7]-+ 

[7]^ + =r 

(5) 

Solving, we obtain h!, k", , and thence v^, 

and V„ V„ from (2), Art 108 

The normal equations may be written 

from (4), 

\uad\k' -f- \uab'\}^' -j- —1' 

[uab'\k -\-\ubb']k'' + =1" 

(< 3 ) 


where u„ denote the reciprocals of the weights 
PvPv The form of these equations shows that the 
coefficients \uad\, \uab\ may be computed as in Art. 
8S, the corresponding scheme being 





1" 



Vi 

«i 

a' 

V 

c' 


Va 


a" 

V' 
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If the elimination of the normal equations is performed 
by the method of substitution (Art 86), we have, by col- 
lecting the hrst equations of the successivp groups, 

\jiaa\k' -\-[7iab\k" -{■[nac\k"' -(- =/' 

+ {?ibb I + \jtbc i]k"' -j- = 1 " i 

-f- {ucc 2\k'" + = I'" 2 (7) 


where I" i, I'" 2, correspond to [a/], \bl i], \cl 2], 
respectively 

These equations being precisely similar in form to Eq 8, 
Art 86, the cliniination gives (see Art 96) 

k' - L±-R' 4. ^ 

\tiaay[ubbir ^\ucc2\ ^ 

' r= ZJL (8) 

\jibb\] ^{ncczf ^ 


where 


0 = 


I n/ 

\ 7 (aa\ 


I uac ] 
[ uaa 1 


. \ubt i] 


/e'+ie" 


(9) 


o 


yibi ij , „ 
1 «/V;ij^ 


I" I = I'R + 1" 

I'" 2=1' R" +r's"+r 


2i) 


(10) 
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£x X Take that solved in Kx r, Art uh^ 
The condition equations are 


7 >i ~ \ 

• '4 

0 

r'j - <'4 1 

ft 

1 

The correlate equations consequently 

art 




1 





r 




7 h 

I*'. 


To fotm the noimal equations wCMtiav ''Uhstitute foi i, liorii i 

in (i), or proceed by means ot the tahulat loim ou p \Vt hi»«l 

<) t;()2q^'' f o asF o 76 

o 2«5/' I o 6 vji()X" r Oh 

The solution of these cquitums gives 

- o ay) X" pp 

whence, from the con elate equations, 

7/1 = - 0" 05, rq = - 0" 36, 7/« \ o" hs, 0 ut. M f, « 

C/ietl The lesulis satisfy the (ondition etiuaiions 


/*v 2 The angles, //, /?, (\ ot a sjdieiHal tnangle ait* nuMsuti^tl wmIi tl*» 
weights, /j, /a>/« , requited then adjusted \alu< s 

The condition equation may he wntten (s< e hx s An 


Vl j \ / 

a mill 


with 

I/.'’! 

The con elate equations arc 

<4 /,-i 

X /i. i 

A - / ,.'j 

and the normal equation 

l“M‘ / 


7'l 


Ui 


/, 7'i, 


Wj 


Hence the adjusted values aic known 
When the weights are equal, then 

7' I = 7^4 *— “ J/ 

the same results as m Ex 2, Art 109 
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Note It a condition equation is of the form 


+ aiv^ + H- anVn = I 


the weights of the measuied values being /i, 
in the above, we have 


pn^ then, proceeding as 


[uaa] * [uaa] 




I his result is very impoitant and will be often referred to 


3 At U S Coast Survey station Pme Mt the following were the 
angles observed between the sinrounding stations in order of azimuth 

focelyne-Deepwater 65° ii' 52" 500 weight 3 

Dcepwatcr-Deakyne, 66" 24' 15" 553 “ 3 

Deakync-Burden, 87“ 02' 24" 703 “ 3 

Burdtn-Jocelyne, 141® 21' 21" 757 “ i 

required their most probable values 

The ( ondition to be saiishcd is that the sum of the angles should be 360“ 
Now, 

sum of meisured values = 359° 59' 54" 513 
theoretical sum = 360° 00' 00" 000 

residual cnor = 5" 487 

Hence, as in the preceding example, 

correction to each of first three angles = - — q— x 5" 487 

■^ + J + -J + I 

= o" 914 

correction to fouith angle = ^ — r— X 5'' 487 

\+l+l+^ 

= 2" 744 


Ajv 4 Given in a triangle, of which the longest side is 4 miles, the three 
angles measured with equal caie and with the values i", 5", 179° 59' 58", 
adjust the triangle 

[Angles as small as single seconds occur in practice In the primary 
triangulation (1877) of the Great Lakes, carried out b/ the U S Engineers, in 
the neighborhood of the Chicigo base two, angles were measured with values 
o" 815 and i" 185 respectively 1 

5 “In order to hnd the content of a piece of ground, I measured 
with a common circumfei enter and chain the bearings and lengths of its 
several sides But upon casting up tjjje difference of latitude and departure 
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«» 


I discovered that some error had been contracted in taking the dimensions 
Now, It IS required to compute the area of this enclosure on the most pyobahle 
supposition of this error 

"‘Let ABODE be a survey accurately piotracted accoiding to the 
measured lengths and beanngs of the sides AB, BCy A the place of be- 
ginning, E of ending, AG 2 i meridian, AF^ Ph 
the errors in latitude and departure Now, 
the problem rtquiies us to make such changes 
in the positions of the points B^ 6, that 
■■ " we may remove the errors AF^ FB — in other 

words that E may coincide with A ^ and 

** these changes must be made m the most 

We have, therefore, to lulfil the three following con- 


L— 


probable manner 
ditions 

“All the changes in departure must remove the error m departure EF 
“All the changes in latitude must remove the error m latitude AF 
“ The probability of these changes must be a maximum ” 

Let fli, fla, ff 3 , , 3‘i, B’a. , denote the measured lengths and 

beanngs of the sides AB^ BC, , and ^i, ^a, Xi, j j'l, n, 
most probable corrections 

Now, since ihe corrected latitudes must balance, and the corrected de- 
partures must also balance, we have the conditions 


{ai + xi) cos (3-1 + yi) + (^^a -I- cos (3a 4- ya) + =0 

(fli + ^i) sin (3i + yi) + (fla + sin (3" 4* ya) + = o 


or, reducing to the linear form, 

cos3i Xx—ai sin3i y\ 4- cos3a x^ — sin3a ya 4- + [a cos 3J = o 

sin3i Xi 4- ai cos3i yi 4- sin32 ^a 4- ^a cos3a ya 4- 4- [« sin 3 ] = 0 


with 

+ [ 57 ^ = minimum, 

the weights of xi^ ^ 2 , , yi, ya, being pi, p^, 

spectively 

Hence the correlate equations 


H- cos3i k' + sin3x = piXi 

— ai sin3i E + ai cos3i E' = qiyi 


, rc- 


( 2 ) 


and the normal equations 


\[^M 


sin 3 cos 

P 

^ cos 3 J 





= _ 

- {a cos 3 

j ^sin 3 cos 3' 

j sin 3 cos 3 



Ik 


= ■“ [fl sm 3] 
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Now if we assume 



as this seems best to a^rec with the imperfections of the common instru 
mtnts Liscti in surveying,” the normal equations reduce to 

I' [rts] = — [a cos 

= — [/7 sm S'] 


fiom winch l\ I" are known 

The collection*' ii, »i, j Vi , are known from (2) 

The errors 111 latitude (see Eq i) now reduce to 


cosSi at — ffi sinSi vi = — czi 


[a cos S] 

—W^ 


(osSj ij — sinSj Vi = — cza 


[a cos S] 

W 


and the cirois m dcpirture to 

{a sin S] 

sinSi A I -h czi cosSi ^ — 

[a sin S] 

sinSj \i 4- era sinSj ^4 = — — pj 


Hence Howditch’s mie for halancm^ a ^umey “ Say as the sum of all the 
distances is to each particular distance, so is the whole error in departure 
to the correction of the corresponding depaiture, each correction being so 
applied as to diminish the whole crroi in departure Proceed in same way 

for the correction in latitude ” -n <• 

This pioblcun was proposed as a prize question by Robert Patterson, of 
Philadelphia, ui vol i No 3 of the Analyst or Maihematical Museum, 
edited by Dr Adrain, of Reading, Pa , and published in 1807 In vol 1 
No 4 arc two solutions— one by Bowditch, to whom the prize was awarded, 
and the other by Dr Aclr un AdrainS mode of solution is nearly the same 
as by the ordinary Gaussian method He employs undetermined multipliers 
or correlates, exactly as Gauss subsequently did To Adrain, therefore is 
due not only the first derivation of the exponential law of error, but its first 
application to geodetic woik See Appendix I 
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To hind the Pretimn of the Ad/u\t,d l’a/nt\, of of nt/f I no, 

turn oj Hum 

in The method ol piocecdinf^ is the saim .f. tii .\jl 
lOI 

1 he hist step IS to luul //, the in s e. ol a siii<*le oliseiva 
tiou, and next the weiglit, ol the lumtion, u lieuit lie 
ra s e ot the tunclion is f^iven lij/ 


/I t tit 


Uf bemfr the rccipiocal ol the wei^Iit 
(a) To hnd /t 

In Alt 99 It was shown that m a system ol ol>- ei \atiMii 
equations the m s e // ol an ohseivatioii ol tin unit o| 
weight IS touiid liom 



where \fxni\ is the sum ol the weiyliteil sipjate. til tin 
residuals 7 ', « is llie mimbei ol ohsei vation equations, and 
Hi the' number of independent iinlviiowns 

Hence m a system ol condition eiiuations, « hr-infi th«> 
number of obseived (pianfities and n, the iiiinibi'i o{ '« on 
ditions, the number ot iiidependmit unknowns is n n. 
and 


/< - 





(I) 


Luioths formula (Ait 99) may bo used as a elieek on tlir 
value of /K. 

Checks o/\pvv\ —When the minibei ol lesidnals is lan-e. 
in order to guaid against mistakes [/»?-?' | should be i om 
puted in at least two clifieient ways The lollmvinp 1 lie« k 
methods will be found useful 
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(a) The coi relate equations 4, Art no, may be written 

a' k' + 4 ^, V k" + 

VJ, V, = Vu, a"k' + VTi, b''k" + 


Sqiiaic and add, and 

[ p7'7’\ — 2\uab'^' ¥ -|- 2\tiac\k']^" 

+ {ubbW'k" -\-2\:nbc'Wh:'' 4- 

+ 

= \ kl\ horn (6), Art no 
= rk'-\-r'k"-\- 

( !' I" I r" 2 

r - - 1 + r-n^xR' + r— + 

\vaa\ \jibb i\ \zicc 2 ^ 

_i_ i" ( ^ ^ - _|_ 1 . ?- $" 

^ \[7ibb i]^[«fr2]‘^ ^ 

+ 

- , z'j)! I I 

[iiaa 1 ' 1 iibb l] ”* \ticc 2 J 


) 

) 


(3) 


(3) 


by addition attending to Eq 10, Art no 

This expi ession is very readily computed from the solu- 
tion of the coil elate normal equations, as shown in Ex 2 
following Compare the computation of \vv] from the 
scheme 111 Alt 100. 

The sum | can in general be computed more rapidly 
by these methods than by the direct process of summing 
the weighted squares of the residuals 


hx t The three angles of a triangle are measured with the weights 
/i, /j, pi , icciuirod the moan-square error of a single observation 
Using the values of vi, r'a, r'j found in Ex 2, Art no. we have 

«,/• , , «./* 
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Hence 

Chea (I) 

as before 
Cheih ( 5 ) 


/ 


i[u\ 

[/H ■■ 


Since fit 



1 


[pvv\ 


(/V 


(Iiitcily liom Imi 


siiui [/A/rf] 


I 


Fx 2 lohndthcm s c of a sin/^le obseivation in Kx. i, Art ti<* 
The first step is to find the value of [/.s'l Thrct nieiliiKls are rtivt n 


/ 


/.•e 

5 

0 oe, 

oi^S 

7 

- 0 

<1073 

4 

•4 ohH 

l M |of> 

7 

0 os 

(K)(> t 

\ 

0 63 

I Kt 7 f> 



4 ?n.’ l/'v] 


(2) 


/ 

k( 


— 0 230 

0 76 

" 171'' 


- 2 4 yj 

1 66 

4 n” » 




4 1')2 I/' . I 


(3) From the solution of the coi relate normul Cfiuatious 






+ 0 5y2c) 

{ 0 2500 

0 76 

1 

4- 0 3500 

4 0 6421; 

I 66 

/ 1 

+ I 

t 04317 

1 2H1H 

, ' ,1 




[1/ uai 


+ 0 5375 

I 3395 

n 1 


4 X 

2 492 

1 

luM.tl 1 

t 



CONDITION OBSERVATIONS 


227 


[/7'7'] = o 76 X I 2819 + r 3395 X 2 492 
= 4 3136 

Hence, the number of conditions being two, 



(b) To find itp 

Let the liinction whose weight is to be found be 

77=/ (F., F,, F,) (4) 

and let it be conditioned by the w, equations 

fiV,. V„ K)=o 

fkV.V. ( 5 ) 


Expiessing Fin teimsof the observed values, M„y 

which arc independent of one another, and i educing to the 
lineal loim, we have 


bF , bF , 

(6) 

Hence in Ait loi, 



(7) 


wheic are the leciprocals of the weights of the 

observed values „ 

As It usually requites a long elimination to expiess i< 
m tei ms ol M„ dnectly, it is bettei to compute 

JkiL !iE., from the foims 
dM,' oMk 

t)F _ bF ^ 

bM^ ~ (TVj bM^ d F„ bM, 

bF _bF 

jM~bV^ bM^ d F, bM^ 


30 



228 


THK ADIlISIMhM <»!• Or,sfK\\|M*N 


i* a A 


F\ 3 To hud the lu s < of .1 sid< . r/, iti ituuo'li uhnw » fM\> 

boeu mt iisur<‘<l with lh(‘ w(UMht*'/»i. /i. / f till ht itisOi* < tioiu « iim 

I he fuiutiou (‘<iUiUion IS 

^sin / 
sin F 

and tlu* (ondition t‘<iu«Uion 

/ ( // I f* lSf» 1 . 

lit nc liom hx Alt iio, t \[u<ssnui /. A in totms o! th«* ftb u im ft * 
A Ah \ M (J/i I .»/ I V,(| 

A /J/. ( "' j tS.. M ( I/, I .U. t 

I I ( t 

Now, 


/AA ^ / AA' AA . 



1 

//>/• 6 t 

'rt,/ A,)/, 

A/ A/V\ 

' A// Ad/,/ 

,A/ 

’ ' (a , 

0 / 

a 1 / 

.1/ ' , 

* ..// .1 1/ 1 

a sin 

'■(i(' 

l'«l) "" " 

i"i 1 

1 



'! 

t 1 * ‘d / 

i"i 

(' r;,) 

I (It // j . ,1 

\ . 
j 1 1 “d 

/ i"i 


" . /'♦ 1 

i«i ‘ ' 

rh( icIoK* 







///, - 


i';,) 

t ( 01 // ^ 

i«i 1 

t 

//, 



f 

iw'”'-' 

w) 

1 1 

( (It // 1 « , 

1 , fiM 

M «1 

/ 

''' .Id* 4 

, , ro| // Id 1 

I W ) » ^ 

t/*snd 


!»i) 

1 (ut 

' l«l 

) dll' // ( 

IH 

f Mt i/ » Ml 

4 

and 


fUf 

// 1 WA 





wluMf A IS the m s 0 of a siuKk' obscivntuMi 

If iht* weights /i, /j, A*< to unll\, this r.dtnis *o 

///.^ AM«or,^ f cor// \ lot / ml//} 


and if ih<* triangle is ('((uilaternl, 

Fh ' 5 //‘ sin* i’ n* 

Also, if the base, Instead of being constdetMi ixut. bad 'hi to * e 
the- (‘xiJH-SMions tor ///.•■' would be IneiiMxecl bv .uuiti-, f.j.r.t.wS 



f 1 »\hl I H * M'sl I V \ I luNS 




It Pn lin\\ < \ « I , II mm! 1 \ huh li utou t uiivu nicnt ui jnac tu c 
UM* ttir nuihud n| 

la t llu* luiu iiuu, n*diH <*d tn tlif Inu at l<»i ni, bu \vntt(*u 

,//• / 5 / . t * 

I lus t'. t > ♦lulltHHHMl 1 *\ IIh' ft also Itt tlu* lltHMt 

toi lit, 

a 4 , </ , 5 /' 

.*.,(//! / ' u < i^>) 


Wlttl 

'/»./' a tttuuumm 

Uflr niii", l<» tin <•! \il l in, we stv th.it by 

tiMiii', ( I ti I I'l.il •’*. I'l , . , .iiul (li ti niniiitifj t lu‘111 j 11 njK'i ly I 
vv« t .Ml (>(tUN’' till luuttmii in tcitns ul the iiu.intitifs 
, , . . , »•* It itiili*i*niil<‘Ut . tli.it IS, 

.«'/• if ' .1 t . , 

, . / ■ w )■' 1 • 

ainl, tin 

Hi, if <t l‘ ^ 

M / it k h k I I ■ 

It i< mun, In .Irici iniur k' , k\ . Now, when tlio mnst 
jntiti.ilih’ vnltH's nt the tontn turns :i»i‘ Mil) 

stltiilnl III till" v.iliii' nl lilt* hiiiilinu i//', this luiutioil uuist 
h.ui* its iiin.t j.iuh.t'iU' v.ihin, .luil, thfifinii', its iiia\inniiii 
Hi'ii'ht Wf iii.iy. thiMrInii*. ill Irniiiiif llu‘ concUtfs 
tlimi thr ininlitinii tli.it tin* wnj-hl nt dl> is .i iiiaxmium ; 
th.it IS, that u, IS .1 iiiiiMiinitii. ! )ifl«‘u*iniati‘, tlinii, «/, with 
li'sjin t tn k\ k . . .IS Iiiih'pi'inh'iit v.ii i.ihUss, .iiiil \vc* havi* 

tin <H|u.itintis 

iit,t,i\k i 1 . • 1«"/1 

iHit/i{k' f \tt/>f>\k'' 1 . . 


lintii whu h /*', k' 


. . Ult' illUltil. 
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TIIK ADJUSTMENT Ob OIJSbRVMIONs 


These equations being piecisely ol the loim ol 
noniuil equations, it follows, as in (c) and (d), Ait, lu), 
that 


01 




= I — 


I na/ r 
I iiaa I 


\tii>/ 1 1 - 
[ ii/)i> 1 1 


( 1 1 ' 

< I-,! 


The lorin of the hist e\[)ic$sio» loi ///, sliows that it tiiav 
be lound by means of llic tollowaif; solu'nic, iii wIiii It 

added as an e\tia (oliinin in the 
solution of the con elate noi mal eiiuations {i in the iii.iii- 
ner shown ui Ait loo Foi Ihice coiiclalos llie scheuie 
would be 


[ uact] 


L" 

I k'" 


\ua(>\ 

\ll,H 1 

\ii,tf 1 


\ul>,\ 

\n/>/ 1 


\U(t 1 

\iiif 1 

l"//l 

\uM> i| 

[ tl/li 1 1 

1 ‘tf’f 1 ! 


\iiu l| 

\i«f 1 1 


[rm 2 1 

\>i// 
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Ajc 4 1 0 lind the weight of the angle PS£ in Ex i, Art 109 
Here 

t/Ji z=: — 7 , 4 - , 

yi=-i, /i=o, /,= +! 

Kiom the eonclUioti etiuations 

n = ^ I //' = 4 I 

a" = - I //" = - 1 

= 4- 1 //"" = + I 

[ua/] = lX-i + lX-i = -0 45 

w\=-i 

1 1 = + ^ 45 

The conel lU nuinial equations with the cxtia column for hnding Up 


X’ 

r 

/ 



t 0 5 q 2 () 

[ 0 4500 

\ 0 2^00 

t ()642() 

— 0 7600 

— 1 6600 

— 0 4500 — Uta/^ 

4 0 2500 = [itbf] 

+ 0 4500 = 

f 1 

t 04217 
t 0 ^37=; 

— I 2&18 

- I 339 *^ 

- 0 75QO 

— 0 0C02 = \_uhf i] 

+ 0 3416 

4- 0 1084 =[«// i] 


1 I 

-2 192 

— 0 T120 

4- 0 0067 

4-0 I0l7=[7(/y2j 





= t 4 p 





_ __ 


Also 

Mj. = M 

= I 47 Vo 1017 from Ex 2 
- o" 47 

as before* 


l!,x 5 lo find llio weight .ind m s t ol the adjusted value of an angle 
of a tu ingle when all tlueo angles, are measured, their weights bemg/i, /a, /a 

rcspe< lively 

The function is 


ijTA = 7/1 


and the condition equation 


7/1 4- 7/^ +7^3=/ 



'lllb' ADIUSIMKNI n\ n|i^lU\\||nN 


•"j- 


I lent e fumi (is) 

th 


1 t 
1//| 


//itw 1 If I 


14 

Also 

fl/, fl i H, 

^ . «(l«l 1 

*1«|» |«| 


/ 

l//i(// I it,) 

lh(‘ wvikIh ot un aiu'lt hclcut* a(l|u*itiiu*ht ih |i» tht ui ii'Jii ifuf i* i*’ i 

t \u\ 

til Wi(Wi I //,) 

<>» to i Wi |wl 


n/i i, tlu wii^hts lit ,i*k * \ *Iln ,*il« ta 

iIk* ol tlu* an^U* It tlu it (ok ipplu < to k»\ |» titiltiu im 

the (omlittou U) ht* satisiud is thit i(u* Mini th two «)uaiilitir <• t>i > mu t* i ^ 

a llutt), ot iu whu h tin* hum k( all thK*t is tipitl to ,i t mi 44 K( ( » ihr t 

solutum« sec Kx.. 2 , Art lotj, 


/'X 6 If « auglch nicasufcil at a statuin < lorn thi hon/on, im»Uht ui fhi 
i)( the atljustctl value of an^ *uk ol them 

I The solution IS exat ily as in tlu jiii t tiling ctam|ilt 
'Ihc weight ol Kj, ft)i iiistiuuc, istouiul honi 

ttt)\tt\ th\ 

IH 

It tlu weights /»j, aic ill cc(ual to one anoihci, ih* wn ‘hi mi to uiijl* 
after a(i|ustmtnt into its weight luloic a<i)us(intnt is 

M ^ t I 


A1.7 Showthallhc weight of till wim of tlu adju a»il aioth ol a iimihI*' 
is intmite 

[Sum iHti I /, a hxttl quantny. 

. m. s, e o, ami weight * 

or otht*iwisi 

*'1 i r , f / 
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l<x 8 In the “longitude tiiingle” Biest, Greenwich, Pans, as de- 
termined by the U S Coast Survey in 1872, the observed values were 

m s 

Brest-Greenwich, 17 57 ^54 weight 10 

Greenwich-Paris, 9 21 120 “ 7 

Brest-Pans, 27 18 190 “ 9 

Show that the most probable values are 

17 57 130 weight 14 

9 21 086 “ 12 

27 18 216 “ 13 


hx i) 1 0 find the weight of a side m a chain of triangles, all of the angles 
of each tnangle having been equally well measured and the ba-^e being free 
from ciroi 

Let h be the measured value of the base, and let 
rti, ax, an l^e the sides of continuation in order as 

computed from , an being the side whose weight is 
required 

If Ax, Bx, Ax, Bx, are the measured values 
of the angles used in computing an from b, the angles Ax, 4->, 
opposite to the sides of continuation, then 

sin^fi ax sin sin 

sin Bi* ai sin Ba ’ 


Fig 12 




being 


b 


' sin Bn 


Ilcncc by multiplying these expressions together, 


an : 


y S m A I si n Aj 
Sin sin Bi 


sin An 
sin Bn^ 


(I) 


We may now piocced in two ways 
(a) Difrcientiating directly, 

dan = sin I" [cot A {A) - cot B {B)] 
whore (v 4 ), (B), denote the corrections to A, B, 

[In a chain of triangles it is convenient to use the notation {A), {B) 
for 7a, Vi, 1 parentheses indicating corrections ] 

The ( ondition equations, from the closure of the triangles, are 

+ W + (Ci) = /' 

{A^)-^iBx) + {Cx)=r 


Substituting in Eq, iS, 

ua, = I an'' sin^ i" [cot 2 A + cof ^ + cot ^ cot B] 
the result required 

If the triangles are equilateral this reduces to 
= I nb^ sin^ i" 


(3) 


( 4 ) 
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lim ADllJSTMKNL OTi OUSKRVA'l IONS 


Ilenre in a chain of eqmhteril tnanjylcs the wci^^hts of the sides ch ( iiase i* 
we proceed fiom the base, />, thiou^?h the successivi tn nifties, iiiverstdy as tlu* 
number of triangles passed over , that is, arc as tlic fi ittions 

1 . h II 

(b) Taking logs of both mcmbeis of Eq i and dilleu ntialing, 

^/log^ 7 «= ^ log sin {/ti)— f log sm //, (/>*i) f 

(111 tiii \ 

= \Sa{A)---^b{B)\ ( s ) 

or expanding the first member, 

where 6a is the tabuLu diHciencc for one unit foi ilu numbei ind 6 a 6i, 
are the logaiithmic diflcncnccs corresponding toi"foi llu‘ mglc s -/, // m a 
tibleoflog sines (See Art 7 ) 

Hence attending to the condition equations 2 , wt‘ hive ficmi (i*;) 
for Eq 5 , 

and for Eq 6 , 

“ *1 I I" ^/) I <*>'/» '1 

as giving the weight of the log inthm of the side ind the weight of the suU* 
respectively 

Of the two forms (a) and (h), the logantluinc is ui genetal the most < on 
venient in practice 

JSx 10 From a base ^>9 (=/d proceeds i thaiii of equilateral triangles, 

all of the angles being ecpiallv 
well moasuud, and the sides /U\ 
C/\ bi ing in the same sli iiglu 
hue Find the m s e of tlie hi»< 
BAT, which IS limes the base 

fake first the simple ease of 7/ = 2 

A = 7 ?Ar — ^ ‘’iri A i sm ( , 

sm /A sm Bi sin /:^jsm //, 

= {eoty-/! (//,) — 2 cot /?i (i9i) f (otrifTi) 

+ coiA j (/fa) — cot Bi (Bi) 

— roti?j {B i) } cot Cl (Ti) j fi sin r*" 

Also, we have the condition equations 

(Ai) + (Bi)-^{Ci)-r 
iAi)^(Bi) h(r.)-^r 

(/.) + (/M + (^) = r' 




< iiSimiMN <(l!Sl UV \1IUN 


I '! ' I'M '• 

|. ; t I / •! " 

Itf*! / I ♦ Ml /if < lit i\ ««<l / f ( Ml H ♦ t Mt //iliot ( i)/» MU" I 

, III I Mlt f • i*l * 


S,r» I I M I 


li|*i thf 


‘/a T ' 


vvh* Ji #M Ui" 111 * 111 lib iiivii 

t» i.i I iM , 

,’7 «»/ I'lMl / (/,* » M»tr, iT, f 

i i n » ,»l / ( / ) ii/ n I ol iiii) 

u$ iMiii I till (\ i) 


, , Uf W * I 

tt t lit I ( ) 

♦1 ' 

{{ ilit 1 It titi pMifl'til* M) th«' MijtMiMif litKttKMi iinlil /\ \ « iht n 

.DM II II V • ^ * ** i|i|in»siiii.iif'h. \v« h.ivt* 


#1 » . 1/ A* \ '.ill I 4 ' • 

f Ml* 


Ir \ \ * . I# lilllf till b I *1 ( tt ^ I 


IM > 11 \ \ 4 I» I ^ 


»;/' \tt ) »M 


Hmui It (m'Imu lint III Mititf* Mf »*iuilaii i,il tn mhiJm, whi^i ttiir b,i 

ritf *4111*1, H IN bMiri i«t pbn* tlM bi*« 41 lh« 1 1 ntM‘ lit th* * hattt Mihi't tlwiii 
4 t nfhi^t * lid 

/i ti It I <|!nb>i« ifil <11 iimIi '• ptMi tmIn Ititm (111* b4* I* 

iht tlMiiiiti l\ |M, but »n <b* tliifMiiMi, *dioiv th It thi lit » i* «»t 

/f V , i^bii li M ^ tifiii I' (hi b4 I , IN 


tf/ iitt t 


< ( 1 \ff t i/t 


iimI it tbi I b nil ptM* ♦ cnIm *} M III (br ihiiitimi tu*(»l / N i tb<*ii 

if \ V ttf t *Ui tt II (ititi * tbi b I 4 « 


1/ * tt \ \ Mil I 


n, ‘ i »*> 
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mu ADJU.VIMKM <il' UHSI k\ AII'*V‘« 


IS If aduun of tMiuihUfrul tr*ao|'h*s Om ft* I* 

whith IN Mt till aiM* ill III !in» » 
N' AH N ilitiviil nil /^^ I tliil 

lit s «• of / \ , will h i* i ^ ♦ <0*11 
iht* litiNi* />, * * 

it/t . 

^ Mil 1 ♦ 

^ siiiy'/i mn/fasin c'l ^ stn /i dii /^siit /^mii d»ni j 

sin Hi sin /^a sin/^* * sin iU mii H, mii /* 1 s.ti /U ui» f I 

If also a chain of (‘<|itllatOMl ttiaiif»U*s pin< omIs ftuiii tfi m* iU» ' ; j ** 
cliroclion to A/\ tlu n if NJV* tn » tiiiu's tho baa% *ihow lhai ilo »u * 1 m'' 
i\W' IS 

fiA’A" -tin I 4/"' ' '« I 

Ileiuc show that in tompuuiig i lino AA”, cm|u,iI io ft iiiio ihi i * » 

thron^^h a <ham of equilatcial tnuiiKh s, iho ha* l h»ss of jo» « 1 . *»u < Vk ah ih* 

foiin of Fig 12 



Fi0 14 


I'? To find the rn h e of the altitudi* of a inanph , ihi Imm > I » 014. 
supposed fioe from cnor, and the teiipioid wuphisid do m^U 1 1 mi 
if If fht ih iesp(*ctiv<‘ly 
The fun< turn is 

.sinyfhlnf* 

-f' I' , #» 


ff/* /'sin i''Jcot//( I) 1 01/; I/.') I lotr ji 1; 

Also the (ondition 

h/) \ {m \ (d) / 

Substituting in (is) 

/*|//i(ot*M f Ui(oVH I «aeor<' 

Uii eot a/ //j 1 01 // 1 , » o« f M 

|o| ^ 


Mil I 


If 

/// 

/ (\ and 1 

then 



and 

//> 

a 

'1 / * 


//A* 

mh sin t 


♦ at/ 


I os< < ’ 


where// is the m s e of the angle rorrespomhtig to the non *4 
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£\. 14 If two sitnilar isosceles triangles on opposite sides of the base 
AC aie measured ndependcntly, thus foiming a rhombus 
(vertices ), then) taking the weight of each angle unity, 

__ ^ibsvcix" 

“ V2 7 ^ — COSCC^ — 

r24 2 

D 

and if BB' is n tunes the base b, then, since cot — = « 

2 ’ 


,, , sin i'7 i\ 


jiiBB' sin i" 

2 4/3 

Caution —If we solved foi the rhombus directly it 
would not do to take 

BB' = i cot - 
2 



and then form ftsB* The result would be V2 times too great For as the 
triangles are measured independently, each half of BB' must be considered 
separately, so that we must use the form 


^^'=;(rot- + cot-) 
2 \ 2 2 / 

With the condition equations 

{A) 4 - {B) + (C) = /, 

(^r) + (^') + (0 = /. 

eoriesponding to the angles of the two Itiangles 


Ex 15 If on a bise, by is diagonal two similar isosceles triangles aie 
described, forming a rhombus, and on the other diagon d of this rhombus two 
tiiangles similar to the foimci are described, forming a second ihombus, and 
so on w times, lequircd the m s e of the list diagonal, all of the angles 
being equally well measured 
For the diagonal d 


„ . b( By Bi\/ B, BA 


Fig 16 



where Bi, /:?j, aie the vertical angles in 

ordci 

Now, as the trnngles are all similar, 

= /y, = = /?a,« = B suppose 

llcncc 

^ B .B „ 

= - cot^"i — eoscc®— sin i 
422 


'iiih oi- c tii-i i;\ \ 1 1" ' 


tiiid 


till im 

I 


( ^ C USt I ‘ I ( 

V I(| V * ^ iM 


\/h*' . . /. 

tul 

/i , /f 

Mtl I 


) ‘ 


Bui 


,/ -• i nl« 


//,/ ^ 1/ <4> u A Mi \ 


I( ti IS H tlnus tlu bast% 


^ \ 


' /// * ' « 


>.iij I 


■« ' 


I'oi luUlu‘1 (lfv< l<>|>iiii‘ni ol thi‘( •uti|fit lllll•llll li> iiMit 
laiioiielle iVi-^ 


Sulufion in y.t'i' 

U2 III {»<’0(k'ti«woik it i>lt<’n li.iiip<‘ii'* tluit ill* Ml 
Huautilics aic sul>)cot t<* a suui»l<’ M’t *it imikIiU tn 
may be loadily solved as obsci \aliuii tr ** »■ 

method of ludoix'ndeiil unknowns, and air il * !m 

other conditions whu.h an* best soKed 1»\ tin' nnihod mI 
coirclatcs. The cquatioiis an* tint*, divuh d into l*i'i n- >.3 
foi solution, and the complete solution, then Imji .» ou la- 
of two paits. The obscivation equation'. toiniMi'* ft*' to * 
pfrouj) aie solved by themselves and ^ive appioMin iJimic, ti 1 
the hiial values ol the unknowns, 'riie eoiu'ifiou' loiln* 
approximate values due to the sei oiid nionp an »w *,t *Mon-i 
by solvuiff this second gtoup by the metbod oi t mim ’ *»f 

The incut of the metluxi consists iii uldi/ui-* ft* wa*. 
expended in the solution oi tlie iiist f'lotip in <i' '■ men to: 
the additional collections due to the set otul j'lotip I In' 

* Ihfiirnt expohition Iff tills meiluKl Wrf4 If tv***! I<v Ut » I uithf* ^ « 4 r t f 
1 ho method of Undine tH* pudnUmtif tlu ulitistf d vdUii tidori / ^ h i >'fT 

X V< ty (omplett si umemt t will hr (luiml tn vKp m liot it >t 
r ti>nd§^fN<iNi'utainmySo\ 1, nerhn, *11/4, I'tirrto, f , o , / , n f 

rait^ Floxcxue, 1:87ft, Jordan, limdtmth dt* VfptHiUHH} 1 1 1 » 
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solution lb ngoioLis, and, being bioken into two pait'^, is 
moie easily managed than if all of the equations had been 
solved simultaneously 

Let the hist gioup o( equations be the observation equa- 
tions, n in numbei and containing unknowns {ji > 7 /„), 

+ weight/, 

+ —i—v^ “ p (0 

and the second gioup the condition equations, in numbei, 
involving the same unknowns (;/^ < 

a'ji + a'y -f- — /' = o 

//a + //>+ (3) 

riic most piobable values ol the unknowns aie 

those which aie given by the i elation 

[p7n' \ = a minimum (3) 

It is icquiicd to hnd them 

The value ol an unknowm is found in two pails, the hist, 
(0» (9')> » aiisiug liom the obsei vation equations, and 

the second, (0,(3), , arising fioin the condition equa- 

tions, thus 

.V=(l) + (l) 

y = {y) + (2) (4) 


Now, ovcrlookinfj loi the pu-seut the condition equations 
and takiiif? the obsei vatioii equations only, (a-), (y). 
would be louiid by solving tlicsc equations in the usual 
way Wc have, theicloic, i educing all to weight unity for 
coiivcMiicncc in wiitiiig, the noimal equations 

+ -=KJ 

Ui^!(i)+[W|(y)+ ^1^/] 


(S) 
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nil!, AUJUSIMKNI' Ol' OUShKVA I'KtNS. 


The solution ol these cciuations gives (see Ail <i”) 
(.v)=.|w/]|/?/l 1 I 

0') = l"/5||«/| I \i¥\\^’f\ 1 '''• 

Hence (i), (/), aic known 

To find the condition toi leclions (i ), • • lunm.ilt 

z>^, v„ by subslituliiig in the miiiiimim e(|iialioii, 

which then becomes 

I aa |,iM 2 \al)\iy -\- . 2| fr/ 1 1 

+ 1 ■’K"'!' ‘7> 

I |//| a null. 

This equation is coiuhlionecl by eeiualions j 'I bus tlu' 
solution IS leduccd lo that alicaily (aiiini out ni Ait no. 

Calling I, n, the con elates ol etiuations •, we 

have the con elate equations 

\<m\v + \ad\j+ - \n/\ <xl [ b'll [ . . . 

[ab\x + \bb\y+ - \bl\ a" I | b"!/ } 


riiese equations, taken with (q) and (i;), give the lelaliuns 
[a:a:](i)-j- 1(2) -f- --a I | // // [ |i | sup] lose 

Wi) + LWJ(2)+ -a''l\b"H\ •* (.St 

which being of the same toini as (5), then solution gives 

(1) = [««| |*r|-l |«,Jll2| 1 . . 

(2) ^L«/?||i H-|A?ll2| I . («>• 

or substituting for |r|, |2 |, then values lioiii (X). 

(1) = aV+»V/ \ (■'/// I . 

(2) =:AV+IlV/-{.cV// ( (,<„ 
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\ao\a' |- 

I!' \oa\l>' 1 \o,i\l," (,,) 

.111(1 ail* known cjuantitK's 

\V(* Ii.ivt*, tlu*i(‘f()i(i, c\piess(>(l the coi icc (10ns (1), (2), 
init'imsof till* unknown coiiol.itcs 1 , 11 , It icuuuns 

now to linil ilii'sc concliitcs 

.SiibstUutuif; foi r, j', then values lioni (4) in the 
toiulifion I'cjualions, .mil 

//(O t /'"U) I - (12) 

will'll* 

4' /' icXO 

4 " /" />'( i) - /("OO - (' 3 ) 

and .til', tlifii'loii*, known quantities, since (1), (j), .iic 
known 

.Substitute the v.ilues ol (i), (2), , lioni (10)111(12), 

and we have* the eoiicd.ite uonii.il C'liuations 

[ii,\l / t [ciiil //I 4' 

[i/iil / 1 [/ml// I 4 " ('4) 

will'll* 

(i7a) \iru\n'a' \ j licVc" | 

I \a,i\,rV' \ t (t^) 

etc. etc 

The solution ol these c'quations {^ivos the eon elates 
/,//,. Ili'iice the cimcc-tiou.s (1), (2), arc known. 
Also, since (t), ( r), . have been lound bom (fi), the total 

conccLkms .1,^', . ate known. 
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1 13 In carrying* the preceding solution into pi act ice 
the following order of procedure will be found convenient 

(a) The tormation and solution of the observation ccpia- 
tions (i) 

The partially adjusted resulting values (i), (j'), *00 

now to be used 

(b) The formation of the condition equations (12) 

(c) The formation of the weight equations (9) Tlicy 
are at once written down from the geneial solution of the 
observation equations m (a), and are 

(i) = [a«]g+L^//9]|T| + 

{2)=m\T\+m\jj+ • 

(d) The formation of the correlate equations (8) 

|T| = a' I 

|T[ = //+ 

(e) The expression of the coriections in teims of the 
correlates by substituting from (d) in (c) 

(1) =:A'/+B'// + 

(2) = A"/+bV/ + 

(f) The formation of the normal equations by substitut- 
ing from (e) in (b) They are, 

M/+M//+ =// 

ra/+M//+ =// 

(g) The determination of the corrections by substituting 
the values of the correlates in (e) 
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1 14 To Find tho Precision of the Adjusted 
Values or of any Function of them. 

(a) First find /i, the m s e of an observation of weight 
unity 

We have (Art iii) 



numbci of conditions 

\vv \ 

~ {n — 

since n — is the number of conditions in the obseivation 
ec}u»ilions, and the number in the condition equations 
I o hnd [7T'] Fiom the first obseivation equation 

v,=a,x-\-b,y-\- — 

— — A “ 1 ” ^i(i) + ^1(2) -|- 

= 7'i'’ 4* ^i( I ) + ^1(2) + 

Siinilaily 

where 

v° = a,{.x)-\-bXj')-\- -4 

7// = a^x) + bj^y) + — 4 

that 15,74,7//, arc the residuals arising fiom taking 
the observation equations only 

Attending to Kq 5, p 239, it follows evidently that 

LW]=o [/;7/”] = o, 

Squaie the icsiduals 7',, 7’^, and add, then 
[7/7/1 = [7-vi+ri/Ki)+^(2)+ ri 

= f7/"7/"l + \W 2 V\ suppose , 

The total sum [7/7/1 may thcrefoie be found in two parts, one 
fiom squaniig the icsuluals of tlie observation equations, 
and the othei Iiom the conections (i), (2), 

32 


• f 
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We proceed to put [zvw] in a more convenient shape foi 
computation 

M =[{«(!) +- 5 ( 2 )+ 

= (i)IMi) + W2)+ { 

+ (2)1 Mi)+L<J^|(2 )+ ( 

+ • 

=(0 N +(2) \±\ + 

from Eq 8, p 240 

Substitute for (i), |_i_[, (2), their values from eejua- 
tions 8 and 10, and expand , then 


[o/ze;] = I [^a] I-\- [ai] // 4 - } / 

+ |M/+[3b]//+ \ir 
+ 


which may be transformed, by means of Eq 
form 


[zc/zti] = ///+//// + 
or, as in Art in, into the form 

.(c ly Air 




0“ 


[( 5 b i] [tc 2] 


+ 


14, info the 


These forms may be leadily computed as in Ai t 100 

(b) Next find the weight of the given function of the 
adjusted values 

Let the function, reduced to the lineai form, be 

(l(>) 

where are known quantities 

Put for x,y, their values (a') + (i), 0 ')+ (2), 
and 

dF=gA) -^giy) + +^i(i) +,r,(2) + 

Put for (i), (2), their values from (10), and 
dF =gix) ■^rgly') + + [^A]/+ [^bJ//H- ... (17) 





I iiSIttllttN <tl.SKU\ MKiNS. 


34S 


/, //, a!«' lituiitl lunu llu‘ <'(iuatu>ah 

{./\1/ ) |,fi.l// 1 . , // o 
l-fllj/ t {/Ml|// 1 4" (, 

♦ * • • » 

tKiu" til* iiiuUntluis , . Ill ouloi to <*litnma(c 

/. //, . , w <• li.isc, ,i‘. lu Alt in, 

1 /„A 1 47-, 1 

i :■ 1 1/ II lx, . . \i 

I .'i:; (./iiH, j/Milx, . . {// 

I . . . (i«) 

W«* may ilrtfuiimt* 4* 4, . . so as to < 4 ius(' the co- 
<'Ht( touts nl /, /A . to vamsli * that is, so us to sulisly the 
oijuatious 

I h'-lx.l 1 a’\ 1 
(.Hlje, i j/'l.|x, i . . . I/'Ill (ly) 

.tiiii llini wi shall h.’ui* 

•I I' ‘ .c I) I . 1 /;x-. 1 4"X’, I . 

Niilistiluli' loi , / , . II {I, aiul 

<ll' ,/< I 1 f/,t I ) i (!,[ I') t • • (-ti) 

ttlmr 

(t, ! ,ti, /'X', . . 

ft, ,V, '/ X', /> X, ... (21) 

We have thu*. e\|ut‘',M‘i| (he luiic lion in trims of ( i ),( ;»), . . , 
ami kitoMii qnasitities. 

Now, '.im f («i, <i’t, . . . :u«* not nnlfiicntUmt, hut me 
t'oum't ti'il hv the rijuation-. 

liw|( 1 1 i '.i/'K ( ( I . . t |rt/ I 

I «;/>!( 1 1 1 n } ... \l>l I 

the |iiohlriu i-. tmlmni to that aircutiy solved in Ait. loi. 
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If, therefore, Up js the reciprocal of the required weight, 

» f = IGQ ] (22) 

where 

.Q.= [aa]G,+ [al3]G,+ 

(23) 


the quantities {ad\, [a^S], being as in the weight equa- 
tions 9 

Putting for G^, • their values from (21) 111 these 
equations, and attending to (i i), we find 

Q^ = q^-Alk,--B'k,- 

<2a = ?, — - (24) 


where 

q, = [H^i+ + 

= (25) 


Substituting in (22) for G^, G„ Q„ Q„ their values 
from (21) and (24), 

[GQ]=[sq-] - - [^B]/&, - 

- 

+ I [«a]^, -j- \a B]yJ, 1^, 

}k. 

But from (ii) and (25) 

K] = M, M = [^B], 

Hence, attending to (19), the above expression reduces to 
IGQ] = [gq-] - [^A]/&. - Igsjk, ~ . . 


[GQ] = [gg]- 




L^b iT 

mr] 


[^C 2]° 
[cC 2] 


or to 
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To compute [^'7] Multiply each of equations 25, in order, 
by iv , and add, and 

Li,’'?’! = M + 

+ 

wheic [««], [c// 9 J, may be taken from the weight equa- 
tions 

The remaining terms of the second foim of \GQ\ may be 
found fiom the solution of the noimal equations, as shown 
in Ai t III 


Solution by Successive Approximc{tion 

IIS This method of solution (due to Gauss) is ol the 
gicatest impoitance in adjustments mvolving many con- 
ditions It may be stated as follows 

The condition equations may be divided into groups, 
and the groups solved in any Older we please Each suc- 
cessive gioup will give coriections to the values furnished 
by the pieceding gioups, and the coriected values will be 
closer and closer approximations to the most probable 
values which would be found from the simultaneous solu- 
tion of all the gioups 

For suppose we have the condition equations 

ex'v.^ — -j- — 

b'v^ + + = ^4 

//•», + 4 - =4 

Idv^ + -f- =4 


with 


[/Jz/-*] = a min 
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Let vl, be the values of v„ obtained from 

solving the fiist group alone , that is, from 

a'v^ + a"v^ =4 

I/t,; _|_ b"vl + =h 


= a min 

If now (z//), (z;/), are the collections to these values 
resulting fiom the lemaining equations, then since 

\,pv-\ = lp\v' +(^0}T 

+[pi^ri 

the condition equations are reduced to 

+ =4' 

6'M + 5\v')+ =// 

)t\v:) + h\vD+ ' = 4 ' 

>&'«) + /&>,0+ =4' 

« « • • 

with 

[p(v')’^ = a min , 

and the values of (z/') found from the simultaneous solution 
of these equations, added to the values ot 'iP lound from the 
solution of the first set, would be equal to the value of v 
found directly 

Similarly ifz/,", z//, be the values of (^') obtained by 
solving the second set alone, and (z/,"), (z//), be the cor- 
rections to these values resulting from the remaining equa- 
tions, then since 

ip^] = {pv '^-\ + + [p(v"y] 

the condition equations are reduced to 

«'«)+«>/)+ = 4 " 

=4" 

AXv'')-\-/t'{vy)+ =// 

^(V) + F(z//)+ . =// 
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With 

^ a min 

The quantities being positive, the mini- 

mum equation is reduced with the solution of each set, and 
thus we gradually approach the most probable set of values 
Beginning with the first set a second time, and solving 
thiough again, we should reduce the minimum equation 
still farther, and by continuing the process we shall finally 
reach the same result as that obtained from the rigorous 
solution In practice the first approximation is in general 
close enough 

It IS plain that the most probable values can be found 
after any approximation by solving simultaneously the 
whole of the groups, using the values already found as 
appioximations to these most probable values 
Examples will be found in the next chapter 
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APPLICATION TO THE ADJUSTMENT OF A PRIANC iULAlTON 


116 The adjustment of the measured angles of a tii- 
angulation net is a special case of the problem discussed 
in the preceding chapteis We assume the reader to be 
acquainted with the construction and method of handling 
of instruments used in measuiing horizontal angles, and 
shall confine ourselves to the methods of adjusting the 
measured values of the angles 

1 17 For clearness we will explain in some detail the 
preliminary work necessary for the foimation of the con- 
dition equations In a tnangulation theie must be one 
measured base at least, as AB Starting fiom this base and 

measuring the angles CAB, ABC, we may 
compute the sides AC, BC hy the ordinary 
rules of trigonometry In plotting the 
figure the point C can be located in but 
one way, as only the measurements neccs- 
sary for this purpose have been made. 
Similarly, by measuring the angles CBD, DCB we may 
plot the position of the point D, and this can be done m but 
one way If, however, the observer, while at A, had also 
read the angle DAB, then the point D could have been 
plotted in two ways, and we should find in almost all cases 
that the lines AD, BD, CD would not intersect in the same 
point In other words, in computing the length of a side 
from the base we should find dififerent values, according to 
the triangles through which we passed Thus the valu^e ol 

if found fro would not, in general, be the same 

m the triangles ABC, BCD, and from ABC, CAD, 



Fig 17 



M*n U \i\n\ in lUIWi.l I MioN, 




It tlu‘ blunt uii ;lu had *ds() lx <*n uumsukkI wo 

^htjuld havt anf»th(u t Mutiadu turn, at isui^ tioin the* nnn- 
sat i*>tai t It lU f i| t lu* 1 ( iat u ai 

n/n \ < /i i \ J/i/) vh*' 

\t>d *‘«*t tiH t I .inlia ijt tiuus <mh, luu \s o ha\ <• ( ousithuc’d 
s»» lai that ui a tiMU*»l<‘ ttulv tun ol the ant; I<‘s ni t* uk‘*is- 
tntd li ill tin* tu‘l liiunth, //*(', the thud aiu;l(*, A7 J, 
wiu .lint nuM* tui'd, ue kunu tnnu sphei u al \ that 

tin* tht«*e au';les slnatld sa(isl\ the leLitinn 

( 4U* i J//(* ; /f( J iKn I spin e\( (»ss ol 1 1 laiiLile 

winch the ineasuic'd values will init do in };(*netah A 
sinnlai deaM*|Mni\ tua v be <*\pu ted m tlu* othei tiMUf;l<*s 
In a tiiaie;ulatiou net, then, with a sinj;le nieasuied 
basc\ in wlut h tin* sub's ai<* to be (oinputcsl hoiu tins Ixise 
thionjpi the* inlet veinn;; ttiani»les, wt* toiu'lude that tlie 
c iMitiadu lions amoie* the tnt*asiut*d an*»It*s inav la* nunoved 
and a consistent h^piu* ol»t nned il (In* anj^.h's aic* adjusted 
so as to satislv (he two c Lessees f*l c onditions 

U) riiose aieane* at each station liotn the lel.itions ol 
tin* aieajes to one anothei at tlnit station, 
riiesc* an* known as /eo// conditions. 

(.») riiosf ateanj; Itotn the »*eoniet tit «d »(*Iat inns tn*(C*s 
saiv to lot in il I losf'd liv*nrc% 

(ill Idial the Muu fit tin* am;b*s ol esuh (iianj;!e in tlie 
tij;un* sliould he rijtial to iSo iiute.iscsl bv tin* s[>Iu*ii(Ml 
f'Xi ess ol tlie tn.inj;le, 

(bi riiat tin* buipdh ol any snb*, as tonipuitsl lioni tin* 
biisc*, slioidd be (In* *iinn* whii(<*v<*t ionic* is t host‘u. 
Iln*se4n(* known .is //f/n/nZ conditions. 
iiH. The nuinbc*! ol coinlitions to lx* satisin*d will de- 
pend on tlie inea* uic*nn Ills made* Imc h t oadition c an bt* 
slated tn tin* loitn ot an et|uation in wlmh tin* most piob 
abb: v.dut*s <»l (In* nnsi aiic*d cpiantitits an* the unknowns, 
'rius number ol csjuaiious being less than the immb<*i ot 
M 
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unknowns, an infinite number of solutions is possible I lie 
problem before us is to select the most probable values 
from this infinite number of possible values 

The general statement of the method of solution is this 
Adjust the angles so as to satisfy simultaneously the local 
and general conditions, that is, of all possible systems of 
corrections to the observed quantities which wsatisfy these 
conditions, to find that system which makes the sum of the 
squares of the corrections a minimum 

The form of the reduction depends on the met hods em- 
ployed in making the obscivations These 
methods, in general terms, are as follows. 
Let <9 in the figure be the station occupicil, 
and A, B, C signals sighted at 'Phe angles 
AOB, BOC are lequired By pointing at A 
and then at B we find the angle AOB. 
Point now at B and next at C, and we have 
the angle BOC These two angles aie mdcBendcnt of one 
another 

If, however, we had pointed at A, B, C in succession we 
should also have found the angles AOB, BOC, but they 
would not be independent of one another, as the reading to 
B enters into each 

In the first method of measurement, which is known a.s 
the method of independent angles, either a repeating or a 
non-repeating theodolite may be used , in the second, or 
method of directions, a non-repeating theodolite only. 



The Method of Independent Angles 

1 19 As the case of independent angles is the simplest to 
reduce, we shall begin with it 

A distinction must be made between angles that aie in- 
dependently observed and angles which are independent m 
the sense that no condition exists between them Thus at 
the station 0 , above, the angles AOB, BOC, AOCTn]ght be 



VI'I'I h \tIt>S lo IKIWt.I I MldN, SSS 

(I tidt'iillv (li one hut W(‘ should uot 

uali tiu'iu tudrjti'udc'iit «ui<',h's, suuc* tiu‘ ioudittuu 

.n>( Aon i noo 

must hi' '^.ttislu'd lu'twM'it flu'ui lU ludcpcmU'tit .uif'les, 
thi'H'toi ill liif ii duitioii, uu'au tluca* lut'.isuu'd anjih's 
III titm.o! whu h all llit* iiuasuii'il auf'Iis »au ht* csiiiosst'd 
h\ iiii'.ui ' "I f'li' (ouditioiis iiuiiuitui'; thfiii. In (lie pit*- 
st'iit ta I’ am tuo ot tin* llut't' angles AiU>, /AH, A(H' 
uia\ In* taki'ii as iiidoja iidfiit, aud tlu* thud aui>le would he 
dt'|)('iid( III. 

Au''!«". iiia\ (« muasuifd luilfjirudt'iitlv citlu't with a 
H'I«'alut't III wilu a itoii Ihrodolite. luiiiiiuiity 

woik a u»»u tc'jif'atui", Ihfodohli' ui whu'h the I’ladmiled 
hmhi.ii'ad Itv mu lo-a oprs luimshed with mu'iouu'tvts is 
to 1 k' pi< (I'l ird Ilif iiu'thod ol iradiug an anj'lc is as lol 
lows! riu' iii'-ti umi'iit, haMii;*, he*i*ii i.iiulullv adpistetl, ts 
diii'ilrd to till' hit hand sii'iial aud tlm miciometui s irad. 
It is till'll dui'i ti’d to till* othrt su'iial .lud tlic mimomi'ti'is 
ai*am ii'id. I'lu' ditli'ii'iu'i' hrt wri'ii ihfa' iradiup.s isialk’d 
a poalHi' 'au'*!!' H- adt I In* w holr opeiatiou is lepratcd iii 
H'M'l .<■ oidit; that is, hi'i'.uuum; with thr si't oud sij'iial 
aud nidiii", with tiir fust,i*niuj' a ucj'ativr iarn'lc lesult. 
l‘lu* mc'.iii ot thi'M’ two u'sull'* is talh'd a I'omhmi'd lesult, 
aud I'. Iit'i* liom tlu I'lioi ansiu*', lioiu uuilonn twisliu}; ol 
till* post Ol tnpod ou whuli tlu- im.ti utimut i.s plarcil, ot 
iiom " twi t ol station, " .IS it is « ailed, 

riu* trh'M ope IS next lutued ii'to ' m a/imuth aud then 
i:to III allilmle, h ixim* the '.auu pivots m the s.tme wyes, 
■mil .mollii'i I oiiihiiied ii'aill ohtiimd. 1 he me.ui of the 
two I ouihiiied le'iilt'i I', tiietioiit eiioi* ol the lustiuiiieut 
.iiuamt fiom impeileit adiustmeuts for < olliiuatiou, liom in 
eipialitv III till' hi i",hts ol the w\es, aud liom lueipiality of 
the pivot's 

rill* di . full lioii hi'tweeii these two eomhiiied i<"adts is 
noted III tlu leioid In *' ti'lesi ope diiei t " aud " tehsseope 
leveiM'," 
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Besides those nicnlioucd Iheie iiic two kinds ol • isti'iii 
dtic enor m mcusuiitif; angles that dtseive s|<et i.tl .ilt«n 
tion They aio the etiois .msnig Imiii the i» /.ui.ii *n 
“ periodic" eiiois oi giadu.ition ol llie hoii/onl.il hinh oI 
the instiuiiient, and the ciioi lioin tlu iiHlnMlinii nl tin 
limb itscll to the hoii/on 'I'lie ellet fs ol liietnsf ni.u be 
got rid ot by the method ol obsei \atioii, ,is lollow • 1 In' 
reading ol the Imib on the lust .sigiuil is » h.ne'.ed iti.ii.ilK 
after each pair of combined lesull.s) bv some .dniuot |Mif 
ol the distance, oi hall-tlistanee, between i onsm nii\e lint lo 
scopes in case ol t wo-miciosotipe and Ihiet* ntniosiope in 
strumciits lespectively. Thus il // is the mmibei ot pans ol 

combined results dcsiicd, the ( hanges wouhl !»<• * ainl 


Fig 18 



respectively with the insliumeuts mentmneil. 'I In* opein 
turn ol u'veisul in lase ttl a llnee ntuio 
scope lustumicnt causes cmi h mnioMope 
to tall at the middlt* <tl the *i|i|»o’iite l/o 
space, the limb n maimn** uin It.ite'e.l, 
Thus if the lull hues m t.'< it jneseni 
the positions ol the mujostoju s with tele 
scope diiect, the dotleii huts show tlien 
positions with telcseope leveise iu tin 
lies the gieatest advantage of thiee mit lo 
scopes over two, since with the latter, in leveiMiif,, the 
microscopes simply change places with each other , willnnil 
reading on new poitioiis ot the Umh. 

The error aiisnig from want ol lt*vel tif the liotiomtal 
limb cannot be eliminated by the method ol tibser v.ilion, but 
with the levels which accompany a gootl itisit imient, .iml 
with ordinary care, it will usually he less than o r. In « ,ise. 
however, of a signal having a high altitude ahove the lior i 
zon, the erroi bom thus source may he gieatei, .itnl then 
special care should be taken m levcllmg. hoj an espies 
Sion for Its influence in any case sec Chauvenet’s 
Vol. II Art 21 1. 

The observations should be made on at least two ila>^ 
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\\ lu'H t on« lit MMjs au* oi abh* Results obtiiiiunl *it dillei- 
t‘nt btuusiil a iia\ ai<‘ ui ruou \.ilu<* than tin* Siiiue miinhei 
ol tesults nbtaim tl nu ditlfieut <la\s at the saiu<‘ houi of the 
ilav I his Ison a<iount oi \atI.ition m (‘\t<*inal eonditions 

OiiHslion o| li!;ht, i»has(*, distnutness^ it tuu'tion, t‘lt\) 


I M \\% Ihi >Ml <o takf tie lollnwiiut i s uiipli , nukinp, us< <»l 

su< !i jou a Uoui !a»i» t < i,ue \ iutt\ f«* ilu ailuto ii\ han<l, and 

fiuiM, il3u Ue jn»itn»a ni funuiita tin tninlttien ttitianous, 

smIvc tt in lii‘i 
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N Him , jn \ ' It 4 «'i, |ft u 

S Hon, jn tl Onrota, tn h 


I M TIh* ilOatl Wiuit m a s\st(‘in ot 

Itiaiiirulaliutt tli(' liMM/oiit.il icad at u station iitc 

adjusttsi lot all ot iIh* louditioiis t'\istm>' ainoit;', tiu'tii, tluMi 
tlii’s** au''U‘s air said to In- locally adjusted. 

Imoiu the ( oiisideialiojis set loilli iii Alt. 1 17 it is leadilv 
seen tliat u( u station oiil\ two kinds ol c oiiclttions ate 
|iossil»le— 

(ii) that an utifje can he ioiiued iioin twti 01 tnoK! 
otheis, and 

(h) that lint Mini ol the anj'les tound the hot i/on shmild 

Int ei|nai to 
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The second of th<\s« is mfhidftl iii I hr hi .1, .tud ihr 
method of adjuslmcnt umy hr .stalnl iii 'OMiri.il irnns .1 > 
follows 

An inspection of (hr fif»uir irpirsrntini; tin* ,iii",lr'> .it 
the station will show how all ol Ihr iiir.isuu d .tn*'!r > • .in hr 
expressed in teiins of .i cril.mi niiiiihri <>l ihini wlorh .iir 
independent of one auoihri. I'hesr irl.itiMir. will •jtvr ir* 
to condition equations, Ol /ihuI .i*. th<*\ .uri.illrd, 

which may be solved as m ('h.iptris IV. <11 \ 

Thus, if J/,, . .]/„ (Iriiotr thr ‘Ui'>,l<‘ tin .I’.til r d 

angles, and 7',, 7',, ?** thru most piuh.ihtr 1 oio 1 tnuri, 

then if any ol the angles .1^, .1/* t.ui hr litiiiu d lioiii othrfi, 
we have, by eiiuating tin* nirasuiril ami nuiipufeil \alur"-, 
the local condition equations, 

Afn [-7-* .1/, I r. 1 .1/, 1 i . . . 

Ar, ht'i d/. I I M, 1 r, I 


or 



• '* h siipposr 

*'1 4 


with 




I Ph‘'k } A*'* 1 ■ • • 1 A*-. .1 miinniuiii 


where A, A. 

The solution 



A (Iriiotr the weights id (hr aiutlr*. 
maybe in grtirial hrsl tamed mil In llir 
tiirthod ol roiirlafrs, .is in t'hap, \ 

The iollowiiit; spis nil <asr*. air «il 
ticquent oceui leiirr : 

(i) At a station ft thr n 1 ••iiiqlr 
aiiqlt's .ffJ/f, , air tiir.eiutrd. 

ami al.so thr sum angle At*!., to liml Ihr 
adjusted valurs ol thr srpat.ile anqlrs, 
allot thr inru,suic‘ri values 1wmiij» of the 
same weight. 
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The condition equation is 

•^1 + ^'1 + 

or 

= / suppose, 

with 

= a minimum 

The solution gives (Art 109 01 no) 

/ 

— v,= = - -z;^ = - 


that IS, t/ie coTteciton to each angle of the excess of the snin 

angle oi^er the sttm of the single angles^ and the sign of the cor- 
rection to the sum angle ts opposite to that of the single angles 
(2) At a station 0 the n single angles A OB^ BOC, 

LOA are measured, thus closing the horizon, to find the 
adjusted values of thcangles 
The condition equation is 


+ + ^« = 360° — + + 

= / suppose, 

with [ pv^'] = a minimum 


The solution gives 



/ 


v^ = n 






where = 

jpi fi 


,andM=[i] 
If the weights arc equal, then 


V^ = V^— = 7 '«= — 


that IS, the lorrection to each angle ts ^ of the excess of 360° 
over the sum of the measured angles 
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Ex T The anjyles <\t sutum N H«isc tlosr tlu , h«,uiimI !u 

adjust them 

Wc have (Ait 120) 

A/i 1 r'i“:T2|.' <h/ !.<)"(><) 1 «'j utMvJit * 

A/j \ 72 in <»*;' 07 1 '*'4 

1 r'j " 122’ 11' i«?" Ot ( *1 " n 


Sum V>t>' <«>' <>r ^7 1 'I } > f . 

rheou tu al bum -^360' <k/ 00" <k> 

local eciuation is o i" '^7 M'j I ’♦ 3 ' 

Hence (Kx 2, Ait no) 

"‘"‘un 

— - <)" 6t 
7»9 r- - (>" 6t 
7'a r* — d" 0() 

and the adjusted angle s aie 

124' ()</ 40" 

it V’ W of n 
laa" u' i*;" s? 


Chcck-smn — '^60'* (k/ (k/ <h) 


Ex 2 Piecisoly as. lu the piccodlng wc may d<*du« c al M Soiuh Him 
the local equation 


O ^ 1' 07 ( ,'4 ( 


and tho adjusted anf^Irs 

23" 08' 05". I ) 
47" Ti' 

70" 3(j' ae," o| 


122 Number of Local licjiiatiom at a Slafmt, If \ •.l.t 
tions are sighted at Iroin a station that is oronpiisl, llio 
number of angles necessary to be incasuied to tirt.-niiint* all 
of the angles that can be toinied at the station ot i n plot I is 
s — I If, theiefore, an additional angle* wens nuMsutoit, 
Its value could be dctei mined in two wa>s • fiinii tin* diiot l 
measurement and fxoin the j — i measures, 'I'lu; ctiiiti.idH' 
tion in these two values would give use to a lot .il (« oiitlifioiM 
equation If, theiefore, « is the total miinbei «»1 .ingifs 
measuied at a station, the numbci of local equations, a*, 
indicated by the number of siipei fluou.s angles, is 

« — I. 
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123 The Genei'al Adjustment. — With a single 
measuied base the nurabei of conditions arising iiom the 
gcomcti ical relations existing among the different parts of 
a ti langulation net can be leadily estimated For if the net 
contains s stations, two are known, being the end points of 
the base, and ^ — 2 are to be found 

Now, two angles obsei ved at the end points of the base 
Will deteimine a third point , two moie observed at the end 
points of a line joining any two of these points will de- 
teimine a fourth point, and so on Hence to determine 
the ^ — 2 points, 2 — 2) angles are necessaiy If, there- 

foie, 71 IS the total number of angles measured, the number 
of superfluous angles, that is, the number of conditions to 
be satishcd, is 

u •— 2 (s — 2) 

JSjc In a chain of triangles, if j is the number of stations, show that the 
number of conditions to be satisfied is j — 2 , and m a chain of quadrilaterals, 
with both diagonals drawn, the number of conditions is 2^ •— 4 

The equations aiismg from these conditions are divided 
into two classes, angle equations and side equations 

124 The Aiigle Equations sum of the angles of a 

triangle drawn on a plane suiface is equal to 180° The 
sum of the angles of a spheiical triangle exceeds 180° by the 
spheiical excess (f) of the triangle, which latter is found 
from the relation 

area of triangle 
^ sin i" 

R being the ladius of the sphere 

From surveys cairied on duiing the past two centuries 
the earth has been found to be spheioidal in form, and its 
dimensions have been determined within small limits Now, 
a spheioidal tiiangle of model ate size may be computed as 
a spheiical triangle on a tangent sphere whose radius is 
where (>,, f>, are the radii of curvatuie of the meridian 
and of the 1101 mal section to the meridian respectively at 


34 
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the point coriesponding to the mean oi the latitudes *{ ol 
the triangle veiticcb 

, Hence we may wiap our tnangulat ion on the spheioid 
in question by conloi nung it to the splieiuMl e\t-i>ss torn 
puLed ii oin the formula 


« (in seconds) 


(7/isin 6 
2/1, /i, MU 1 


where a, b are two sides and C is the ineluded angle oi the 
ti langlc 

For convenience of computation we may wnte 
e =:Xab sin C 

when log X may be tabulated for the aigiiment y’. The loU 
lowing table is computed with Clai ko’s values of tin* ele 
ments of the teircstiial spheroid conesponding t<» latitudes 
from 10° to 70 °. The metre is the unit ot length to lie 
used 


9 
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¥ 

loft A 
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I 40075 

30" 
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61 

*’4I 
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42" 

43 r 
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60*1 

43*’ 

420 

63 


24“ 
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4*^*’ 

4r() 

64 


25” 

I 40589 

45" 

I 4<)ltK> 

65 

1 40210 

26" 

58X 


390 

66' 

S02 

2f 

573 

47" 

48’ 

3H0 

67’ 

6H* 
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28" 
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555 

49" 

359 

69’ 
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0 

0 

CO 

I 40547 
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X 40349 
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To find a, a preliminary geodetic computation must 
first be made ot the tnangulation to be adjusted, staitmg 
from a base or from a known side The values found fiom 
using the unadjusted angles will be close enough for this 
purpose The latitudes need only be computed to the 
nearest minute 

A useful check of the excess results from the principle 
that the sums of the excesses of triangles that cover the 
same aiea should be equal In our example the spheiical 
excesses of the triangles ONS^ LSO will be found to be 
o" 05 and o" 37 respectively 

In each single tiiangle, then, the condition lequired to 
wrap it on the spheroid, that is, that the sum of the thiee 
measured angles shall be equal to 180®, together with the 
spherical excess, gives a condition equation ^ This is 
called an an^le equation^ or by some a triangle equation 

In the triangle N Base, S Base, Oneota, if z/s, z'b denote the cor- 
rections to the tbrcci angles, wo have for the most probable values 

ONS =. 122” ii' 15" 61 + 

NSO = 23” 08' 05" 26 + v^ 

SOI^rz. 34° 40' 39" 66 -f vn 

Sum = iSo'* 00' 00" 53 4 - vz + + vn 

llicoretical sum = 180'’ 00' 00" 05 = 180”+ e 

and the angle equation is formed by equating these sums The result is 
Vi + 7'4 4 - z't -H o" 48 = o 

Similarly from the triangle Lester, S Base, Oneota, the angle equation is 
Vi + 7/7 + z /8 + 2/0 + i" 10 = o 

125 Number of Angle Equations in a Net — It is to be 
expected that in a tnangulation net some of the lines will 
be sighted ovci m both diiections, and some in only one 
direction If these latter lines are omitted the number of 
angle equations will remain unaltered Thus in our Lake 
Supeiior quadrilateral (Fig 19) the line NL has been 

* We confine ourselves throughout to tinngks to which Legendre’s theorem is applicable 
for very luge triangles other formulak for spheiical excess mubt be ubed See, foi example, 
llclmert, T/moriten d hiheren vol i p 36a 
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Sighted over from N, but not from L, so that we have only 

two angle equations namely, those 
lesulting from the triangles ONi}, 
(71.5, just as if the figme had been 
of thefoim of Fig 21 , in which the 
line NL is omitted 

Generally, if s is the nuinbci of 
stations occupied, the polygon form 
ing the outline of the net will give 
rise to one angle equation Each 
diagonal that is diawn will foira a 
figure, giving use to an additional 
angle equation Hence if in the net there aie /, lines 
sighted over in both directions, the number of diagonals 
will be /, — s, and the number of angle equations 

j + I 



If /, of the lines are sighted ovei in one direction only, 
and I IS the total number of lines in the figure, then since 
, ^1 = ^—4 the number of angle equations would be ex- 
pressed by 

I ““ — s -f- I 


Thus in the figure the polygon LONS gives an angle 
equation, and the line OS gives rise to a second angle equa- 
tion from either the triangle ONS or OLS We might, 
therefore, form the equations from either ol the three sets 
of figures, 

LONS LONS ONS 

ONS OLS OLS 

and should have respectively 

^i + ^!i +®5 + V8-f7'0+3 06=0 
®3 + ®4 + V,-f 048 = 0 


+ 3 06=0 

®'6 + «'y + ®8 + V,4-I 10 = 0 


^• + 2'4 + 2'7 + 0 48 =0 
^. + ^7+»8 + %+ I 10 = 0 
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which pans of equations, by means of the relations already 
iound (pp 258, 261), 

37 = 0 

+ — 07 -=0 

^'i + 2'4 + «', + 0 48 = 0 

1 educe to the same two equations foi each set of polygons 

Fx In thequadrilateial AJBCD, xn which all of the 8 ingles are measured, 
show that there arc three independent angle equations, 
and that these equations may be found from the follow 
ing 8 sets of figures 

ABD, ABC, A CD, ABD, ABC, ABCD, 

ABD, A CD, A BCD, 

BDA, BCD, BCA, BCA, BCD, BCDA , 

CDS, CAB, CD I, CDB, CD A, CDBA , 

DAB, BBC, DAC 

1 26 The Side Equations — In a single ti langle, or in a 
simple chain ot tiiangles, the length of any assigned side 
can be compuled from a given side in but one way When 
the tiianglcs are interlaced this is not the case 

Thus in Fig 21 any side can be computed from iVS m 
but one way The only condition equations apart from the 

local equations would be the two 
angle equations But m Fig 19, 
in which the line NL is sighted 
over from N, we have the further 
condition that the lines OL, NL, 
SL intersect in the same point, L 
The figure plotted from the meas- 
ui ed values would be of the form 
of Fig 23 

To expiess in the foim of an 
equation the condition that the 
thiee points L„ />, must coincide, we proceed as follows 
Starting fiom the base NS, we may compute SL, directly 
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Iiom the tii.uijflc and .S/, horn tlic* ti i.ni, A* * 

SOL^ This gives 

MU SM sia SL^N 

siu .SA, sin AiVA, 

sin •SA/' sin A(W sin.S//^ 

sm A/ I sin AAV ^ siiiAiV 

Hill SA, must be eiiiiul lo A/ , 

Ilencc the condition eiiu.itioii is 

sin Sf.N sin SNO sin S(>/, 
sin SNL sin sin Si ' 

winch IS culled u mle n/iurtiint 01 snu' ufuaiion. 


I' \ In iho tinuo" />! 4, the llnu' .mi'll , 



A Hi I llilh I ms I I >'< I , 

tnr I //(•/ I i ttt I 

Hi'i), I { nji I I " < ( 

Ktvi'ti l>v ihc tiunii'li •< />! ///, t/tf\ fit h,, wt\ .Hi 
fu’d .111(1 v<'l till' til'iin iKii 111 I iKiliiiiiii iltilil'id 
Slidw It} ((|u.ili<iK till' v.iliH . Ill /</'i mil A'/t. til il till 
fiiitlui ((iiidilloii III (i«i'i,ti} i>( 

sill f) l/i Mil />'('/ '.III ( ft ft 

tini lifi I Mil < l/t '.III fit /> ' ‘ 


The Side equation 

sni S/.N sin .Sf>A sin AAV^ 
sin SAIL sni SI, (I sin ,S(AV * 

gives the identical 1 elation 

sm SAL .sin .SA sin .Sf> 
sin SL sm .S(^ sin SN ' 

Hence in loiining a side etiuation we ninv pioiTed ine« ii.iin 
cally 111 this way. Write tlown tlie .si'heme 

SN SL SO 
SL SO SN ‘ 
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tlic uuuicititiu .in<l (U'nonunaloi cuclibt'infj toitnccl by the 
luifs i.itli.ilin“ lioin the point .S in oidei ol u/umith, and the 
Inst denonmuitoi iKimi* tlii' stuond munei.Uoi The side 
(‘ijUiition u" lilts lioiii u‘pLi< ini' the sides by the sines i)I the 
aiifiles Opposite to tlieni 

Tlie point .S IS called the pole ol the (piadiilatcial for this 
ecpiutioii, 

1.7 Position of Poll It IS easily seen that in loiining the 
side ecpiation .iiiv vei tex ma\ betaken as pole For plol- 
tiiij; tlie Inline lioin the aiij^les ol the tii.inf»les ON'S, OLS, 
the side etpiatioii witli pole at S means that tlie points A, 
and /j must t.oiiu ide The sale equ.it ion with pole at N 
means that /„ A, eoiniade, and witli pole at O that A^, A, 
<•01111 ide 11 any one <il these conditions is s.itislied the 
<»tlieis ai<* also satisfied, as each amounts to the same con- 
dition that A IS not tliiee points but one [loint 

Similat ieasoniii}>; will show th.it by plotting the figiiic 
ftom I ihVS, VS‘, the side eipiatioiis loimed by taking the 
poles at .V, A, S', mean that O is not thiee points hut one 
point, and so on lienee the side eipiation foiincd liom 
any veites as [>ole m < oiineol ion with the angle ecpiations 
tix<*s each point ol the tigiiie delimlely and lemoves all 
eoiitjudietions iioni it 

- It will be notiei'd that the le.isomng is 111 no way allccted 
by the line i\’l, being sighted ovei 111 only one diiection 

h% t In *M(» tdnl unvhith ill nf tho H .iiigh's aic nuMSuiod, 

nIimw tlwt thr 1 1 nul* tciu.iiions tli.U in.u 7 only .iit dillotoni in 

lonu, and fliaf bv takuiy, ihi aiudf into at tht*m in ly 

Ik* ii*flutt*d In a lotin. 

ANo show tbal Sh w.iv^ td t‘X|u< sstni? tho Ihieo and ono 

shU" nitwiionn lusrs'aiyto d<*tf nuiiu th<‘ ijuadnlatoiaU 


/b n Kxaiuuir thr tiuth ol the lollowuiM state mont In a quadiilatenil 
m uhk 1< «sjuation mi\ ho icqdaitilhva odt‘ ctiuaiion, so Out the quadii- 
lat<Tal miv h(» dftt*rntiiM d U\ ^ uikU* cquuions and on<‘ swlr (filiation, 2 
itujtU* rquitions and a«lo tsjnations tnu in^d<* «s|uati<m and q side oqiia- 
tions. thn numht t ol (oinlmons icmairnnK lour, and tiu lout not htnuff all ol 
kind. 
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128 If the tnangiilation net, instead ol involving cinad- 
rilateials only, involves cential polygons, such that, in toni- 

jHiting the lengtlis ol the sides, 
we can pass lioin one side to 
any other thiougli a chain ol 
tiiangles, the same piocess is 
followed in loiining tlu“ side' 
equations as in u <iiiadiilateial 
Thus in the liguie which leji- 
lescnts jiaiL ol the liiangula- 
tion of Lake line wc'st ol Uuf- 
falo Base theie aie vSido ecpia- 
tions fi om 



the quadrilaterals CDIIG, GH 1 <A 
the pentagons GABCII, IIGDEF 

The scheme for the pentagonal side equation GAHCII, foz 
example, would be just as in the case oi a cential qiiadii- 
lateral, taking G as pole, 

^ ^ ^C_ GII _ 

GB GC GH GA ~ ‘ 

and the side equation 

sin GBA sin GCB sin GHC sin GA// 
sm GAB sin GBC sin GCfl sm G//A ~ * 


129 Reduction to t/ie Linear Form — Thus lar wo have 
consideied the side equations m their iigoious Ibun But 
in order to carry through the solution by conihiniiig thorn 
with the other condition equations they must bo leduced to 
the linear form We proceed to show how this may be 
done (See Art 7 ) 

Let the side equation be 

sin F, sin 

sin V, sin ~ ^ (0 


where V„ V„ denote the most piobablc values of the 
angles Let M^, denote the measured values, and 
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‘Vy,v^, the most probable collections to these values , 
then the equation may be wiitten 

sin {M, + Vy) sin {M, + v,) _ 

sin -f Vy) sin [m^ -j- z/j 

Taking the log ol each side of this equation and expanding 
by Tayloi’s theorem, we have, retaining the fiist powers ot 
the collections only, 

d 

log sin My + (log sin Vy 

- j log sin + ^Oog sm | =0 (3) 

which may be written in two foims for computation 

Fust, il the corrections to the angles aie expressed in 
seconds, we may put 

Wy Oogsin^,) = rr 

where 5 ' is the tabular difference for i" for the angle My in a 
table of log sines. Then we have 

(i'vy — (i"Vy + -f. log sin My — log sin My-\- . = 0 

that is, 

= ^ (4) 

where / is a known quantity 
Secondly, wc may replace 

d 

(log sm My) by mod sin i " cot My 

where mod denotes the modulus of the common system of 
logarithms Eq 3 may then be arranged 

Cot My Vy — cotM, , . . 

= io’ mod sill I" + ) ( 5 ) 

if the seventh place of decimals is chosen as the unit. 

35 
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For convenience of computation there is not much to 
choose between the two forms The second is pei haps, on 
the whole, to be preferred in oidinaiy triangulalion work 
with well-shaped triangles 

For the method of computing log sines and log dihei 
ences for small angles or foi angles near i8o°, and also il a 
ten-place table is used, see Art 7 

130 Check Computation — The side equation deduced 
from spherical triangles must also follow fiom the cone- 
spending plane triangles, the angles of each spherical tri- 
angle being transformed according to Legendre's theorem , 
that IS, for example, we should obtain the same constant 
term I by reducing to the linear form the equation 

sin SLN sin SOL sin SNO 

^mSNL %\Xi SLO ^vsx SON ^ 

or the equation 

sin {SLN — 5) sin {SOL — sin {SNO — ^) 

sa^\sNL-i) sm{SLO-‘i) 

where ^3 denote the spherical excesses of the triangles 
SNL, SOLy and respectively 

It affords a check of the accuracy of the numerical work 
to compute the side equation with both the spherical 
angles and the plane angles It is evidently simpler to use 
the spherical angles, so that if but a single computation 
IS to be made they should be chosen 

For a check of the coefficients of the corrections we 
have, by expanding the second equation by Tayloi 's theorem, 
the relations 

€,( 5 ' - (J'O + - 5 "") + = o 

or 

e,{cot SLN ^ cot SNL) + €^{cot SOL - cot SLO) 

+ e,{cot SA^O - cot SON) = o 

for the first and second forms of reduction respectively 
This useful check is given by Andioe 
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owl to ihtM* {)} tf *»s ol th t iiiials Wt havt* i ikfU «* ,it|» o t^, ami o\i« loi tlu^ 
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excesses of llio )>iiij(Ie triangles / A V s, t \i\ lUil > , i i'<< < " 

tn.ingloAA(^ The liiht iwo .iu‘ mnn m- iih II im tuJ<t ^ 

Sntmti Mnm f»/ AW;/*/; u 
Mfi /• ; 


() <)()i8()f)t),7 

o eHho s 


()S ?()()()<) M \ 

I uM7«v 

U ‘M /y !,»♦ 

q <)7+7<»'^b,i) 1 

o iSio.s, 

<) UMl II 

Siod) 






iio,o 

log I loin^ 


r 

10^ mod sin r" 

log S (»7b(»i 



I) 1)77(17 

ti i)< *1 


and the side equation is 

() 6786 t'i o t o n nsiji ^ 

This result may he t lu*( ked m th«* hainc* wav as in dn hi i in n* 

In reducing a side equation to the hneai Imin »h* Jli »> . lie « i 
loctions should be tamed out to one |ilue id d(» nual I oili < th o* in* \ 
lute term This for a slum lonqKitatnm vvouM lu uniM«« u i "i j* 
reduction of sin exttnsivw tiiangulatum net it i* iiinbud m k, h, 
accumulation td eirois fioui the dtopidng id tin laM iM.m* ju j i ^ be i ^ ^ 
quotients 


It Will be noticed that lu tlu* jntHrdtu;; rs.nnjdf \w 
earned out the lofj. sines to 8 platers ol th t una! ♦, llir v v 
place bemjf the unit This is unipiv siilta k iit. in pjuu.iM 
woik, foi oui piosenl nicthods of nic.tsutMm'iit, ,is .ihc.tih 
indicated luAit 34 . ludecnl, it is in 'iitlutdif lu 

carry them to 7 places ol <let iuials uiil\, >111 uiditsit t ' pi . 11 »* 
table beiujf used As theie is lut H pU e l.ihlr pnl.lcdi^ I, 
the labor of formiufr the lo}?. siiu-s with .» lu pl.ur l.ibli' .u.-l 
then cuttiiifr down th« losulls to 8 pl.urs. is, m t, ^ 
cases, hardly justified by the extra pie. isioti .ittani.sl 

For a iccondaty triangulatioii o pla.es ot He. utrai .. .mkI 
for ateitiary tnangulation 5 places, niav Ik* n’.<*tl. 


♦On iht Cowt Suiv.yunil I-iik.- Surt«v th<. i,ri.i..f „i , 

carry out the loK sinm to lo pi s of dot iiimIs. Oit tlie I ni(ll ti 1 1. 

CKned out to 10 placu, hut on the moti- nindoin l.rui li„„„ „ 

pi wee only In the truiiituUtiim o£ 1 icnin irl., Anilj.. u ,l , ,,u, r. 

lowed by tli« Pruiiian, Italian, and other tnotlvru ratni{ie4ttt i-mrv ^ 


*|l** T T it 

' ^ r n , 

' W 

I ITi *, 
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ni \Vt‘ liav(* s<‘t*n that tho cn(‘lfuMt‘nts ot the. c(>nc‘c- 
tioiis in a st<h* <’<iuafu)n au‘ i»i\cn hv th<‘ dillcunucs lot 
I oi (ho lot; smos ot (he ant;h‘s, 01 l)\ the < olanf;<‘nls ol the 
ant;h‘^ (luit <nl<‘! Now, siiue an (‘(inable dislnhutiou oi 
eiiois aiisin*; hom tin appioxinude* ( oinputtiliou is best 
attauH*<l l>\ scHUinu; th<* f'leutost [lossd^lo e‘i]iiahtyol co- 
ottu tents llnoiit;hont (he londition e<iuati(tiis, and since the 
coefiu units ot the cot ie< tioiis in the etinatious aic 

I I 01 I, It lollous (hat it \\<Mild l>e most eonvenumt to 
put the suh <‘<iiiations on (lu s.ime looting *is the anjj;lc 
etjualions To do tins \vv may divide tlie sid(‘ et|uatu)n by 
siu li a nmnbet asv\dl make tlu‘ Vidut of the c:o 

tdfu lenls <<iual to inu(\ This, foi anj;I(‘s oidinai il y met 
with in Inam* uiatiom would lK*efl(uttal b\ (iikmj; the sixth 
l»la< e of dee nnals as tin* unit in the* side (a|iuition 'Phiis in 
mu e\amphs div ahny; bv lo^ whuh is appi o\nnal<‘ly the 
mean of tlie e oellu nails, and \\!u<h amounts t(^ tiu! same 
thin;; as espiesstte; the he; ddleien(*(*s in amts ol the sixth 
plat e if\ du nnals, the ispiatnui may Ik‘ wiittem 

t.He, ti.os', I I t 1 -^ch) o 

Il would havt* betm et|uallv ( 01 ua t to have multiplied 
t\u h of the ani»h* cspiatnms by 10 , and so ba\e put them on 
tin* same footin;* as the suh* ecjuations l>ividiu^ the side 
eciuatious is, how<*vei, to be pieteiied, as tin* < oeflieients 
ai(* made suiallei throU]i;hont, and tin* fotmatiou and sohe 
turn ot the noimat (tpiations is c ous(*(|ueutlv casiei 

A stuknn; «lifleM‘ine htdween etunlitiou t*(|uatic)ns and 
obsei vation et|uations is hen* bi(mj;hl out As a condition 
ei|natittn e\pi<*sst*s a lupnous lelatioii amonj; the obsei veil 
(jnantiln*s aito;;f‘tliei iud(*pmnlent ol obsei vat loin it may lx* 
multiplied <ii dt\ ided Ity any nunibei without afle< tiuj; that 
letatiou; with an obset vation et|mition, on the otbci hand, 
the flits t wotdtl be to iiiciease 01 dunintsh Us weifjht,. 
(t'mnpare Ait 

i pt, /hw//e// 0/ /Wt\ In a tpiadnlateial, taknij^* any of the 
veitnjesas pole, the <amdtision was i(*aehe<l in Ait 137 that 
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any one of Ihc icsulfm^ fonir< nl ‘ii|» « qii.iiif m ,i 

good as any othci in s.ilisl\ iiiq die* tun'IinMir. 

But when a side cquafioii is itilnifd tn the iine.ii {-(He 
and IS no longei lif'omtis the (|tifs||<iii tliMUf, l.nfli < 
notice 

Two points aie to lx- cDiisidfieii pti i r.itniol le idt-. ,-'n< 
ease of comimtalioii As ifijaids liic liisl, -ii.ir t!ir tluP- 
cnees 111 a tahit* of loj^. sines aie iiioii hai|ih il«liiie<| ! i 
small angles, and these ilifleieiiees aie ll.e iiajtmntl "t 
the unknowns in file side etiuatnin. It m j-.r t»r ; ' 

that vci tex should be ( Imsen u hit h allnw ■ the iiit t • idu* t e <i( 
of the acutest angles initi tiu' siih* tijiialion 

Laboi ot coinpulatioii will hes 4 t\ci| b\ i iiom uqi du* j |i( 

so that as lew sine teiins as possible i iilei I l.us ‘h\ 1 1 

mg the pole af (), the niliiset tninof the di.ip.nnals 1 1 n; / m, 
the side ctpiation would (onlain d teiin* , wheie.i* it f lUfii 
at any of the veiliees ouh h teiiiis \u.ul,! eniti. A’ 
othei things being etinal, we sln.iihl i Inn.-e (bat p..’i m 1 i. I,' 
mtioduces the smallest nuinbei of unkii..uie into tiie r t,o,. 
lion, foi then the iioiiiial etpi.itinie. would la innie r.i i)^ 
foiined 


n the a[)iiio\iinale loini o| solution m \it i n, i , t m 
ployed It IS ad\!intageous to t house the pole .q ih, , 

section, 0 , of the diagonals, as wilt be .ei n m lie «t|i|. i 

133 0/ lujiuttmis t,i ,, Wf, \ 

taken as ,i liase, its evlienuties aie kmmii I*, to. 
point we must know lh<‘ ..tliei two ndt < oi tin .q 

which this iHiml isto be the veites Hen. e it w, ha\ , a 
net of mangles i onneeting t statuiiis, two of fht 
ciug Ihc ends of the base, we must have, in oolei fop..,! 
he figuie,2(t 2) lines besnles the bav . that , , 
lines 111 all . * * 

Staitnig fioni tlie bast*, each line u, ibe ti.*iiie ,an t > 

computed m but one wav. Inil niu win the, 

obscived ove. m one o. both tinet „oie,. . an be 

If, then, the total mmibei of hm-s i„ ,h,. ^ 
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ber of side equations, as indicated by the numbci of super- 
fluous lines, IS 

/— 29 - 1-3 

134 Cluck of the 'lotal Nianbir of CondtHo)is — Leaving 
local equations out of account, il I is the number of lines in 
a hguie sighted over in both diiections, and j the number 
of stations, the total numbei of ang.les in the figuie is 2/ — ^ 
If 4 ol these lines have been sighted ovei in one diiection 
only, the number ol angles is 1 educed to 2/ — /, — s 
Now, the number of angle equations in the hgure is 

I — ‘ /j — s -[- I 
and the numbei of side equations is 

/ — 29 -j- 3 

the total numbei of condition equations is 

2/— — 39 -f- 4, that IS, n — 29 -|-4 

where n is the number of angles in the figure 

Bui we have seen in Ait 123 that the lotal number of 
conditions to be satisfied among the same n angles is 

w — 29 4 


We conclude, therefore, that the conditions are completely 
covered by the angle and side equations 

135 Maimer ol Seleeiiug tlio Anglo and Side 
E<i[uations. — In the selection ol the angle and side equa- 
tions in a tiiangulation net we have two dangers to guard 
against first, that we omit no necessary conditions, and, 
second, that we admit no unnccessaiy ones The rule 
usually followed is to stait fioni some line as base, and plot, 
the figure proceeding from station to station, 
writing down the conditions that evpiess 
the connections ol each station to the net as 
the net glows 

Foi example, lef Fig a/iepiesent a tii- 
aiigiilatioii net Taking 4 l/>’ as base (Fig 26), a third station, 
C, gives an angle equation from the tiiangle ABC A 
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fouitb Station, D, j^nos in acltlilinn .iin;l»' r()ii.iii<»ii* l»<tni 
ADD, ACI) , sulo eiiiiation Imm !/U /> \ liilli (mint. /. 

tjivi's in jnbiitnni tl'i;4 i .in),I»‘ it n tir 

liorii .1/1/ , ,l/>/‘, ‘.nil’ ••iiMtnni timn 

ADD/'. 

W( liavc tlms III fill ( < iiiijili ft* It"' nif 
.’/) “j •iiis'li* I i|ii.itiitii', .iin! * • I'lc * t,ii I 

tions. 

C/i<<^ Ninnhi'r of stations «; 

Nuinix'i ot lines o 

Nunil)i*i of ana'll* <'i|n.ilion', o s M 

and Nuinl)i“i ol side i i(u.il ions o * j < • 

As an illustiation ol the* dtl 
ficulties wliith nia\ atise ni sc 
leclnifjf tlic anf{lc anil .side e((na 
lions, let us take tlie ti ian(;ulali()n 
aioutid the ('hie.ifj(() Hase (1S7;) 

It IS reiiicsented in (he li^’tite, 

l^roiii the tule.s laid down in 
Alts 125, 133 it follows that (heir 
aic in the adjustment to an^le 
equations and 8 side I'qnations. 

The peculiaiity of the system 
is that the station A is vety close > 
to the base line Dh. Thus the jt 
angle equation fioiii the triaiii'le 
DBF 


/iDF 

00“ 

00' 

(xAHii? I 

« 

FED 

00" 

<X)' 

1 


DFK 

171/' 

So' 

1 1 . 



m" 

50' 

5H".7.H I J e 

1 


I8u'' 

<X)' 

no".(xx> 

• 

' 0 


I"..’! .7 { 1 J 

• 1 A i . 


111 the selection ot the shle ecpiatioiis it is advisalilr to 
avoid those quadrilaterals m the iq.urc nliuh au* eiitanf{leil 


ris.,»n 




I 

/■ 


' V 


1 ! 
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vvitlitlK tii.in-'lc , tli.it IS, (1 h quad) il.iti‘1 ills /'/V', 

IU> 1 ‘! ^iilUl III) < \.U)i|ilf, )1 u( t.ilvi' llii' (juiidi iliitoiiil 

O /'/•/' w. hav » , III unit' ut lilt [»l,ii(‘ ot <l<'iat)ial.s, 

|tnli al l(ii‘ idi' ( qiiatiiiii 

s t j, ’1. M. . i.iHii;.', )i) 1 

1 ’ll iJiiij.', (itiiH)V <’ 1 (',) !<) I ^ 

Null , Miu I j1i»' I iw 111 ' K Dis ui , , , ,•*, ai<* (‘!i( h less than 

' IK till thud pl.lt I , till (‘qu It lull IS KIM) Is t h(‘ SiltlKI US 

S. 1 , / !>' /'•,!.' ! .'.I I "> iHii?', ji) I ^ 

III disidm , hs 1 I and n idai in;*, by v, 

I. I I I 1 0(11; I 

whiiti IS mails tin >aiii«‘ ,is llu* .iiij'lc i-tju.itioii liom tin* 
Ij i.iK;dK lU l\ 

Siiuil.iils till' qii.idi il.ifi lals AW'/'' jjis’e Hsspoo- 

tiviis . m ',ii 1 till I M< till n ut*. U'*s than s ni flu* lilth plai'c, 

I Mk*, I 'll. 1 I 1',) ii.Jqo 

<< ' 's‘, j ' I'*",* 1 I ! id.' 1 

bill!) Ill ssl.uli I spii . a|>]iii)Miiiali ly the s.iim' udatniiis 
aiiiuii ' 111! aii'.li "I lh( small tii.iKj'lc /V'A' a'. th< .ii)f*U‘ 
I ipiatiiiu liiinu'ii liiiiii till', tn.iiii'li'. VV<* thi'U inic iinuhtdr 
tliai m ill!' tut III iliMii III till I iiiulitiiiii <‘qtiatii)ti.s ollii't 
qii.td) il.iti'i.il . til. Ill till M ‘.hiiiilil Ilf ( liusrii 

I ill. \'; UK, Ml *.i In tin,'* tlif '.nh* fqualiiiiis in a net caitt 
iiiiist b.‘ t.iki'ii that iinlv indi-pi'iidnit c uiiditions :uf 1 liuscn 
thin III I'l", ' vvf nil*', III have < Inra'ii llif lulliiwiiif* fi^ht 
qnadiil.itr lal . Iiiiin ss lin h tu liiiiii thf side niuatnnis 

Jb/'A. AW'O; 

\unb, .l(A 7 ', A 77 'b’ 

•A (aifliil f s.iininalt'in svill sliiiss that these iiqtiies aie not 
iinh peinh III, 1 m, lakinj*, the luni, ,/A 77 ', .Uilth, 
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BDEG, and choosing G as pole, which is common to all, we 
have the side equations 

sin ADG sin DB(^ sin BAG _ ^ 
sin DAG sm BDG sin ABG 
sin DA G sm ED^ sin AEG _ ^ 
sin ADG sm DEG sm EAG 
sin ABG sm BEG sin EAG _ ^ 
sm BAG sm EBG sm AEG 

sm BDG sm DEG sm EBG ^ 

sin DBG sm EDG sm BEG 

which equations multiplied togethei reduce to the identical 
form 

I = I 

showing that from any three the fouith may be found 

The entrance of mutually dependent conditions would, 
however, be detected in the course of the solution of the 
normal equations, as we should arrive at two identical equa- 
tions , or, in other words, one of the correlates would be- 
come indeterminate 

If the rule given on p 273 is followed closely this 
repetition of conditions will hardly occur 

A A 




vri'i i> in ikiwi.i 1 


•77 


l i;. Ill llic cv.mijtlf < Imsni i lM.i- >S) (lie lion ol (In 
uii*l Mile * (|ti itiDiis 1>«* tiuitlc in IIk* InlUiwuifj 

pitt« liiiiii fin Inu* !/•’,. iiul atldiii^ station to 

station and liin* to lim till tlm loniitlcto is loat Iind 




I'loni I’l*' 

''h 

I'l laii”. 

l(,7l 





4t 

d/'/; 





l< 

/;/ r. 

(}mid 

Jh/.’A’ 

Kioni Im“. 

to in .iililition, 

44 

/>A(/ 





f« 

/tin; 

<( 

JAA7> 

I'toin h'ls' 

;t III addilton. 

44 

n.M' 

44 

Af,7)h 

Ki'oiii Im". 

t ' 111 addition, 

ii 

/KIF 

(4 

A <;/)/>' 



41 

lUU' 

(4 

udh: 

h'loiii I'l", 

1 1 III addition, 

44 

libh 

44 


l*’iom I''i'«, 

1 1 in adtiilioii. 

44 

n.K 

44 

A( /Ih 


1* 



<( 

( iinH 


In all to ,Mif;U* «t|iiations ami • idc ('(luafions, as sliould 
hr (p. .•ni 

t tH, Wr inialh n<*tn r tlir nn.ithynunt lor solution of flu* 
( omlitton r«|natton'> in ilirnrt adjustnirni. On fust tluinp.hts 
it mij'lit M-rtn that it would Ik well to aii:in}*r tlir annU! 
rt|uafioiis ami .nlr »'»piation*, in two '.cpaiati* .sets, and so 
tartv tlirin tot watd lot solnfion 'riir. was iloiir in .soinr ol 
thr oldrt vvoik. ’ I hr only ohjrrtiou to doiiif; it is (lint tlir 
procrss ol fimlim* thr i oTirrtioiis is niotr tionhlrsonir. lix 

ifiti t'/ ♦# If «i ifi /» t* *^f 

'n» 'ifUi I** *t, ti I t i 
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pciicucc shows Uuil th«* snlutmii '*1 ,i ■ I't r >•( 

tious IS much il the < <m Hu i< isl . .c < ..'i.i' 

the steps ol a stall i.ilhu than 11 1« j’ul.ti i\ lea 

l^wli 1 1*//'! t 

irf/M' 1 K'/'ii' 1 1''>! 
lA h- 1 i« 1 

IS a uioic lonvenicut lonu h*i soliilum than 

l^w|.» 1 |n/a) j/ j 

In I i|A'( ;,/i 

1 |A|- I !/-/'!> !■'! 

The coiulitiou I’liu.itioiis slnnihl thricluii la n .‘ii.io >‘i 
that, as fai as possible (and it catniut alw t\ la ibiia' ,il f''< 
first tiial), the noiinal e«iuatioii* will tall 01 llu in I ni < e. 
above foiins lathci than tin* sfuuul \ ri..] h.' 1 t < 

begin with an angle eiination, pioM ulni”, Iimmi i* .m i< • • 
triangle until the points gone om'i an* (nvr'i«»l a o 
equation, and then inti odtn e if. Continin tin pitt.» 
the icmaniing sets ol tnangles 

As to the angle equations fluiieihi , if in.iU'o <«l 
little wliieh tiiaiigles aie taken fo loint tlifui II i )(»<t >, 

how evei , to ,i\ « Mil |i.,)ii> ji • iVi 
vet\ small ain'li . «n !i as / ' M 
in I'lp,. and, wlnu .in 1 « < 

vei V small oiini, in ,h>mi| ’■*) 
unj'.les invohni" an de in*» * 
dtafe h' eontieuoii fi*fli»*i sn ill 
angles. 

1 to. In the ( Mil.tiMfinn ol < •)< 
toiination ol lln stih iqn.ili oi . 
we have a’ siiini d fh il, flu » i,i 
putalion ol oiH" ide itoin .inol 1 
assumed ,»s b.t 1 , b^ di)h - » 1,1 
loutc.s we pioeeed fhtongh ihams oj in.iiedi' I f«« 
omission of teitani lines in the nieasnieinenl nun m ik il 
nccessaiyto ptoct'ed thiougb poUjpins and lln u fi.* iin 
mation of the suit) e(|uul ions Itetonies moie «omp)a..lid 
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\ illustiation o( ( ms ni the tnci!i«>nlati(>n ol Lake 
Su]tt*ip>i ii.'yintrai K«*w( ( iiaw IJas<% its show n m Imj; 35 
lit U‘ th< It iOt* iS lm<‘s iUid «S stations, letiiunni; 5 side 
(tHKitioiN l*mt t rtlui*; iitnn the line IXi iiinl addinj; point 
to point, ut hnin tin* Inst loui side (‘(piatious lioin the 
(piatlt ilidt i.tls 

//(./)/, //r./'/s //A/'(, CP/*/} 

\\ nil thest theu‘ no ddin nltv 

1 In* Idth sale etjuatnin is luinished l)V the pentaf^on 
l/}( in We tiinnot ('<»inputt‘ <ln(*(tlv iin y spta died side 
td tins p(*nta*»on lioin anotliet snh* tliioui;li tiiani^les only 
\ lilth* iOtilut, ho\\t*\<‘i, will eiiiihlt* ns to do this Snp- 
p»iM' tin* line ( /} diawn C'.ill tin* iinf»h‘ (//>(" i and 
/ ( /} r I Ins rn*w Inn* ( /} <pves an iidditional sidc^ 
(*t|na!hnn W<* takt tin* twm pent.i{»ons //>( A/\ /)/*(//*i\ 
I'toni tin* Inst pf*ula;»on, l/X P/K 

( /• ( /} r/ r// 

< n (I ( 'll ( /'. ' 

Ol 

nuip/Xt ! i\ sni^'//> sin ('/»’./ sin^AA' ^ V. 
sni ( P/^ sm < MHi j t) sin i /// sin C' A'A 

«uh 1 Innn tin* set oud penta;»on, nP(t/*\\ pok; at A, 

AV. A A AT 

hd hl> i'(. I'D ' 

»>r 

.111 I'.dh Mil hl'(i Mil l‘( 1‘ SIIl{/'/V/ I I) ^ ^ 

Mil I'lHt MU l <il‘ MU /'/’( MU I' 

I' (.III III* «•v|t^••.M’ll ill tcniis nl i lioin (li<‘ 

{ Id' , lliiis 

*r \ I hn \ f'lx; i 1 i.'io 1 f (3) 

will'll* / I'^tlll splll*iu.ll I’MI'Silll llll* tll.llljill' ( Id' 


i *tvf * Khftf i } -WriM, f , 
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Eliminating x from equations i, 2, 3, and the required 
side equation results 

To find it write (i) in the form 

cot {EDG-^-x) 

I sm CAE sin ABC sin BBC /tnr' 

~ sin AEB sin CEE sin BA C ^TBE ~ 

from which the value of x follows at once 

Hence since y is known from (3), all the angles in (2) 
are known, and the solution is finished in the usual way 
If chains of triangles intersect so as to form a closed 
polygon, this method may be employed in simple cases 
Such forms are, however, in general better tieated by 
other methods, which will be found in works on the higher 
geodesy 


140 Ex — A^nstment of Uie <taadnlatoral (Fig tr,) 

The method of forming the condition equations having now been ex- 
plained, we are ready to adjust the quadrilateral NSOL, as promised m 
Art 120 

The condition equations have all been formed in the preceding sections 
Collecting them, we have 

Local equations (Ex i, 2, Art 121) 


4- z's = — I 37 
Z'd 4- = — I 07 


Angle equations (Ex Art 124) 


^'3 -I- 2/4 4- — o 48 

Z'e 4- Z't 4" + ^9 = — I 10 

Side equation, the unit being the sixth place of decimals (Ex Art 130), 


I 43^1 - o 92»a - I 93Z,, + o 741,, - o 431:,, + i 77^,, = _ ^ 


00 


JedTn &°e‘*or?er explained in Chap V , and we shall pro- 

ceed m the order there given for the four forms ^ 
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Al’l'I.lCAlION ro IRIANCULAl'lON 

I'lRM SulMION — Ml lliOll Ot iNIH I>I NDINl’ UNKNOWNS 

'Ihcn 1.1 nn> .) unknowns uul e, tomUtion cqnauons (onnectiiiK thorn, 
then must !.<• ^ tmli jh mloiit unknowns Wt shall thoosc j'j, 7.4, r/j 
spit Ssinj; all o! iht unknowns in uiins <>{ (host* foui, wo wiilc the etju itions 
in tin fnim 111 ol.stivition tipi uions. ts lollows (sen Ait lu;) 

' * ' w(ij>ht 2 

<* I . “ J2 

't ;*i '‘fjt - 1 'i? 1 1 

* i 7^ “ 

i .'0 “ (i (i) 

'• 1 f .'!> f 1 07 “ 7 

* 1 '4 '1 I o h() ** 31 

I <» i *, I o 672 «^ I 31')! 1 

« M » '» * 4 J <W»fn '1 I 67* 1, I H 

IlfMut th<* noimul uiuatirHis 



Solving th( It <(|ualious (pujrc 280» wt* Invc tho v.ilurs of tlu‘ <oj- 
tvi tiuns 

'*'» It" 82 Pi - (j'" 2'^ 

r'M <*" t'l. O" 17 

*tnft thcMur (tom thf* totuhticHt or|uahotiH 

JUi i" n 

v»fl f o" Pu — o'' oH 

I*, o" 07 

Ihrsc f ottt f iiotts applied to the measuidl Voilues of the an^Ieh jarive th(‘ mof»t 

ptohatde valueN as follows 


A/i 

I'M 

Oc/ 

H7 

d/« 

70" 

19 ' 

2 l'' 

()K 

d/, 

n \ 


«M’ 71 

d/. 


40' 

V)" 

•So 

/if, 

l/U 

11' 

Is' la 

. A/u 

h' 

|1'' 

01^" 

t ‘7 

/l/i 

Vt 

oV 

*»<OJ 

Afu 

v»' 

SI' 


7 i 

A/u 

47 


lo' Of 








282 THE ADJUSTMENT OF OBbERVATIONS 

The Precision of the Adjusted Values — (a) To find the m s e of an obser- 
vation of the unit of weight (Arts 99, loi) 

From the above values of the residuals v 

\pvv\ = 7 53 

Check of Carrying through the solution of the noimal equations the 

extra column required by the sum [///], we find (page 284) 

[/H = 7 54 

Hence 

r 9-4 

= ± i" 23 

(b) To find the weight and m s e of the adjusted value of an angle 
Take the angle NLS Proceeding as m Ait loi, we have 

F^NLii 

= 180 + £ — iJM a 4” -H vC) 

<37^ = — 2/a — «/6 


Hence from the extri column, the sixth, earned through the solution of the 
normal equations (page 284), 


= o 053 

and therefore 

I 23 ^0 053 * 
= 0" 28 


weight and m s e of the adjusted value of a side, the 
base, NS, being supposed to be free from error 
Let us take the side OL We have 

F=OZ 


^ Sin LSO 

sin SON sin OLS 

— (^3 + g'3) sin {Mt + z/q) 

sin \IiI^ + Vi) sin (ATa + V9) 

ways 


For check we shall proceed in two 


MM-I It \I lt(\ I'll 'IKI \MiUI \llo\' 


(Ml ^imiil A ihm ilv . tin u 


V 



♦^J/t * ^ )/ 


I/. 


■) 


•Si 


I ' M m*K » , ti I tfm n H p , 

< * «* I p j ^ ^ 

liV ‘ uJi iihjiiiii 1)1 ^ « littf N ti(Mi} 1, 

( in\ ihtf)iu*h ih) oMti^ tiftiniat t t{tt Utons tluM \tux it 

♦ l.\ llir It tiHi ( • 0 




ti I M 1 f 1 1 **)!!! 


( M *1 4ki 1*)^ < »it<c f** m( fh<* fM|u.itu)ii , ihi u 

liv, / ’ult »V’» * i«o* lit t >/ ,t I |)l^» Mil ( >/rt I ») 

Mil (1/ I ;» > 


lt»K (J/m I .*«) 


Mm %»mr* A % tu luvi\ in unit»i ol tln» '.Uih pla<<» t»t drcinuils, 

^ I *4 1 * t‘ p *t i <n ' I, s’ I 

‘•I I * I M» , I I ) nht htmt ri|uai»t>nN I 

llrinr (kmu Oir ] i^t iMlmnn ^thli d Oi ihr Mitutmii til thn tmtitwki ft}u«itinn% 
y t HI mm id tlir lUth }»l*ut* <»( tlminatn 

. M »• .. 

t > HI mm 4 fd ihr ^uth pUtr of fii'tuiHd't 

Now* MriM» M>» 

/ I tm*d 

411*1 1 1) 

/ t*ti *(im» 



284 the adjustment of observations 

The solution of the normal equations, with the extra columns required by 
the weight determinations, is as follows 


er, 


»4 

^6 


/(mgle) 

y(sxde) 

ytsicio 

+ 4883 

+ 5070 

+ 7245 

+ 1 1 

+ 544 
+ 2409 
- 2 29 
+ 3582 

- 53 4 S 

- 2930 
+ 83 79 

- X 

- I 

- 0 007 
\ 0 171 

1 0 056 

1 0 253 

- 0 18 
t- 4 50 
\ I 15 

1 6 03 

+ I 

+ I 0383 

- 06743 

+ 0 1114 

- 1 09)6 


- 0 0001 

- 0 0037 


+ 198082 

- 6 6430 

+ 427253 

+ 184420 
+ J 3784 
+ 35 2140 

h 14 2038 
+ 78652 

- X 

~ X 

0 

h 0 X761 
t- 0 0527 

■» 0 2535 

0 

4 4 6 *^ 7 * 

{ 1 3 J 85 

I & 6501 

1 0 txxi 7 


+ I 

- 03354 

+ 09310 

+ 0 7176 

h 0 0505 

h 0 0089 

1 0 2 3^>6 



+ 40 4972 

+ 75630 
+ 180445 

+ 126322 
+ 10 1114 
+ 15 0910 

- 0 ^355 

- 0 0687 
h 0 0505 

1" 0 1118 

1 0 0894 
h 0 0016 

1 2 9002 
+ 2 2B67 
\ I 1089 



+ I 

4 01868 

^ 0 31T9 

- 0 0083 

1 0 0027 

+ 0 0716 




+ 166317 

+ 77525 

t iz 1510 

- 0 0057 
h 0 0028 

1 0 0690 
+ 0 0003 

1 I 7154 
+ 0 2<*70 




+ I 

4 04661 

- 0 0001 

I- 0 0003 

4 0 10^9 




[^«] = 

+ 75376 

0 

0 

1 0 1832 






iili 

0000 

0 0000 

0 0016 

0 0003 

0 0000 

0 0007 

X 1080 

0 207& 

0 Z8J2 






0 0533 

0 0019 

X 5001 







= »i 



The solution has been carried through to foui places of decimals, on account 
of loss of accuracy ansing from dropping figures in multiplications The re- 
sulting values of the corrections have been cut down to two places of deci- 
mals The work was done with a machine, as explained on p i6t, the recip- 
rocals of the diagonal terms being used so as to avoid divisions Thus the 
first reciprocal is o 02048 


Second Solution — Method of Correlates 

Ananging the condition equations in tabular form, we have 


Vl 

7 'a 

2'S 

n 


*'6 


7^8 

7/9 


weights 2 

2 

14 

23 

6 

7 

31 

X 

8 

- a 00 

- I 07 

- 1 10 

+ 1 43 

+ I 

- 0 92 

+ I 

+ I 

+ 1 

+ 1 
+ 1 

- 1 93 

+ I 

+ 0 71 

- I 
+ I 

- 0 43 

+ X 

4 I 

t- I 77 

h I 

1 I 

— : 1 


4 
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The Correlate Equations 



Ihc Noimal Equations 


1 

n 

TIT 

IV 

V 

/ 

4 S 281 

H 0 253 

— 0 oiq 

-0427 

4- 1 862 

1 ' 

8 


f- I 071 

4- 0 071 



- t 37 



1 0 r47 

4 - 0 043 

+ 0 032 

— 0 48 




4-0353 

-0 143 

-i 07 





4 I 300 

■— r 10 


The solution of these e<tuations gives (see page 287) 

I = — o 3973 
II = — T 07i^9 

III = - I 6006 

IV = — 3 5721 

V = — o C301 

Substituting these values in the coirelatc equations, the same values of the 
corrections result as before Also, 


OH = 7 53 
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THE ADJUSIMENT OF OBSERVMTONS 


The Precision — (a) To find the m s e /z of an observation oi weight unilv 
From the values of v we find directly 

[/2/z/] = 7 53 

Checks of[/2/z/] These are worked out in the solution of the nortiuil < tiua- 
tions on page 287, according to the formulas of Art in and give 7 5 \ lud 7 5*^ 
respectively 

Hence taking the mean, [/w] = 7 54, md the number of conditions 
being 5, 

= i" 23 as before 

Compare Ex 2, Art in 

fb) To find the weight and m s e of the adjusted value of an angle, 

Take the angle /iTZS 

dF = — z/j — 

From the values of z/, ci, b, m the condition equations in connetlion with 
the values of/given by this function, we have 

[zza/] = + 0 782 ~ o 

[tib/] = — o 500 = o 

[uc/] = 0 b^/fl = + o 

Hence from the seventh column in the solution of 
(page 287), 


Mj^=i23 Vo 053 
= 0" 28 

Compare Ex 4, Art in 

(c) To find the weight and mean-square error of the adjusted value of a 
side, the base being free from error 
Take the side Oneota-Lester 
As m (c), page 282, we have 


167 

667 

the noimd (quattons 


*“ ® 0505^3 + O 0282 Z/fl — O 11602/7 — O t 3427 /u 

Also from, the condition equations 


[uaf] =4-0 0046 
[« 3 /] = — 0 0036 
[uc/^ = — 0 0073 


[udf] = — 0 0040 
[uef] = - 0 0165 
[* 6 / 7 ] = + 00030 
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Hence from the eighth column in the solution of the normal equations, 


Up = o 0023 

and finally, 

^ip=: I 23 V 0023 
= o»*o6 


Solution of the Normal Equations 


I 

11 

III 

IV 

V 

1 

/(angle) 

/(side) 

+ 5 384 

1 0255 
•4 i 071 

- 0014 
+ 0 071 
+ 0147 

- 0427 

+ 0 Q4<( 

+ 0353 

4 - 1 862 

1-0032 

- 0143 

+ I 300 

- 2 00 

- 1 37 

- 0 48 

- I 07 

- I 10 

H 0 782 

- 0 500 

- 0 167 

+ 0 667 

f 0 0046 

- 0 0036 

- 0 0073 

- 0 0040 

- 0 0165 
+ 0 0030 

+ I 

f 0 otS^ 

- 00026 

- 0 0808 

+ 0 31524 

- 0 37^5 

4 < 0 1480 

4 * 0 0009 


1 I 0587 

t 00717 

4 01470 

f 0 0206 
t 0 04XQ 

4 - 0 318-5 

0000 

- I 2731 
“ 0 -(B*;? 

- 1 23x6 

- 0 39 S 2 

4 - 0 7570 

- 0 3377 

4 * 0 0021 
“ 0 1055 

- 0 2756 

4 " 0 3510 

- 0 0038 

- 0 0073 

- 0 0036 

- 0 0182 


( 1 


\ 00677 

4 0 020 ( 

- 008151 

- I 202s 

- 0 5078 

~ 0 0036 




4 0 1(21 

4 - 0 0401 

1 03x81 

4 00434 

I- OOO03 

1 0 6361 

“ 0 5057 

4 I S^og 

1 0 0383 

- 0 0950 

- 0 5214 

4 0 2780 

- 0 0070 

- 0 0033 

- 0 0x85 

5 0 0030 




1 X 

4 0 28(5 

1 0301^ 

- 2 8086 

4 0 2709 

- 0 0493 





4 030C6 

0 0050 

1 06228 

~ I 0 <S 3 

- 0 3818 

1 I 1209 

- 0 1039 

- 0 533a 

1 0 2676 

- 0 0015 

- 0 0164 

4 0 0027 

Values of the Unknovms 


4 1 

~ 0 0098 

- 3 56‘;9 

“ 0 3389 

- 0 0049 


I != 

II - - 

III =r 

IV -- - 
V - - 

0 m 


4 0 622H 

- 0 3924 

4 5 

- 0 5343 

4 0 2324 

- 0 0164 
+ 0 0027 


3 5731 

0 6^1 


4 1 

0 6301 
^V 

4 0 2472 

- 0 5366 

4 - 0 0531 

- 0 0264 

+ 0 0023 








= Up 

zszup 




1 y r =r 

tr > ^ 

in ^ i>" - 
IV ~ 

V X I"" — 

- 0 W 73 X - 

- 107(0 X - 

- r O006 - 

- 3 5721 X - 

- 0 6301 X - 

2 00 -= 0 79 

I 37 ^ 1 47 

0 48 =■ 0 77 

1 07 = 3 82 

1 10 = 0 69 

0 7 ‘> 7 o 

1 ‘5309 

I 1200 

5 8986 

0 2472 








7 S 4 

7 3546 








s= [fivv\ 

•= [/wj 




The values of [/vz/J arc found from equations 2, 3, Ait in 
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Third Sot uiidn— S<» n id a is h\“ ii,n> f 
The form given lu Ait i n is l»»Umvi il 

( 1) Al Nmih il tM 
I lu* Olist iv.uifMi K«jHiiiMn 

I 

iu) j I. » 

M ' 


I 

'llu* Niifuial 
(^) (U) 

I 1 1 Id I ' i Z' « * 1 *ip)‘ * 

I M ID I * 1 /‘M 

S(»lvinH ni i»< i» I il DtMi 

(' l) ID * 1 ^ i 1 “ M I I /•' I 

(i j) D », < I 1 } If ( A/ I 

lienee 

('i) ♦> n| 

('0 o f»t 

(l j) I o' (J ^ J Cl If j I 
U Oi) 

and 

Lo(>il AiihU 
I5»t o»/ n, 

tM V/ DJ .|J 

I *.» iT W, r, » 

To find the ni s c* of a single otiMHvaiton 

The value of [/r^l [/xi] ty, 

Uence foi this Mauon, tlu mimlipr ol i In 114; « / 

// 4/* 

^ « a 

r.i 




APPLICATION TO TRIANGULATION 


(b) At South Base 
The Observation Equations 


p 


(•^0) 

/ 


* 



23 

+ 1 


0 

6 


+ I 

0 

7 

+ I 

+ I 

-I 07 


The Normal Equations 
M (^c) 

30 + 7 = — 7 49 
7 + T 3 = -7 49 

Iltnce 



-0" 

13 

(u) = 

~o" 

50 

(^«) = 

— 0" 

13—0' 

= 

+ 0" 

44 

Local Angles 

23” 

08' 

05" 13 

47 ” 

31 ' 

19" 91 

70 

39' 

25" 04 


[757/7/] = [/jra] =3 24 
r 3 — 2 

= I" 8 


T//e Genet a/ Atfjustment 


Most Probable Angles 


At 

N 

Base, 

124" 

09' 

40" 

05 

+ 

(I) 





113" 

39' 

of 

43 

4 - 

(2) 





122'’ 

II' 

15" 

52 

“ 

w- 

(2) 

At 

S 

Base, 

23" 

08' 

05" 

13 

+ 

( 4 ) 





47" 

31' 

19" 

91 

H- 

( 5 ) 





70“ 

39' 

25" 

04 

+ 

(4) + 

( 5 ) 

At 

Oneota, 

34” 

40' 

39" 

66 

4 - 

( 7 ) 





43 ” 

46' 

26" 

40 

4 

(8) 


At 

Lester, 

30 * 

53' 

30" 

8l 

+■ 

( 9 ) 
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THIO ADJUMMKN'I Oh < MtsI U\ \ Mt »\s. 


lh<‘ AnKh‘ ami S|tl< 

(i) IiKUi^U*, N fiascos Ha«»< , <)u« Mj i 
Angk SAk) u^* jT i> in « 1 

“ JVSO 21 iih' ii», M t ( 1 1 

AU>S ^ jo' jiy’ h(i } ( ^ » 

Sum iHo' CM>' iHi' ii 

iHo 1 / Iho' tm' <«i o^ 

o o •!» (II I *1 ^ 1 1) < j 


(b) Tnan;;jl<* Ia*su*!. Oiicuti, S Him' 

Anj<le‘ A" SO 70 'jt/ '»*, oj ( ||| ♦ (m 

“ S()/ 78 27' tK»' r>f> ( ( j J I -I 

“ 0 /A JO’ «* V jo' hi I lol 

iho’ <K>' oT t|i 
lH(» (Kl' tK»" J 7 

<» I ' * J HP * I I i ( I . 


(c) i}ua<lMlatOfuI N Bases S, Havs Omoli, lA,Ut 

sin /A/S SIM /S(f hin /tKV 
sin /AU) sm NS/ *1111 /(/s * 


ZjVi'r- Its" 30' oi' n I (3) 

Lso = 70" V)' 25' <n ( (0 I (s) 

ZOJV ■= 43 " \()’ 20 ' ,(() ) ( 8 ) 

9 9618975.0 - 9,22 (?) 

9974706 o,i ) 7 ,? 9 j(l) I ( 5 )| 

98399903,4.4 21,98 (8) 

559 ,* 

509.4 


O i?( fpi t. ^ ^ P 

A’.\/ 17 tl !•< <»l , J 

/ (<,S 4; .4) . I t I 

'M»l 7 /i; 9 . t M.'t'IUI 

) I,,.,,, 

•I '191118.1, ( I ( ii.ji;) . ». ,J 

""I J 


*9.7 
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Check by deducting J of the spherical excesses of the triangles from the 
angles 


113° 39' 04' 36 

124° 09' 40" or 

70° 39' 24" 92 

47° 31' 19" 84 

43° 4O' 26' 36 

78° 27' 05" 93 

9 9618976,2 

9 9177479.9 

9 9747659.3 

9 8677848,6 

9 8399902,3 

9 9911179.8 

38,0 

8.3 

8,3 


20,7 


The two methods agree well 


" A glance at the log differences foi 

i’ shows that by expressine them m 

units of the sixth place of decimals their average value is unity nearly We 

have, then, for the side equation, 


1 43(1)— 092(2) + 0 74(4)— 1 19(5)— 0 43(7) +1 77(8) + 2 97=0 

The Weight Equations 

(i) = -0 233 fT] +0 267 |Tj 


(2)= +0 267 1 1 1 -0 233 1 2 1 


^4)= +0 038|'4r] 

—0 02T 1 5 ] 

(5) = —0 021 fxi 

+ 0 088 1 5 1 

(7) = 

+ 0 032 |_7j 

(8) = 



+ T 000 1 8 1 

(9) = 

- 


+0 125 1.9 1 

The Correlate Equations 

I It 

nr Check 

i.'.i = - If 

f I 43 — 0 43 

|_2_|= -I 

— 0 ()2 + t 92 

U i = 1- 1 + 1 

H 0 74 — 2 74 

+ 

II 

_^,'l 

I tq ■+■ 0 19 

1^1 =+ 1 +1 

— 043 —157 

(T|= 

H t 77 — 2 77 

1 9.1 = + * 

— I 00 


The check is formed by adding /cath hotuontal rpw (Art 84) 

33 



THE ADJUSTMENT OF OBSERVATIONS 


Expression of the 
I 

+ 0 233 
— 0 267 

Corrections in 

II 

Terms of the 

III 

- 0333 

— 0 246 

Correlates 

Clicclv 

4 0 100 

1 0 513 

w = 

— 0 034 


- 0 570 

} 0 ()I 3 


— 0 267 
+ 0 233 


4- 0 382 

F 0 214 

— 0 ns 

- 0417 

(2) = 

— 0 034 


4- 0 5c/) 

— 0 562 


+ 0 038 

CO h- 

0 0 

0 0 

+ 1 

+ 0 028 

4- 0 024 

— 0 

— 0 004 

( 4 ) = 

+ 0 038 

+ 0 017 

+ 0 052 

— 0 108 


— 0 021 

— 0 021 
+ 0 088 

— 0 016 

— 0 105 

\ 005R 

4- 0 017 

( 5 )- 

— 0 021 

+ 0 067 

— 0 121 

1 0078 

( 7 ) = 

+ 0 032 

+ 0 032 

— 0 014 

— 0 050 

(8) = 


+ I 

+ I 77 «> 

- 2 770 

( 9 ) = 


+ 0 125 


— 0 125 


The Corrections in Teitns of the Coiulitcs {collected) 


(I) 



T 

-0034 

II 

in 

- 0 57 () 

( 2 ) 

= 

-0034 


-h 0 59 h 

( 4 ) 

= 

4-0 038 

4- 0 017 

4* 0 052 

(5) 

= 

— 0 021 

4* 0 067 

— 0 121 

( 7 ) 

z= 

4- 0 032 

4- 0 032 

— 0 014 

(8) 



4- I 000 

+ I 770 

(9) 

=: 


4 - 0 T 25 




Formation 

of the Noimal Equations 



I 

II 

ni 

C hetk 

-(!) = 

4- 0034 


+ 0 579 

— 0 6x3 

-(2) = 

4- 0 034 


- 0 596 

f- 0 562 

+ ( 4 ) = 

+ 0 038 

4- 0 017 

4- 0 052 

— 0 loH 

+ ( 7 ) = 

+ 0 032 

4* 0 032 

— 0 014 

— 0 050 


[+ 0 138 

4-0049 

4- 0 021 

-(- 0 209 

1 ( 4 ) = 


4- 0 017 

4- 0 052 

— 0 loS 

( 5 ) = 


4- 0 067 

— 0 12t 

f 0 075 

.( 7 ) = 


4- 0 032 

— 0 014 

— 0 050 

8) = 


4 - I 

4- t 770 

— 2 770 

9 = 


4- 0 125 


— 0 125 


4- 0049 

4 - I 241 

4 - I C87 

-2978 
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I 

n 

III 

C hcck 

t I 4i(i) 



I 

— 0 Bo| 

0 >)■!(’■!) 



t 0 s ^ ^ 

— 0 t^()4 

t <>71(0 



1 ooi^h 

— 0 oSo 

> I<|(S) 



1 t> Ml 

~ 0 c)8(j 

0 »«7) 



I 0 00<) 

{ 0 0-22 

1 1 77('') 



1 t Ml 

— Mjol 


1 ooai 

1 1 (>S7 

1 4 ?><> 

-* () Ii8 


llu Noiiiial K<iu itious 



I 

II 

in 



1 <1 M'< 

1 0 o|«) 

1 (XUl 

0 2 t)() 



1 I 2M 

1 I 0 H 7 

I ‘^fO 




1 1 T>(> - — 

2 <J7<> 


'Iht ()1 lhts( 0 (iu ilioas j^ives 

I I *;<)7 

II o6|'i 

ni -0^)1 

Substituti /<M I*, n , HI tluu values in {^), and we have the gcnoial (oi- 
leitnnvs 

Adding the hn d ( ntu i lions atul giMu lal (onections logolhei, the total 
c oiiei tions to the measuit d angles u suit and lu as follows 



IlH 

tl 

(*rn« J tl 

I olid 



t ui il Anuh * 


It 


hi 


ih 

0" 


I U 

121’ 

o«> 

•lo" 

B7 

li 


bt 

1 0" 

JS 

0" d> 

2 

20 

IM" 

10 


71 

M 

H 

o<; 

tt 

10 

0" It) 

tl 


122 ' 

i r' 
oH' 

M 

12 

tt 

0' 

tl 

it 

Ot) 

0" 22 

21 

I M) 

2J' 


<u 


.*1 

iSf) 

1 0" 

‘>i 

0" \(i 

U 

I 27 

17 ' 

Tl' 


01 

U 

1 *)■' 

u 


“S 

1 0", U) 

7 

I ot) 

70 

30' 


00 

2/ 


0” 

07 

0" 07 

It 

tS 

3 I-’ 

l<»' 

10 

10 

In 



I ** 

11 

i" 11 

i 

1.77 

41 ' 


2S 
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Total *5 

The mtlhod o( solution )usi given is suhstantiaHy the satno is that ein. 
idoyed on llu suivey of the (heat I«ike» between (^uuda and the United 
Staten by the U. S Kugun ois 
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THE ADJUSTMENT OF OBSERVAl IONS 
Solution of the Normal Equations 


I 

II 

III 

/ 

/(•^nKle) 

+ 0 138 

+ 0049 
+ 1 241 

+ 0 021 
+ I 687 
+ 4 706 

— 0 2()0 

— I 54 <> 

— 2 970 

+ 0 055 
— 0 067 
\ 0 700 

+ I 

+ 0 355 

-ro 152 

-1 885 

4 0 399 


+ I 224 

4- 1 680 
+ 4 703 

— 1 44h 

— 2 930 

— 0 087 
4 0 692 
4 0 022 


+ I 

+ i 373 

— I 183 

— 0 071 



+ 2 396 

-0945 

4 0 811 
•f 0 (Kx6 



+ I 

— 0 394 

1 0 3?8 





1- 0 374 


Ex I Adjust the obseived differences of longitude* given in the follow- 

mg table 


BANGOR 


Dates Oliservttl Difftrtin t s C 01 x < i tioiii 


1851 

h 

Cambridge-Batigor, 0 

w 

9 

9 9 

23 080 1 0 04 ^ 

^'1 

1857 

Bangor-Calais, 

6 

00 316 1 0 015 


1866 

Calais-Heart’s Content, 

55 

37 973 1 066 


1866 

Heart’s Content-Foilhommerum, 2 

51 

56 35 ^> 1 t>29 


1866 

Foilhommerum-Green\iv ich, 

41 

33 33 ^i -fc 0 049 

•'6 

1872 

Brest-Grecnwich, 

17 

57 598 I 0 022 


1872 

Brest-Paris, 

27 

18 512 J: 0 027 


1872 

Greenwich-Pans, 

9 

21 exx) i 0 038 

Vh 

1872 

St Pierre-Brest, 3 

26 

44 810 JL 0 037 


1872 

Cambridge-St Pierre, 

59 

48 608 JL 0 031 

7 'ia 

1869-1870 

Cambndge-D uxbury, 

I 

50 191 ± 0 022 

Vil 

1870 

Duxbury-Brest, 4 

24 

43 276 ± 0 047 

Vitt 

( 1867 
( 1872 

Washington-Cambndge, 

33 

41 041 ± 0 018 

t'lj 

1872 

Washmgton-&t Pierre, i 

23 

29 553 ±0027 
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[Number of conditions =■« — ?-! i, where n is number of observed dif- 
ferem es of lon#j;itudc, vnd i is number of longitude stations 
I he (ondition ofiiuUions arc ^ 

— Vf\ - 4 - 2^7 — 7 'h = + o 086 
— r'l — T'i — V\ — 7»i — 7^5 4 7 'o H” 7 >o *1 7 Jia "= + o 045 
— 7/0 — 7^10 •+■ + 7'ia — — o 049 

1 7*10 b 7/13 — 7/14 — — O ()()6 


Th( weights are taken inversely is the squaics of the p c ^ 

Solution by method of coiielatos, as in Art i to ] 


The system ot tuangulaiion shown 111 the figure was executed by 



/'t 2 

Koppe in the deter- 
mination of the axis 
(Airolo - Gosdient n) 
of the St (h)tbud 
tunnel * In the fol- 
lowing table ‘the ad 
)usted values an giv- 
en side by side with 
the rneasiiied v dues 
It IS pioijostd as 
pioblem of ad just- 
mt nt 


At (Josdienen 



out< 

<l A< 

Ij listed 

11 

0 

<K)' ' 

(M)" 00 

(K)" 00 

HI 

n 


10" 8H 

10" 03 

IV 

(x, 

V>' 

SI 

1 l" f>2 

V 

124 

S«' 

t" 23 

s" 13 

At II 





in 

0 ’ 

(K)' 

(K)" 00 

00" <K) 

IV 

37" 

sV 

sT ss 

32" i)7 

V 

60" 

2(/ 


33" H2 

VI 

77’ 

4' 

S" f'7 

H" 17 

(Sbs< henen 

<n' 

Xl' 

41' <V} 

|(>" S7 

vn 

lat 

16' 

51' <)« 

33" 27 

At in 





VIII 

0 

(K)' 

(K)" ()0 

00" 00 

IX 

S3'' 

SH' 

n" 4« 

15" K) 

VI 

9<) 

47' 

50" 21 

so'' H6 

IV 

rt»2 ' 

33' 

51" If' 

si" ()0 

Gbs( henen 

nH 

4>' 

2 H" Hi 

29" 7« 

VII 

r U" 

2»' 

>2" 17 

ir" |0 

n 

iHo 

' so' 

1H" 0» 

39" n 


At IV 

V 

M( isurcd Adjusted 

0' 00' 00" 00 00" 00 

VI 

TS" 

41' 

3" 57 

6" 2<) 

VTI 

74 

12' 

20" S3 

icy' Rfi 

Gosditnen 

80’ 

32' 

4B" 90 

50" 12 

n 

135" 

44' 

49" 77 

50" 91 

III 

!()()" 

2l' 

ii" 5f> 

10" 73 

At V 

IV 

0" 

00' 

00" 00 

00" CKl 

VIII 

78" 

40' 

S" 91 

fi" 72 

IX 

140" 

44' 

43" 51 

44" 45 

VI 

215" 

32' 

15" 41 

43" 45 

VTI 

2H6 

X9' 

25" 30 

27" 21 

Gosc henen 

316'' 

00' 

44" 92 

43" 61 

n 

3lS" 

20' 

33" 53 

31" 74 

Atvir 

II 

0" 

00' 

oo" 00 

(X)" 00 

III 

I(/‘ 

ri' 

SB" 41 

59" 

IV 

32" 

4' 

49" 32 

48" 68 

V 

fix' 

' 11 

' 54" oR 

56" 05 

VI 

()()' 

’ 05' 

' 39" 47 

*37" CX) 
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THE ADJUSTMENT OF OBSERVATIONS. 


At VIII At XI 


XI 

0“ 

00' 

00 

"00 

06 

" 00 

XII 

o'* 

00' 

(X)' 

' (X) 

<K)' 

' (K) 

XII 

V* 

18“ 

56' 

I7‘ 

"43 

17' 

" 54 

Airolo 

16" 

55' 

55' 

' 06 

51' 

' 3H 

X 

IX 

VI 

43" 

50“ 

106® 

50' 

18' 

30' 

24' 

22' 

15' 

'03 

' 52 

'04 

24' 

20' 

15' 

' 70 
' 27 

' 37 

IX 

VIII 

37 

152' 

13' 

26' 

59' 

30' 

' 79 
'24 

38' 

' n 
' 44 

V 

112® 


28^ 

' 72 

29' 

' 24 








III 

130“ 

ii' 

30" 

' 81 

41* 

54 

At XII 






At IX 







IX 

0* 

(X)' 

(K)" 

00 



VI 

0° 

00' 

00" 

00 

00” 

00 

Airolo 

30" 

31' 

2" 

30 

3" 

39 

V 

8® 

28' 

if 

13 

15" 

06 

X 

42" 

13' 

20" 

53 

21" 

3^ 

III 

18® 

33 

3" 

27 

5" 

00 

VIII 

90'’ 

3' 

2" 

22 

i" 

74 

VIII 

63“ 

41' 

28" 

63 

28" 

55 

XI 

98* 

40' 

14" 

95 

n" 

72 

X 

76® 

59' 

50" 

89 

51“ 

48 








XI 

79° 

10' 

36" 

33 

36" 

34 

At An 







Airolo 

109° 

45' 

39" 

23 

39" 

33 

olo 



w 



XII 

123® 

16' 

23" 

76 

24" 

23 

XI 

0" 

(X)' 

00" 

00 

(K)" 

fX) 

AtX 







XTI 

94° 

54' 

50" 

O^) 

55" 

26 

XII 

AiroIo 

0® 

9° 

00' 

49' 

00" 

30" 

00 

02 

00" 

37" 

00 

92 

IX 

X 

230" 
296 ' 

53' 

26' 

7" 

49" 

51 

43 

6" 

51" 

9» 

1 1 

IX 

91° 

30' 

5" 

16 

5" 

96 








VIII 

252® 

43' 

46" 

75 

47" 

49 








XI 

275° 

12' 

8" 

44 

9" 

74 









The distance X-XII is 4416“ 8 

There are 19 angle equations and 15 side equations m the adjustment 


Solution by Successive Approximat 


ION 


141 The rigorous forms of solution which have been 
given are suitable for a primary tnangulation where the 
greatest precision is required In secondary or tertiary 
work It would not be advisable to spend so much labor in 

systematic errors remaining would 

For wo 4 of^h ^ the accidental errors eliminated. 

For work of this kind the method of solution by successive 
approximation is to be preferred 

The principle underlying the piocess of solution is that 
exp ained m Art 1 15 Each condition or set of conditions 
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<|uii('<| a< I tnai v is .iltaiiii'd 

lo make the opeiation as siiiijile as possible let us t.ik<* 
but a siiinli* < oiiditioii at a tiiiu . 

(II laital eipialioii .it N llase, 

! ■' I I i-i; <) 

I be siiltilioii IS ppveii ill I'A I, \it I »i, 
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I 1.07 o 

! lie solution IS J'lveii m J-a », Alt. I ’I, 
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fages o( solving in tinsvvas, ht us I ik> a ho'H f Hiuei* I 
exam[>l('. A good one is iniiu'ind 'i\ to* f>iMi ul.itmn 
(1874 1878) ol the east end of |„ik< Out,)' i.i, iiinittin • tlo 
system .11 oiiiid the Sand V <*ieek lia-e 
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THE ADJUSTMENT OF OBSERVAriONS 


The local and general equations aie foimed as usual (see 
Alts 1 1 7-140) The general lule in the solution is to 
adjust for one condition at a time Instead, hovvcvci, ol 
following out this rule stiictly, it is often better to adjust loi 
a group of conditions simultaneously Often a group is 
almost as easily managed as a single condition No lule 
can be given to cover all cases, and much must be loft to 
the judgment and ingenuity of the computer 

143 The Local Adjustment at Each Station. — 

(a) Adjust for each sum angle sepaiately 
Rule and example in Ait 121 

(b) Adjust for closure of the hoiizon 
Rule and example in Ait 121 

At stations Sir John, Carlton, Kingston, Wolle thcie ate 
no local conditions, and at each of the stations Ainhcist, 
Stony Point, Sodus theie is one angle independent ol tlic 
others, and therefore not locally adjusted 

The angles at station Amherst may be rigorously ad- 
justed, as m Art 12 1 The resulting values arc given in 
the table If we break the adjustment into two parts, as in 
(a) and (b), we have 


(a) Sum Angle 

Kingston-Wolfe, 

Wolfe-Duck, 

Kingston-Duck, 

(b) Closure of Horizon 
Kingston-Wolfe, 
Wolfe-Duck, 
Duck-Vanderhp, 


Meaiiured values 

35° 41 23*^ 02 — 0" 29 

76“ 04' 06" 32 — 0' 29 

III" 45' 29^34 

Iir° 45' 28^4 6 + 0" 29 

3 )0^' 88 
o ” 29 

35° 41' 22" 73 — o" 08 
76" 04' 06" 03 - o" 07 
15' 25" 43-0" 08 
59' 06*^ II — 0" 07 


Vandcrhp^Kingston, 176' 


4 )00'" 30 

00" 075 


Adjusted 

22" 73 
()(>" 03 

28" 70 

28" 75 check 


22" 65 

05" 96 
25" 35 

06" 04 

00" 00 chock 


The adjusted values agree closely with those 
solution, as given m the table 


from the simult incous 
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At station Duck the angles close the horizon Hence 
the coricction to each angle is one-sixth of the diffeience of 
then sum fiom 360° (See Ait 12 1 ) 

144 The General Adjiislmeiit.— The local adjust- 
ment being finished, we shall consider the adjusted angles to 
be independent ot one another and to be of the same 
weight We are theiefoie at libeity to bieakupthe net 
into Its simplest paits We have 111 our figuie, fiist a 
quadiilateial SCWK^ next two single tiiangles KWA, 
AWD, next a central polygon DAGSOV, and, lastly, a 
single tiiangle VOS These thice figures include most 
cases that aiise in any ti langulation net 

(a 1) Adjuslnunt oj a Quadrilateral — In the quadrilateral 
SCKW all ol the eight angles 1,2, 8 aie supposed to 

be equally well measured 


(1) The Angle Equations 

The angle equations horn the tiiangles SCW^ CWK, 
WKS may be wiitten m general teims 

As these equations aie entangled, if we 
adjusted loi each in succession a g^eat 
many lopetitions ot the adjustment would 
be necessary to obtain values that would 
salisly the eciuations simultaneously It is, theieloie, better 
to adjust simultaneousl} , and it happens that a veiy simple 
lule lor doing this can be found 

Call /,\j the coi relates ol the equations in oidet , 

then the coirelate equations aie 



I, == V, 

k, = V, 

+ = 


+ k^ = 

k, == 

% 
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and the noimal equations 

4^1 + 2^5 = 

+ 4 ^^ + 2/&, = /, 

2^*2 + 4-^1 = ^ 1 

Solving these equations, there lesult 

= -J- (+ 3 ^ — 2/a + / ,) 

= 2/. +4/2 -2/,) 

/■- 2/2 + 3 A) 

Substitute these values in the coi relate equations, and 

= ^'a = 8 (+ 3^1 ~ 2/, + /,) 

^3 = ^4 = i (-1- + 2/, — /,) 

^'6 = ^'6 = -J(~ 4 + 24+ A) 

v , = v , = i {-\- 4-24 + 3/,) 
which may be wiitten 

Vj = v, = ^4 — i (A ~ J A ~ J A) 

^3 = t'4 = iA + i(A-JA-iA) 

^'3 = ^, = iA + i(A-iA-iA) 

^a = ^'3 = iA-HA-iA-iA) 

whence follows at once the convenient lule foi adjusting 
the quadrilateral, so fai as the angle equations aic con- 
cerned 

(a) WnU the measured angles in order of asimicth tn iivo 
sets of four each, the first set being the angles of SClf', and the 
second those of WKS 

G®) Adjust the angles of each set by one-fourth of the dtf-^ 
ference of tins sum fro 7 n 180° excess of triangle y ai ranging 
the adjusted angles in two columns, so that the first column will 
show the angles of SCK, and the second those of CWK 

(y) Adjust the first column by onefiouith of the difference of 
its sum from 180° -{-excess of triangle, and apply the same cor- 
rection, with the sign changed, to the second column 
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The spheric il excesses of the tningles SCJV, CIFJT, WICS being o" 16, 
o" 35, 'indo"47 respectively, the adiustmcnt of the quadiilateril maybe ar- 
langed as follows 



(2) The Side Equation 

Using the values of the angles just found, we next foim 
the side equation with pole at It is 

sm OSC sin OCW sin O WK sin OKS _ 
siiTstO sin CWO sin WKO smA^St^ ~ * 


or writing it in general terms when i educed to the linear 
foini (see Art 129) 

4 - a^il + a(i!^ + ~ 

where vl, 7//, are the corrections resulting from the 
side equation 

Solving as in Ex 2, Art no, we have the coriections 
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These corrections may be found still more lapidly as 
follows Since the side equation may be so tiansloimecl 
that the coefficients aie appioximatcly equal to 

unity numeiically (see Ait 131), we may take each of them 
to be unity, and then 

v! = = v' = v' = + i 4 

< = 7^4' = — 7// = - i 4 

that is, the connections to the angles are muncrually equals hut 
are alternately + and — 

This plan has the additional advantage of not distiiibing 
the angle equations 


Returning to our numerical example, we first leduce llic side equation to 
the linear form 


OSC = 33® 53' 35" 40 + 
OCW — 58“ 44' 39" 56 + z/3 

OlVA'=s^° 54' 58" 27 + v, 
OA S —27 38^ 4^” 88 + 


SCO = 62" 03' 27" 82 f 7'j 
CH^O =25” 18' 17" 38 + 7/4 
IVA’’0=: 37' 02' oei" 15 ^ 773 
A"SO =56" 24' 10" 17 1 7 ^h 


9 7463587 + 31 3 ^^i 
9 9318952 + 12 8z/i 
9 9326832 + 12 72^6 
9 6665301 4 - 40 2Z/7 

72 

70 


9 9461673 4 II 2 7 ^fl 

9 6308691 \ 4 \ 

9 779712^ f 27 o.'rt 
9 9206181 4 T ^ (> 7 'h 

70 


2 

Dividing by 20, which will reduce the coefficients to unit}" approximately, and 

I 567'!^ — 0 s6vi 4 - o 647/3' — 2 22Vi' 4 “ O 647/5' 

— 1 ^ozfo' + 2 017/7' — o 707/3' 4 o ro — o 


Hence 

and 


[aa] — 15 


= — 0" 01, 7/3' = O" 00, 7/3' = o" 00, 2/4' =: 4- o" 01, etc 


By the second rule the corrections would be T — ^ that is, To" oi alternately, 

which values differ but little from the preceding 

The total corrections to the angles are the sums of the two sets of cor- 
rections from the angle and side equations 
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(a 2) Adju^tviint of a Quadrilatu al — By the following 
til lificc the qiiadiilatci al maybe adjusted foi the 

side equation without distuibing the angle equation adjust- 
ment, which amounts to the same thing as the simultaneous 
adjustment of the angle and side equations 

Suppose that the angle equations have been adjusted as 
alieady explained in (a i) If 7/,', denote the 

collections aiising liom the side equation, tlie condition 
equations ma}^ be wiitten 


+ < + < + < = o 

7 '/ + 7 '/ + + 7 '/ = O 

+ + < + = o 

+ a,v ' + a,v; + ^^7^' + 


b — 


By wilting the collections in the foim 


,.;=:+ 7 ^ + 7 / 

- 7/ 

7 '/ — — 7' 7'" 

c, ' — _ _ c," 




v! 


= 4- 

= _ 4- 7/'^' 


the lust thice condition cciuations become 0 = 0 ideuti- 
Ccilly, and we have theicloic to deal only with the single 
condition cciiiation 


{'h -V + a,- a, — a, - a;)v + (rt’, — 

+ (^^ — + (^7 - = A' 

Wllll 


{v v ') '+ {v — ( - 7 ' 7 '")' + (— 7' — 7/')'*+ = a mm 


The con elate equations aic 


(i?, + + a, — a, — a, — a, — a^k = 47- 

{a, — ci)k = 7/ 
[a, - n)k - v" 
(n,-a,)I:= v'" 
{a,~a,)k= t/"' 


40 
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Substitute m the condition equation, and 

k\l{a, + 

-i- — ^ 1 ) "i~ (^6 ”” 'I ! A 

from which I can be found 

Hence the coirections aie known 


The complete adjustment of oui quidiiHleial is c otJtain(‘(l in the follow- 
ing table 


Meas A.ngles 


I ocal 
Angles 

I Og SllK S 

9 74^3587 

q 9 pH 67 ^ 

9 93*895^ 

9 63 <» 8 rK.;T 

33 ® 53' 35;; 14 
62® 03 27 ' 56 
S8® 44; 38'; 98 
25® 18' 16' 80 

3 S" 56 

27" g8 

39 40 

17 22 

35'; 40 

27 82 

39'' 56 
17" 38 

S8'' 48 

oo'" 16 




1" 68 

■JS® 54 ' 57" 54 
37® 02' 04" 43 
27“ 38' 46" 48 

56® 24' 09" 77 

58'' 11 
04" qn 

47" 04 

10" 33 

58;; 27 
05'' X 5 
4f)" 88 
10" 17 

Q 9306832 

q 7708125 

g 6665301 

Q 9206181 

S8'' 22 
00" 47 

00" 91 

00" 28 


77 70 

2" 2$ 

0" 63 


70 

2 




r 


I OK 

Diif 

t 

/I 

1 it 1 


ir 

m 

1 “ ’ 

1 s 

lltOfl 


1 i H 



1 41 


'.7 1 

I "'I 

t r 7 

1 7 '» 

^0 () 

ir.48 


1 1'» 



1 r|.. 


SI 

•M »-! 

10 s 

9 ’ > 



<} t 




4)h. 4 




> 6 


s * 

7 

1 



07 “ 


Z' 7f' 7/ 71"' 71'^" 2 

2 6 ”42 s'" 57 2 “ “c)702 


Hence the corrections are kno>vn These coirtctioiis, ijiplKd to llu local 
angles, give the final angles reqiu’-ed 


(b) Adjustment of a Single Trtangh 

Rule and example in Ex 2, Ait 109, and Ex 2, Ai t 1 10 
The single tiiangles in oui figure arc Kingston, Wolfe, 
Amheist, Wolfe, Duck, Amherst, Vandeilip, Oswego, 
Sodus 
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Foi tximplc, take tlu lust (/ = o" 72) 




Measured 

Adjusted 

Kim>ston, 

SS 


14" 70 

15" 78 

Wollc, 

55 

5 <y 

20" 10 

21" 18 

\mhnst, 

35 

41' 

22" ()<) 

2V' 77 


1 70 

59' 

57 ' 49 

0" 73 check 

ihD -f l 

iSo 

do' 

00" 72 





3)3" - 2 ^ 





i” oS 



(c) Adjustment oj a Central Polygon — In ihc cenlial poly- 
gon Duck, Amlici tit, Ciicnachci, Slony Point, Obwego, Van- 
derlip the condition equations in geiieial teinis aic 



Local eipiation (lioiizon ecpiation), 

‘■'i + ‘’ll + ‘'1 “1“ ‘'iJ + ‘'lu = 4 

Angle equations, 

+ ‘'i + ‘’1 = 4 

+ ‘’’s + = /. 

‘■' 1 . + ‘'ll H“ ‘' 11 .= 


Side ccjuation (pole at Duck), 

a.Oj 4- aj\ + ay, -|- + a,y„ = / 

We may adjust toi these eiiuations in oidci, lust the hoii- 
zon equation, then the angle ecpiations seiiaiatcly, as they 
are not entangled, and next the sidh equation 

A iigoious adjustment may, howevei, be earned out at 
once with veiy little additional laboi Adjust lust each 
angle equation by itsell, and let (7',), (r',), be the v»ilues 

that lesult Let (i), ( 2 ), denote the laithei collec- 
tions to the nieasuied angles in oidci aiising fioiii the local 
and side equations, so that 

- (<''.) \ (0 

7 ’i = (‘’i) I- ( 2 ) 


nil, At»n n 


i 


^ It) 


It \vt* subsdtuti^ tIttM )»* ! 

lhiv<* flu* lu'w ttMiditiftn Mj 4 t 4 l.**di 


»M I f i */ « M 

f n . 


i 


^ I ^ f > 1 I ' i 


iioiii wliu h III find 1 1 ), I M. n*. 


C'allinj; i. 

) 1 ^ ,t A 

If. 

fiM 

KMt', 111 

Hide 1, 

\vr 

luivi fltr 

(H 


/ 

< » 

> ’> 

i 

/ 

1 1 


1 

/ 



f MU ‘ ' I * ^ >, if t 

I ' t j J tf ' j ' n 

* 

I ' / 


I'Jiiuiiiatc (low the .iti",l'' <’|ti,tii oi • < > i<' l< , ' ^ 



1 .m: 

I.V, 

i tf ii\ 

, 



I lent'*' 



1 ' ' ) 

( M 


1 W 

'' • 


Subslittilr tlicv valm . ol 'p <■ 
<*(|uatiims, .ind vv«- li.iv*' fltr tiMtiti.il t j,. (. 

,f.i ,, ,1 

\.»\!. 

S(>lviti«, vvr IiimI I,, .imt tlidu *- 1 1 , < . 


VI I'l U \ nn\ 1< > I UI \N(,M V I 1< »N 

riit‘ tuHiiuil nui\ Ik wiiittn down dncttly ui 

c\ti\ t as* » its tin* liw oi lh<‘n I<»iiimIioii is as evident *is 
t li(tt ot ot d UKO \ in n Ilia) ( t|U4it lolls I It(‘\ niv < ilv*c* onl y t \v o 
unknowns^ no luattia Imw uninv siil<‘s the polygon 

ha . 

It IS t*\ idi lit that tin t hiniiMt ion ( >1 IIk* ain^U* <K|ual ion 
tt»n<lat<s /, //, ittnn tin (oindate (*t|ualions belotc 

ItMtnne; the inninal <i|natioiis amounts to tin* same tiunf; as 
tost lonunm tin* mninal etjuatnms in the usual way and 
then elihunalinj; /, //» , lou tin* uoi mal < (jtnitions fioni 

the I OI u*hit< t‘(|uations ai < 

I o/, i i/,i/ I I ./ ) // I /' 

i 1 / 1 // t /" 

I 1 It/ o 

O/. I rMi I ( ;// 


Sul»stiiut< |i»f /, //. tin it valms Iioui the ihiid, 

hnufh, , , niuatnms in tin* tii a two, ,md we Imd tlu* two 

not tn.tl ei|u.ttiMns a i Ih*{oi v 

rin* mtiodtn tiou ol tin ni< tlnnl ol tdiunmitnu* the < one 
late, an*an;‘ fiom tme i( ol (omlition eijualiuns heloie 
l»amue» the noimal ti|ua!ioiis ii ilue to »Sc hlei(‘nnaeh<u^ ol 
the lle'aaan 'aitvey hot a luth i .mount ol it see lost ht*rs 
put ut p, Mt, Ilil*'«l m Inpuht tUp tuto 

/a/uvWw o////;, pp hk» s«i| , Nell m 

htP t rfffhw , \ pp I set] , vol. \ii pp tn s<*<| 

I In ptoif ’ IS not oi anv spenal .nlvanta,»»e (‘k< <*pt in 
Mit h podihms as that undu dnaussion, and tlun it is 
In till to tra tin linal lonunla hit the notniat eipnitioiis 
dim llv 

\V(* hall now piousd with out nninemal esamph*. 

At station hmk tin nn*asniisl valu(*s ot the au; 4 les 
are taken» .it the oltn i st.ittons the totally adjusted 
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I lu' Noun il K(iiiaUons Lo< al laiualmn at Si Out k 


Jt U»7Xm 

1 (» jX , 

21 i 

7 f 

1^»' 

s(» 1/ 

0 2/*i 

\ loX' 

i nt 

!•) 

t' 

n r 




(>(» 

o' 

to' <0 

/•. 

0 ojo 


lot 

m' 

•lO’ 

^4 1 

1 o at t 


70 

»(>* 

tl ' n*» 





S‘)' 

n 




\ltt% 

(K) 

tHj’ (H) 


(K» f>; 
< 


J oi 
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( (irrcctions 

(t)=. — o" 39 

(2) = ^ o" 26 

(3) = + o" 13 

( 0 - ~ 24 

(1^) = I- o' iS 
{()) r= ^ O" 06 
( 7 )= -o" 3T 
(S) — + o" 40 
(()) — - o" 09 
(io)= -o" 75 
(n) - 

(T2)=: ^ O" 30 
(T ^) = - O" ^7 

(14) = -f o" 20 
(13) = + o" 27 


Adjusted Angles 


54 “ 

38 ' 

00" 

23 

50 '" 

35' 

04" 

73 

74 

46 

56" 

25 

7 « 

T 3 ' 

34 " 

23 

51 

53' 

13" 

53 

49’ 

53' 

13" 

4 ^ 

8b 

22' 

00" 

if) 

30 

53' 

4 ^" 

33 

60 

44' 

iS" 

9S 

26 

49' 

17" 

40 

49 

01' 

47" 

09 

104 

08' 

60" 

00 

3 fi 

1 8' 

05" 

86 

71 

15 ' 

24" 

56 

70 

26' 

31" 

^ 29 


Ai‘I’RO\imai I- Mmifoi) of Ftnoino hie Precision 

145 An adiuslmcnt may be catried out ngoiously so 
lai as linding the values of the unknowiib is concerned, but 
only an appioxinialc value ol the rn s e ot the angles or 
sides may be thought iieccssaiy 

111 good woik the following method will give results 
ncaily the same as those lound by the iigoious piocess 
The aveiagc value //' of the m s e of an angle in a 
tiiangulation net aftei adjustment is easily seen horn Ait 
103 to be 



wlicie 

n = number ol angles obseived 

;4= number ol local and geneial conditions 

// =tn s c of a measured angle of weight unity 

'riic value of // is, by the usual formula. 
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V4 


J'o find the m s e of a side oi a tii.infjflo a sinj;l(' cliain 
of the best-shaped tiiaiif^les between the base and the side 
IS selected, all tic lines beiiifr i elected 'I’hen, assununs' tlie 
base to he exact and the ni s c ol each .idjusted aiifile to 
be //, we liave from h'x 9, p 2^/|, 


where aie the lofr diflercnces coiiespondiiiff to i" loi 

the angles A, B in a table of log sines 

A iorm still moic approximate was used on the U S 
Lake Suivcy in the detci uiinatioii ol the piecision ol a side 
of the pi iinaiy tiiangulalion The angles ot each tiiangle 
wcie taken to be independent ol one anothei In this case 
evidently (E\ 5, p 109) 

/iioB«„ 1’ I 'VI 

Thceailiei woik o( the (k)ast Siu voy was c oiui^uted liotti 
this same formula 


Px To find the m s o c)fth< side 0 / as denvod liom tlu l)\s(* A.>S in 
the h^ifuro OMS/. (Fif( K)) 

Number of anpfles measured () 

Number of condition's, local and goner il, ~ *5 
From the adjustment (Art x;o) [ pvv] -- 7 j 


-r l" ST 





= lM 
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riip chain of tuangles is ONS, OLS 


St ition 

Angles 

S 

Sqs 

Prods 

N Mast, 

122® 11' 15" 

— 13 2 

174 2 


S Hisc 

23^ oS' 05" 



-401 3 

Onoon, 

34 40' 40" 

+- 30 1 

924 2 


S Misc, 

70 3 <)' 25" 

+ 74 

54 S 


Oncoti, 

7S' 27' 05" 



260 5 

I os(oi, 

30 53 ' 30" 

j 4 - 35 2 

1239 0 





2251 4 


t 225i4X J 

- V () in units of the seventh decimal place 
Also OL = iCssC metres 

Ilenc 0 IS known 


T/ie Mithod of DticcUons 

146 This method is due to Bessel Various modifica- 
tions of Bessel’s piano! making the obseivations aie used 
on ddfeicnt suivejs The iollowing is that used on the 
U S Coast Suivey 

“In any set, altei the objects have been observed in the 
oidci ot giadiiation they are re-obseived with instiument 
revcised m the opposite order, the mean of the two obsei- 
vations upon each object is then taken The number of 
such sets and the numbei ot positions made depends on the 
acciitacy lequircd and upon the perfection of theiiistiu- 
meiit ’’ A single series o( means is called an “ aic ’’ 

“ The diicction instiument requiies that it should be 
tinned on its stand or changed in position, in Older that the 
direction of any one line, and consequently of all, should 
fall upon dififereiit parts of theciicle as the only security 
against eirors of graduation The numbei of positions 
41 


* -T/ 

occupied and i, 2, 3, 
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vanes tiom five to twenty-one of neaily equal aics, and m 
each position the circuit of the horizon is made, ® 

direction of each line by two obsei vations, one in the diiect 
and the other in the reversed position ot the telescope 
These ciicuits or senes are repeated in each position until 
two to five values of each diiection are obtained tiacn 
angle IS therefore determined by fiom 35 to 63 measure- 
ments in the diiect and a like number m the reversec posi- 

tion ot the telescope ’’ , . . 

147 The Local Adjustment.— Let 0 be the station 

the stations sighted at m older 
of azimuth Let some one direction, 
as O I, be selected as the zero direc- 
tion, and let A, B, denote the 
most piobable values of the avghs 
which the diiections of the difleient 
signals make with this direction 

In the first arc let X, denote the 
most pi obablc value of the angle be- 
tween the zero of the limb of the 
instrument and the direction of the 
signal taken as the zeio diiection, then if M,', M", 
denote the readings of the limb for the diffeient signals, 
and v", the most probable corieclions to these 

leadings, we have the observation equations 

X. -m: =vi 

X^Ar^-Ml' = V 

-Mr 



Fig 41 


The zeio ol the limb being changed in the next aic, we have 
in like manner 

A, -M, = v: 

x,r^- 

X,-\-B-M, = v:" 


and so on foi the remaining arcs 
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If now//, A". ./.'.A". ^ denote the eights 

ol the ineasuied diiections of the seveial seiies ot aics, the 
nonnal equations follow at once They aie 

1 /. 1 A' +//' A +//" 5 + = [/.’A] 

1 A I -V +// A +//" -5 + = [/■ If ] 


//' A, -1-//' A',4- 4-r/j^ =\P 

//" A'. + //" A", + + L/"] ^ = 1 / '] 


fioni which the unknowns may be found 

In ordei to shoiten the numeiical woik a course similar 
to that of Ai t 41 may be followed Let 

A', = if/ + r. A = A' + (A ) 

A', = if/ + a, B = £'+(B) 


whcie if/, i//, A',/>'', areappioximate \alues of 

\'.,A", A,L\ ,and.v., t„ (A), (^}> denote 
then most piobablc coireclions 

Also, foi convenience in writing, put 

/«/' ^ if/' — if/ — A' ml' = if/' — if/ — A 

ml" — Ml" — if/ — A” w/" = Ml" — Ml — £ 


The iioimal equations now become 

lAU 

i 

+AV)+A"'(5) + 

lAlL 

+a'V)+a'"(a) + 

A" L 

+ p" X, + 

+ \P"\{A) 


Pl''x, -h //" L + + 


= lA^l 

= [/' vt'] 

= [/.';« 1 



iliS 1 HI s\\ Si * M- *1 I \ V i H ^ * 

riu* qu.ihtitu's I, him:* naniv iM 

tU‘S, WfM‘IlUHn*tt<’ tlif Ml ll\ Mll»"UtUtUM‘ IImH \ i >' 

liuiM the* tnvl ui iMiiiiial MjuatiMM* m tl^ 

W'r haN« lht*n 


^ /» 

( l/.l ‘ 1 I 


vvliu li may hr* sttlvMd as ummI 

d ht s<M’t[MatioMs ma\ be* uutUu 

|,wj(./^ 1 . I / ) 

I i . . I , I 


1 1 


I t i 

I. Ill 


! 


I 


*1, ! 

' ( ' ’ i J 


1 I 
1 


vvhl'u* [’'^'J' ■ • « • Mf' i 

.syiijbtils, 

III tin* <Mst s tli.it «n(ui III oidiii.ii \ u III Kill* •Miinml 
ti«*ll may 1 h' still l.iithn * lioi ti itc‘,1. ti ur atiaih’i lti» 
olisi'i vat ictus III f'lituiis ( uiifaiiiin •, n kIiii'**. itii tin '.aim 
si'iifs (it ‘ijjii.ils, tlicn, tin H .uliii . . hvii,.. ,,1 umil i.(l.n 
we luue ioi the Inst jjuiuii 

A' A' ' • • f 

A’ /* ,/* *' 

iiiiil tliei ( idle 

iAi w.’.A I/' I 

//'Item” the miiiiliei cii m-.imIs sii'lited at iii the. r,ii*ii5' 
Similarly h’J the otliei t>i«Mi{is. 
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Hence it ;/a', ///', denote the number of aics in the 
ieveial gioups, the coefficients of the noimal equations 
become 




/// th" 


[.?/] = I 








whcie denote any of the ecjual weights in 

the seveial columns of the fust group, and j/", ^ 

, denote conesponding quantities in the 
second, thud, gioups These weights for the signals 
sighted at may be taken to be each equal to unity, and, foi 
the signals not sighted at, /eio 

Aftei having lound the quantities 5^//, b\ taking 
the diflerciices between the appio\imalc values of the 
angles and the seveial measuied values, it is convenient to 
aiiangc the loimation of the 1101 nial eciuations according to 
the following scheme 


No of 
Gioiip 

1 

2 

3 

««» 

p 




sum 

sum 

ns 



l/l 

1 /W'l 



\pm\ 



The coefficients of the normal equations may now be 
written down at sight 



tilt. MINI “I ' 'll .1 l,\ ^ M" • 


II fV<M\ .lit IN hill, .mil fV«M ihiiiij'-'t 
IN <H|ii,illv Will nif.isuifil III iwc'iv .IK, till" 
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For substituling toi [««], [a^], their values we 
find the above sum equal to 

r/'"in/"i + 


h"‘ \ /l"" + 

A''’+/ "'°+A"A" 

IM 

lAl 

--111/I 1 lAl 1 IAJ+ ^ 


, -A' 1 A" 1 + 

+/i"A"' 
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[/.] 

-A" ‘ A" 1 P'" + 

/ "» + + /i 'A'" 

1 2 
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- t i/"i H/'"i 1 ! 

'l/'f 

[/.“I _ r_/j _ 

2L/d al/d 


Now,// -//= = 1, and Iheieloie 

I /M I \ P"\ = the numbei ot observations 

1 /i 1 I I A I I 1 A I I _ i-j-jg numbei of ai cs 
lAl^lAl ^lAl ^ 


2 'I'hc sum 

wlieie is loinicd in the same way as 
For 
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-lA»".l-lA»"il- 


= [/>«'] 
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which proves the proposition 
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Taking the weight of each obseived direction to be o 
the same value unity, the expressions for [w] may be written 


[ vv I = [;«;«] — 




= [ vn/i] 


„ > « '! 


_ [£]“ 

r aa\ \bb i"] 


150 The Gcuoivil Adjustment. —The general ad- 
justment IS earned out as in the case of independent angles 
The angle and side equations aiefoimed as in Aits 117-139, 
and the solution effected according to the programme of 
Art 1 13 


15T Eji At station Clark Mt , mthe triangulation of the Blue Ridge, Va , 
readings were made with a non-repeating theodolite in the method of arcs 
The following, taken from these readings, will be sufficient to illustrate the 
method of leduttion 

riic ongiinl observ itions are arranged in sets containing readings on 
the same groups of signals, and the quantities given in the table below are 
the rcmaindeis found bv subtracting the reading of the fiist direction in each 
stnes fioin the readings of the other diiections, that is, — Mx\ 
Mx"' - Ml', 

Ai Claik Mt 



42 
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THE ADJUSTMENT OB OBSERVATIONS, 


The Local Adjustment 

Assume the most probable values of the angh's 

Sperr, (xV' oo' oo" (K) 

Humpback, 2^‘* ot/ 36" ()0 | {A\ 

Fotk, 7a’ 26' 

Take the diffeiences between the approximate values ol the angles am! 

the several measured values We then have 





Siiitri 

0 QO 

-- I 20 

- I 


11 

8 

= 1 + 2 5 « 

i/",-! (M<> 


00 

— 0 O7 

0 «t 7 


«,' = 3 00 

-3 35 

1 0 


0 00 

^ - 2 72 

I 07 

\ to 

«a"=2 0 00 


f 030 


«,"=2 00 

>/"=0 

j/" t 1 I n 


0 00 


} i.M 

1 I n * 
1 

0 00 

— 0 Bo 



00 

-1-0 50 



00 

-037 



00 

-h 1 25 



00 

H- 2 10 



0 00 

-f2 68 


1 2 UH 


0 00 

I 



00 

— tjift 



00 

- 0 07 



00 

h in 



" 

- » 



0 00 


n 0 ^ 

0 

8 

— 0 04 

[/V'l- -oag 

\M\ 

1 — 1 

1 — J 

II 

Hi 

HI 

[/"] = I 3 

t/'"i - 1<> 
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Next form the table 


= 5 ? 

0 

*C ® 

Hg 





Sum 

Sum 

1 

1 ^ 

\ 

1 

4 

0 

— 2 72 

- I 67 

-4 39 

- 1 463 

2 

1 

2 

0 


+ I 43 

+ I 43 

+ 0 715 

3 


5 

0 

+ 2 68 


+ 2 68 

+ I 340 

4 

1 

4 

0 

00 

— 0 05 

— 0 05 

— 0 025 

1 Sums, 

15 


— 0 04 

— 0 29 

- 0 33 

Check 


I he coefficients of the normal equations 

= 13 - } — 5 - J = 4- 7j 

= - 4 - i = - 31 

[“ ] •= — O 04 + I 463 — I 34 H- 0 025 la: + O 108 

[ *1 = — o 29 + I 4^>3 — o 715 i-0 025 = + 0 483 

[ J = - I 463 + 0 715 + I 34 =4-0 592 


C heck (i) [ 1 i 1 


as it should 


(2) 


h [ £^] = oS- 

=• J(34~i5) 
= !(«"“ "«) 

[al] + [dl] = 0 591 
= [zvi] 


as It should 

The normal equations are 

7 J(-^) - 3 l(^ = + o 108 = lal} 

- + 5 !i(- 5 ) = + o 483 = rWl 


The general solution of these equations gives 

{A) = + o 1921 [a/] + 0 1130 [W] 
(^) = + o Il30[o/] + 0 2429 [i 5 /] 

Substituting for [a/], [W] their values, there result 

(A) = + o" 075 
{£) = + o' 130 
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and hence the local directions 


Speir 0° 00 oo" ooo 

Humpback, 24“ 09' 36" 975 
F'oik, 78“ 26' 10" 030 


To find the u) s e 
The value of 
Therefore 


of a single observation 
computed according to Art 


150, is found to be 25 7 


r Qj. — 


25 7 


34 - (15 + 3 + I) 


= I" 2 


the divisor in this c-ise being 15 

This completes the local adjustment 
at the remaining three stations 


at this station 


Proceed similarly 


T/ie General Adjustment 
At Clark 

Most probable directions 
Spear, 0° 00' 00" 000 

Humpback, 24° 09' 36"975 + (i) 
Fork, 78° 26' 10" 030 4- (2) 

Weight Equations 

(1) = + o 1921 Qj + o 1130 iTj 

(2) = + o 1130 j_t_| + o 2429 I 2 I 
[w] =25 7 Divisor, 17 


At Spear 
Humpback, 0° 00' 
Fork, 32» 08' 

Clark, 54” 06' 


00' 000 

793 + (3) 
29' 197 + (4) 


Weight Equations 


(3) = + o 2061 i_3_| + o 0485 |_4_| 

(4) = + o 0485 IjJ + 0 1879 

M = 58 7 Divisor, 17 
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Sjfl Hk 
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Ilf 
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'lino ADfUSI MI-'NI OK OIISI'HX \ llns*. 


The fuiru ot u'cluctioa iiseil oii llu' T S. Stiiv« \ 

for the adjustiiiont ot tlie pi luiat y 1 1 lanmilalioii is < * st iiti.ilix 
the same as that just esplained, so (at as fiiitliii'; the sal 
lies ot the local collections is (oiueiiieil I he iiti thofi «i| 
wcightin” eniployeci iii the geneial .iiljiisiiiu'iil is iiol pixiii. 
as It IS not so satislactoi v as that in the test. It will hi 
found 111 i86j., app 14 

152 Approximato Method of ItodiK t ion. \\.t\ 
convenient niethod of .'ipinoxinnitioii ni.i\ Itedeimil iiotu 
the normal ccjuations, Ait. 147. It depeiuls 011 tin- theomo 
of Alt 1 15, and hence, it the pi mess is lepc.ileil olicii 
enoufyh, leads to Ihe same' lesult as the imotoiis solution 
In the second ffioup of iioniiaf c’cpi.itioiis, ,\it. 1 i;. .is'iiuir' 

-V. . J//. \’ J/;. . . . 

then we have as appto\imafe values of . 1 , . . 

i/i ■ '■ i^'.i 

Let \\ denote the collection to V„ i, i(» V,. . rii<‘n fh* 

values 4I , of 4/, /}\ , sulmdtutfil ni tli* tir^f 

g'toup of noinnil e([uations, g’lve as ap|)io\miatf‘ values nj 

-t p . 


PJWI' - 

m: 





lAl 


A'W' 

m: 

•r) f prorr 

, 1 / 


lAl 

winch values substituted m the sc'c oncl yioupji;ue,i<. ittotKl 
approximation.s to the values of J, A’, . 

I/*”! 

no r- Pl'W" - m:~ X /) -{• t>:’\ Mr m- i,h . . . 

\r\ 


ana so on. 
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This approximate loi ni of reduction was used on the 
Oidnance I'ligonometrical Suivey of Great Britain in the 
leducUon of the piincipal tiiangulation The appioxinia- 
tioiis wcie earned out only as tai sls A", JB", This is 

in general sufficient in good work 

Instead of finding A', B', as above, it is often moie 
convenient to follow the Oidnance Suivey plan, and, in- 
stead of deducting AJ,", fiom the leadingti ot the 
signals in the diffeient aics in oidei, to add to the leadings 
ol the signals m the different arcs quantities which will 
make the column M' constant throughout We should 
then have 


A' + M' 


\fM"\ 

"L/'l ' 






The coircctions r and the othei appioximations aie made 
as before 

Should the observation of the zero diiection be want- 
ing ill any aic — as, say, the thud — the quantity to be added 
to each reading in this aic is given appioximately by the 
value of -V, in the first set ol noi mal equations Thus, given 
the leadings picpared as explained above, 

M', M/', Ml" 

M', Ml', Ml" 

o. Ml" -Ml' 

to find Ml - Ml 

If ^1', Z?' have been found fiom the first two arcs, then 
fioin the noiiiial equations 

M'- V i>:<^Ml-A') ^p l"{Ml" - B') 

and 

M» M' - Ml_^ 
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=^' appiox 
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Wz/Mv/ 

l*i; 1 In luinr* that h.ivc }*ivc*ii ni tlu* pirncUnj; 

ailiiU"» hii tin ni|usinu*nt cil a ti hin^nlatiou, 

l!if>u»»h aijal\ In alU \<t\ tl<»*a»tt, an suitu‘\\hal uunpli 
(aluh A tiiriintil whnh sitall .1 uiaikcd duinmitioti 
<»l wnik lu tin* iriiuttiuii without nu l!u* tu‘Ul woik 

in.itf I laih 1* a 'h MtlfMatutii 

ill tin* If din tiMii f»t a itan; lu t «»i tt laiupilation w*(* have 
srcai that laimf i» *avcd !i\ liicakuu* (In* wntk into two 
{Mitt, hist at f a< h ut the stations lot tin total 

i oiithtion and then nan** this woik in tin tiutlitu ad|ust 
tneiit aiisMin tioni (he an;;^^* «^tid side e(|nattons Now, li 
the nil asm Mill lit 0 well made on a luiitonu plan tin* hual 
adjustment would he siinphtu d, as wr* should have* a stmilai 
{uolihm t<» solve at «m« li ^tatn»ii I his would hsid to a 
{peat savin,* ot Idia.^mte, it tin* ineasuiennmts an* nnnle 
at hap haAiid, tin Imal ad)n tment niav Ik* (|nite csmiptn 
( ate«h 

It wr d< * nh’, tin n, tint tlie ohnvei must vvoik in ae 
tMiilaine with some m »;tdai {oini«otn in»\t im|un\ is, Wlial 
•ImII that foiin la *' hiiM, *hall tin* an«»!<*s he nnsisuieil in 
depeitdenllv oi 111 an s ' the poinl to Ik* ainn*d at in this 
Us inallwotk mI pifsiaon isto*'<l iidot svstt*niatie emu. 
Idle ainihnta) eiioi' ai<* tnIhfU' tn tsmipaiison Wlien 
we lotiaiiet tweU of tnampdation station tiom tin* tUthin 
of theMiu'itavs, the mtim n» e on ilisimi Inev* ol vision toi 
the same i*n n > toi ditlfieut lenpple. ol Inn s si»;hted tivei , 
the mteiMiptirfUs ih tl mav occui m tlie (smist* ot teaditi}* a 
iouK ao ; tin uioie nmloim le*ht that mav alwav*^ Ik* tiad 
wlieii the mimiK I of supiai ^ in use at one time is small, < to., 
we eaunot hnt ( oni hide that *peatei ptrseiiou is to he 
attimed hv tm eaiim*,* tin* ambles imh'pendc'utlv , ddic* 
iiiotsaii uioie hkflv to imitiiallv lialatn e hv(*u Audia*, 
the autliot ot the mot impottaut (ontnhntnms to tin 
method ol dueitious am e Ilf *sel, and who usisl tins 
method m tin* tinutpilation oi Deiunatk, at kuowle(4p*s 


11 



332 the adjustment of observations 

that “in place of observations of directions in aics it is pie- 
ferable to return to the old method of Gauss in measuring 

angles ” i i <■ 

As regards the cost, it must be acknowledged that tor 

an equal number of results, leaving quality out of account, 
the method of arcs has the advantage Nowadays, hovv- 
evei, when facilities exist for measuring angles by night as 
well as by day, there is less delay in waiting for suitable 
conditions than when day work alone had to be depended 
onf Taking this into account, the diffeience in cost would 
not be great in any case, more especially as a tnangulation 
party is never a very large one 

Having decided that angles should be measured inde- 
pendently, it is in accordance with general experience that 
instead of spending all of the time of obseivation iii meas- 
unng the single angles themselves better lesults would be 
obtained by spending part of it in measuring combinations 
of the angles A simple form that at once suggests itselt 
would be to close the horizon at each station, that is, to 
measure all of the angles AOB, BOC, LOA in order 
round the honzon (see Fig 20) The local corrections 

would each be ^ of the discrepancy of the sum of the 

angles from 360° (Art 121), and the reduction is thus 
simple and uniform However, as measuring the closing 
angle LOA is the same as measuring the sum angle AOL, it 
would seem that if we measure one sum angle we o^ight to 
measure all possible sum angles X Though the form of 
adjustment for this combination of measures is a special 
case of that already given, I shall, at the risk of a little 
repetition, sketch it in full 


* Verkandlungen der europaischen Gradmessung^ 1878, p 47 

+ See C S Re^i 1880, App No 8 Expenments made at Sugar Loaf Mountam, Georgia, 
have shown that an apparatus cheap and easily operated can be used , that night observations are 
a httle more accurate than those by day, and that the average time of observing in clear weather 
can be more than doubled by observing at night 

X This form of combination was introduced by Gauss in the tnangulation of Hanover 
A similar form is employed on the New York State Survey See also C S JReport 1876, 
App ao 
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THE ADJUSTMENT OF OBSERVATIONS 


differences, and then place these quantities in the pioper 
columns Add each column and divide the sums by 4 


4, 

Sum,— Sum, 

4. 

^2 3 

Sum^— Sunig 

4. 

4 4 

44 

Sum, 

Suin, 

Sum,, 

Sumg 

Sum,— Sum, 
Sum,— Sum, 

4.A 

4^ 

4(: 



A 

B 

C 

Check 



Check Solution —T 'ciq foim of the expiessions found as 
the values of A, B, C suggests a method of finding these 
values in accordance with the fundamental piinciple of the 
mean For, writing the value of A in the form 

A (5) 

we see that it is the weighted mean of the values 

A a weight I 
/la-Zas “ i 

h.-h. " \ 

that IS, the value of A is found by taking the weighted 
mean of the measured value ot A and of all the values of A 
that can be found by combining two othei measures 
Similarly for the remaining angles 

The Precision — From Eq 3 or fiom Eq $ it is evident 
that each of the angles A, B, C has the weight 2 The weight 
P of the angle — ^ + -5 is given by (see Art 10 1) 

i = M-2[ai9] + [^^] 

= i-2i + l 
= f 

and P=2 
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suitie !t*sult will be fouml foi the icinamuig angles 
llriue att<M the station a(l|ustnuniit each angle has the 
saitu‘ WiMght, beint; double the weight of a single mensiued 
augh* m oui (as(* ol \ stations sighted at With stations 

sight etl at the weight ot an adjusted angle would be ~ 
tunes tlu‘ weight oi a single mcasuietl angle 


/ ^ i (avfn at statuMi <)swcju;<s m the truiagul Uion of Lake Ontario 
llm 


/u 

Ho 

2 ()' 

4()" 

10 

A. 

107 

n/ 


28 

/»» 

nH‘ 

12 

49 " 

4^ 


20 

40 ' 

U)' 

()i 

A. 

*^7 

iV 

OI ' 


/a 

to’ 

sV 


H8 


irniiuel ilu adiusif’d values 


Soiuiiott 


ir< fo 

fo '*-1 

u«r II 

21 H" 82 



Ht fa 

fa ' ()h 

78 " «;7 

140 " 2 S 

1 


\y Hh 

.ji 88 

I7'i'' 9*1 

i V » *1 ' 

h » ao 

21H' H2 



I o , 


IH’ in 



\U 

fo (|fi 

los' 2 S 

218 " 85 

cheek 

/ 1 

// 

C 




aiut tiu aafusted aiuHeK 


Aufth* A 
\U |c* wt i 

\U l,J " \ 

17 '.,t •• i 


80 


1^" 

8<) 

if»7 

n/ 

fO" 

i,f) 


12 ' 

4H- 

28 

2f» 

I*/ 

17 ' 

1 ; 

«i7 

It' 

01 " 




41" 

12 


Angh 

i‘ if 


V 

2 M 

wt. 

1 

2 ’ 

71 

it 

i 

(/ 


41 

i 


}>i vt 


1 ' ')<• 


AtiRlo C 
4<)*‘U wt 1 

!()' [ft “ it 

48".(X> " 1 

48 " 38 


Thi wi'IkIiI i>t rai U iii twl'V that of each measured angle 


A» a. The anglos at Matton Vaudethp (Art. 142) may be adjusted in the 
sain** way as tlw ahovn 
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15s The General Adjustment (Angles).— The angle 
and side equations are formed as explained in Aits 117- 
139 The connection between the local and general adjust- 
ment IS through the weight equations In our example of 
4 stations, in which every angle between every two direc- 
tions IS measured, the weight equations are in tliiee groups, 
of which the first is (see Eq 2, p 333) 

3[</a] - [«^] — [ax'] = I 

- + \pr\ — ° 

- [aa] - M + 3[o'r] = O 

which equations are moderately simple in form 

If we had simply closed the hoiizon the first group of 
weight equations would have been 

2[H+ [«^]+ 

M+2M+ ^('y^=o 
M+ [«'^] + 2W = o 

which are as complicated as the preceding 

Hence, in a net in which the angles at each station aie 
measured in either of the wa\s indicated, the solution 
would be simplified so far as the local adjustment is con- 
cerned, in that the adjustment at each station is of a fixed 
form, but in the general adjustment aiising fiom the angle 
and side equations the gain is compaiatively little 

If, however, instead of finding the corrections to the 
angles we had found the coriections to the diiections of the 
arms of the angles, the weight equations become much 
simplified, and therefore also the whole reduction This 
idea, which, I believe, is due to Hansen, will now be 
developed * 

156 The Local Adjustment (Dix’ectious). — If X, 
A, B, C denote the readings of the 4 directions i, 2, 3, 4 
from 0 , then since A — X, B — X, C — X correspond to the 


* See Dte ^reusstsche Landesiriangtilaiion Berlin, 1874, scq. 
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The computation may be rendeied quite mechanical by 
arranging in tabular form 



The transformation of the normal equations (2) into (4) 
by means of the arbitrary 1 elation (3) is allowable For 
since the sum of the coefficients of the unknowns in each of 
equations 2 is zero, whatever values oi A, C satisfy 
those equations JSf -j- -j- C-\-ay where « is any 
constant, will also satisfy them Hence whatever set of 
values is taken to satisfy the equations, the differences 
A—X,B — Xf C—X will be the same in value There- 
fore by arbitrarily fixing the zero direction we find deter- 
minate values for the corrections to the other directions 


£x Take that of Ex i, Art 154 The tabular scheme, writing down the 
seconds only, is 


— 218" 82 

46" 10 

- 78" 57 

63" 28 
16" 61 

-42" 88 

109" 44 

61" 96 

42" 88 

218" 82 

78" 57 

42" 88 

— 218" 82 

- 32" 47 

37" or 

214" 28 


- 54" 70 

- 8" 12 

9' 25 

53" 57 


X 

A 

B 

C 



and A — Xf B — Xj C—X give the same values of the angles as found before 
Hence, whether we find the local corrections to the angles or to the directions 
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of the arms of the angles, the result is the same One method or the other 
may, theiefore, be used, as is most convenient 

To avoid the use of large numbers ceitain approximate values may be 
assumed for the directions, and the corrections to these approximate values 
found (Compare Art 8t ) Thus if (JST), (A)^ (B), (C) denote the corrections 
to assumed values of AT, Af B, C, we may proceed as follows 

Assumed approximate angles 

Sodus, o“ oo^ oo" + (X) 

Vanderlip, 8o® 29' 46" + {A) 

Duck, 107° 19' 03" + (^) 

Stony Pt , 138“ 12' 49" + (C) 


Tabular Form 


I 

2 

3 

4 

Sums 


+ 0" 10 

-h 0" 28 

+ o "44 

+ 0" 82 



- 0" 39 

— l" 04 

-i '43 




— 3" 12 

— 3" 12 

I 

0^ 

00 

+ I" 43 

+ 3" 12 



- 0" 82 

+ i" ss 

+ 3" 01 

- 3" 7 f> 


— 0" 20 

+ 0" 38 

+ 0" 75 

- 0" 94 


(^) 

(^) 

(^) 

(C) 



and the adjusted angles aic as before 

157 The General Adjustment (Directions). — The 
foim of the normal equations 4, Art 156, shows that at 
each station the quantities X, A, are determined inde- 
pendently of one another The weight of each direction 
at a station, as shown by the weight equations, is repre- 
sented by the number of stations sighted at If, theiefore, 
(l), (2), denote the coriections to the values X, A, 
locally adjusted, which arise from the angle and side equa- 
tions, we may consider X, A, as independent quanti- 
ties, all of equal weight and subject to certain rigorous con- 
ditions, and proceed to carry out the solution according to 
the simple form of Alt no Hence, as the solution breaks 
into two simple problems of adjusting quantities as if inde- 
pendently observed, we see the advantage of adjusting the 
directions instead of the angles 
44 
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Ex The quadnlateral Buchanan, Brul^, Aminicon, Lester, in the tri* 


angulation of Lake Superior 

Direction 

At Buchanan, 2-1 
3-1 
3-2 



At Lestei, ii-io 
12-10 
12-11 


Measure^ Angle 

Local Ac[} 

Angle 

47 “ 

57' 

36" 

25 

36" 

21 

97 “ 

26' 

41" 

29 

41" 

32 

49“ 

29' 

05" 

15 

5" 

11 

40“ 

25' 

47" 

49 

47 

36 

71“ 

58 ' 

27" 

31 

27" 

45 

31“ 

32' 

40" 

22 

40" 

09 

37 “ 

47' 

05" 

51 

5" 

17 

97 “ 

51' 

03" 

II 

3 " 

45 

60“ 

03' 

58" 

62 

58" 

28 

51“ 

00' 

39" 

77 

40" 

00 

92“ 

43' 

49 

42 

49" 

20 

41“ 

43' 

08" 

97 

9 " 

20 


The local adjustment is earned through as in Art I 54 » tt being more con- 
venient to adjust the angles directly rather than the directions 

Taking the locally adjusted angles as independent, we next find the cor- 
rections to the directions arising from the angle and side equations 

The angle equations, formed in the usual way from the triangles Buchanan, 
Brul6, Amimcon (£=i"37), Brul6, Aminicon, Lester = Lester, 

Buchanan, BruU (e = I " 19) , and the side equation, from the quadrilateral 
Itself (pole at Lester), are 

- (I) + (2) -(4) + (6) - (8) + (9) = - 0" 57 

- (l) + (3) - (5) + (6) — (10) + (11) = - O" 22 

- ( 4 ) + ( 5 ) - ( 7 ) + (9) - (II) + (12) = + I" 18 

- 0 14(1) - o 90 (2) + 1 04(3) + I 24 (4) — 2 95(5) 

+ 1 72(6) 4- 1 50(7) — I 36(8) — 0 14(9) = — 0" 80 

The number of stations pointed at from' each station occupied being 3, the 
'weight of each locally adjusted angle is the same throughout the net 
Hence we have the correlate normal equations 


I 

n 

III 

IV 


+ 60 

+ 20 

+ 20 

+ 094 

= -o 57 

+ 20 

+ 6x 

— 20 

+ 5 84 

= — 0 22 

4-2 0 

— 20 

+ 60 

- 584 

= + i 18 

+ 094 

+ 5 84 

-5 84 

+ 19 22 

= — 0 80 

I 

= — 0 273 

III = 

+ 0 377 

II 

= + 0 136 

IV = 

+ 0 045 
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1 0" 21 
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. 0 
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(‘I) 

t 0" lo 



<0 

do) 

(r II 

i ♦ 
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1 1 

00 
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1 0 cH 


AV/ of I Htniii^nlftiton uiio Si it tons for 
i onct'nume of ^Solution, 

i^S, in a liiiu; i ham ot tnauf»ulati(>n oi in a complicated 
ihM the snuulfamnjus solution of tlu‘ comhlion ociuations 
would 1 h‘ vn> tiouhh'some, not liom any principle in- 
volved, hut fiorn its vei y unwieldmess Accoiclingly it is 
neteoaiv tohteak tin* wink into sections and solve each 
seihoii hv Msell, As tins Ineakmj* into sections causes 
luoie oi less distuihamv ot the IocmI csmditions at the hues 
ol Ineakiu', oft, tsu h section should lx* as huge as can he 
» oioeiueitllv managed, and (he hnc‘s ol hieaking olt should 
tie M» iJiosen as to distuili as lew conditions as possible. 
H% ttie method ot adjnstineut c'xplained in Ails. 153 1157 
nun h laig«t seeimns can he takem tlian by any otliei. 
Tins IS a stiong aijpniuMit in tavoi ol its use. 

I he I onttadn tions tliat octtii at the hni*s oi hi caking off 
of the seveial sec tions .lie most eouvenuntly budged ovei 
hv nnan* of tin* piimipleot Ait. ns As an (*\ample we 
niav cite tin* tedmtion oi the piituipal tnangulation of the 
Huti'Ji Ordnance Suivev. Tln'it* wtue o^o eondition ecpia- 
tious to tie safistnnl in the n<*t. The following was the 
rnelhmi of nohition emploved . 

Hie tnangulation was divided into a tnunhei ot parts 
ot teamens, tsn h alloidmg a not unmanageable minibei ot 
eciiiatiotoi of condition. One ol thesc^ being eoneeted or 
computed nid<*pendeut 1\ ot all the* lest, the collections so 
obtained wen^ substituted (so fai as they entcied) m the 


* f*f th* #/<*/ // 
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equations of condition of the next figuie, and the sum of 
the squares of the remaining collections in that figure made 
a miiiiraura The collections thus obtained ior the second 
figure weie substituted lu the thud, and so on 
^ In the triangulation of Mecklenbiug* this method was 
cirried out even moie systematically The adjustment 
was divided into five gioups of 22, 22, 22, 21, 22 conchlion 
equations lespectively The collections resulting Irom the 
solution of group 1 weie carried, so fai as they entered, into 
group II , and this group solved, and so on thiough groups 
III, IV, V The whole operation was lepealed four 
times, and the small contradictions still remaining were 
distributed empirically 

For an interesting confeience on the whole question 
see Comptes Rendiis de V Association Gdod^^tque Internationale^ 

1877 

Adjustment of a Triangulation for Closure of Citcutf 

159 In the adjustment of a triangulation we have so lar 
considered it only with leference to a single measured base 
We have seen how at each station the discrepancy arising 
from sum angles and from closuie of the horizon can be got 
rid of, and also how in a net joining several stations the 
conditions aiising from closure of triangles and from 
equality of lengths of sides computed by different routes 
can be satisfied Theie lemains the question as to the 
mode of procedure when seveial bases enter whose lengths 
are known and whose positions* have been fixed astronomi- 
cally Special cases would be where a circuit of tnangula- 
tion closed on the initial line, and where a secondary system 
is to be made to conform to two lines in a primary system, 
the primary lines being assumed to be known in length and 
position 

The conditions to be satisfied in the adjustment are four 
in number— that the value of a base computed from another 


* Grosshcrsoglich mecklcnhurgts^ihe Landesverjne^sung Schwerin, x88a 
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should agiee with the measured value in azimuth, in length, 
and in latitude and longitude of one of the end points 

The measured angles of the triangles connecting the 
bases having been already adjusted with reference to one 
base foi the local and general conditions, the additional cor- 
icctions nccessaiy to satisty the closure of the circuit will 
be small But little difference m the results will therefore 
be found by making a simultaneous solution of all of the 
condition equations of closuie and a solution by successive 
appioximation according to the method of Ait 115 

VVe shall considei only a single chain of triangles, all tie 
lines of the system being rejected This on account of sim- 
plicity, and also for the reason stated above, that, in good 
woik the corrections being small, it gives results practically 
close enough— neaily the same, in fact, as a iigorous solu- 
tion If thought neccssaiy in any special case a rigorous 
solution ot the condition equations can be earned out by 
the method of con elates 

160 Acljiistiuoixt ior Discrepancy in Azimuth.— 

Let 1-2 and 5-6 be two bases connected through inter- 
mediate stations 3, 4 by a single chain ^ ^ 

()1 the best-shaped tiiangles that can ^ 

be selected lioni the net / \ / * N. 

In computing the base 5-6 from 1-2 / VV \c 

the sides i 4, 3-4, 3-6 aie at once sides p * ^ 

of continuation and bases, accoiding 

to tlie tiiangles consideiecl For example, in the ti langle 
I 2 4 the side 1-4 IS a side of continuation from the base 1-2, 
but 111 134 the side 1-4 is a base with leference to 3-4 as a 
side of continuation 

In the chain of triangles let 

Ai, A„ be the angles opposite to the sides of con- 
tinuation 

^i» angles opposite to the bases in order of 

computation 

C,y the angles opposite to the flank sides 
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Let denote the values of the nieasiiu'd a/imuth of the 
bases i-2, 5-6 respectively These values au* assunictl to 
be correct, and receive no change in the a(l)iislnient 

A geodetic computation’' of the a/iimith of the base $ 6 
from the base 1-2 is now made, using the values of the 
angles of the intervening tiiangles lesiilting ftoin the adjust- 
ment for local and geneial conditions (’all the value of 
the azimuth of 5-6 computed in this way 

Now, reckoning a/itiiulh 111 tlic usual wav fioiii the 
south as origin, and the direction of ineiease fioiii south to 
west, it IS easily seen, by passing ft oni i 2 along the sides 
1-4, 4-3, 3-6, that the excess /, of tlic ob-seived value over 
the computed value ^ of 5 6 is given by 

-(Q + (Q-(c,) 4 (0 

where (Q, (C^), denote the eoiieetioiis to the angles 
(7„ C„ This is the azmuith uniditiou etjuation. 

In ordei that the collection atising lioiu the a/iiiiuth 
equation may not distuib the conditions of elosuie esistiiig 
among the angles of the tnaiiglcs, it is iiecessaiv that the 
corrections to the angles should satisfy the eoiiditions 

(4f0 + (/?.)+(f.)- O 

+ (/>’») + (( j) - o (2 ) 


The unknowns in equations i, 3 aie subject to the ic- 
lation 

(^.y + W+ =aimn. 

Call k^, fhe correlates of equations (2), and i’ th<‘coi 

relate of equation (i), and we hav.e the con elate eiiuations 

(-^i) —(■^ 3 ) — (■''f j) ■■(■''ft) 

=W K =(^,) K -(/ 4 ) h {/{,) 

k^ — k = (Q = (Q i-, — i'=z (C,) f X* =. (r, ) 

••For methods of doinj this see Loo’s /■<»•««/«, WaAmmon, tSji. («i/ Svt- 

uey Report^ 1875 
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whence the normal equations 


Zk, — k = o 

Zk, k = o 

Zk, — k = o 

3/^4 - 1 - k = o 

— X’, -j- /j — k^-\-k^-\- 4 k = 4 


If we had n tnangles instead of foui, the noimal equations 
would be of similar form, and, solving, we should find 

34 

2n 

-\-k,= -k, = -^k,= 

and therefore the corrections 

{Q =-}/., (Q=+^4. 


Hence the lule Divide the exce'ss of the observed over the 
computed azimuth by the number of triangles^ and apply one-half 
of this quantity to lach of the angles adjacent to the flank sides 
on one side of the chain, and the total quantity, with the sign 
changed, to the third angle The signs are reversed for the 
angles on the other flank 

11 the azimuth maik is not on a triangulation side the 
line of azimuth may be swung on to such a side by adding 
the angle between the mark and the side 
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Ex The sketch represents the secondary triangulation of Long Island 
Sound The sides 1-2. 14-15 are the lines of junction with the primary sys- 



tem These lines are assumed to remain unchanged in azimuth in the adjust- 
ment, and the secondary system is to be made to conform to them 

The mam chain of triangles joining the two primary lines is indicated in 
the figure by heavy lines The number of these triangles is 11 The system 
has been adjusted for local and geometrical conditions, ind the resulting 
angles of these triangles are as follows 


Angle 

log sm 
dll 1" 

Sph 

excess 

Angle 

log sm 

dSf 

Sph 

excess 

A^ 

Sz*" 49' 19" 25 

0 27 


At 

58' 25' 08" 08 

X 29 


B, 

64° 55' 40' 32 

099 

3” 66 

Bt 

82“ 16' 16" 16 

0 29 

3" 63 

Cl 

32° 15' 04" 09 



Ct 

39° 18' 39" 39 




52° 37' 47" 98 

I 61 


As 

69° 12' 06" 02 

0 80 



74° 10' 50" 56 

0 60 

4' 96 

Bs 

71® 58' 54" 18 

0 68 

3" 03 

a 

53® ii' 26" 42 



Cs 

38® 49' 02" 83 



As 

69® 20' 16" 03 

079 


As 

59® 18' 26" 33 

I 25 


Bs 

67° 43' 43” 33 

086 

3" 53 

Bs 

102® 08' 26" 94 

-0 45 

l" 33 

Cs 

42® 56' 04" 16 



Cs 

18® 33' 08" 05 



A, 

39® 31' 29" 66 

2 55 


A\s 

67° 38' 52' 77 

0 87 


B, 

120® 36' 36" II 

-I 25 

i" 31 

B\s 

70° 26' 23" 26 

0 75 

2" 41 

c. 

19“ 51' 55" 54 



Cio 

41° 54' 46" 38 



As 

83® 19' 31" 08 

0 25 


All 

29° 43' 55” 99 

3 69 


B, 

68 ® 57' 47" 75 

0 81 

l"42 

Bii 

55° 23' 09" 36 

I 4 S 

2" 13 

Cs 

27® 42' 42" 58 



Cii 

94° 52' 56' 78 



A^ 

87® 25' 26'' 66 

0 09 






B^ 

44® 10' 45" 25 

2 17 

3" 47 





Cs 

48® 23' 5i" 56 
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A geodetic computation for latitude, longitude and 
azimuth was earned through from the line 1--2 to 14-15, 
using the above angles It was found that approximately 

observed az of 14-15 — computed az of do = — 2'^ 93 

Hence the coirections to the angles of the tiiangles foi this 
disci epancy in azimuth are for the 

fiist tuangle (^4^) = — o" 13 second tiiangle (-^2) = +o" 13 

13 (^^) = + o''i3 

(Q = + o "26 {Q = - o " 26 

and so on 

161 Adjustment for Discrepancy in Bases. — This 
IS lully explained in Arts 168-170 

Using the last foim given in Ait 170, we may wnte the 
base line equation 

horn which, using the values of found m the 

<uiimilh adjustment as fiist approximations, further correc- 
tions to the angles arc found, as in equations 5, Art 170 
Since the angles C do not enter into this adjustment, the 
corrections icsiilting will not disturb the adjustment for 
a/mnith already made 

The advantage of this method of proceeding is that the 
subsequent work does not disturb any adjustment already 
made and tlrus render it necessary to make a new approxi- 
mation The laboi is reduced to a minimum, and the le- 
sults obtained are piactically close enough 
For an example see Ex i, Art 170 

162 Acyustment ior Discrepancy in Latitude 
and luongitude.— The corrections to the angles arising 
fiom disci cpancy in azimuth and in bases having been ap 
plied, the value of one base computed fiom another will 
agicc with the measuied value in direction and length 

45 
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The discrepancy in position, as shown by the differences be- 
tween observed and computed latitudes and longitudes, 
alone remains This discrepancy, being small, may be 
eliminated closely enough by distributing it^proportionally 
from one end of the chain of triangles to the other, accord- 
ing to Bowditch’s rule as given in Ex 5i Art no that is, 
the error in latitude in proportion to the longitudes, and 
the error m longitude in proportion to the latitudes of the 
several stations Each station, being thus made slightly 
eccentiic, is next reduced to centre, when the whole net 
will be consistent 
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AI’I'LICAriON 10 BASE-LINE MEASUREMENTS 

163 During the piesent century two foims of apparatus 
h.ive been used in the measuiement of primary bases, the 
umipensation bais and the metallic-thermometer appa- 
ratus On the English Ordnance Survey the two principal 
hues, the Lough Fo^le and Salisbuiy Plain bases, were 
measured with the Colby compensation bars Most of the 
bases of the U S Coast Survey and five of the eight bases 
ol the U S Lake Survey weie measured with the Bache- 
VVuidemann compensation apparatus On the Continent 
ot Europe the Bessel metallic-thermometer apparatus is 
veiy gcncially used 

Indications are not wanting that both forms will be sup- 
planted befoie long by an apparatus consisting of simply a 
single metallic bai * 

The essential part of any form of base apparatus consists 
ol one 01 two bais ol metal, usually fiom 4 to 6 metres in 
length and of about 40 X 1 $ mm cross-section If the ex- 
treme points of a bai aie the limits of measure, so that a 
measurement is made by contact [end-measures], two bais 
arc necessary If, however, the length of a bar is con- 
sidered to he between two marks made on it [hne-meas- 
uresj, so that in a measurement the tiansition fiom one bar 
to the next depends, not on the stability of the bar, but on 
some outside appliance, only one bar is necessary 

Descnptions of the various forms of apparatus used 
on different surveys will be found in reports of those 
surveys 


* See Ibanez, Zcitschr fUr InsirumenUnkunde^ 1881 Also Art 166 
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1 64 Pi ecision of a Base-Line Measui'cment. — F 01 
clearness it wiU be necessary to outline the pimciples on 
which the measurement is made 

First, we must find the length of the measuiing bar in 
terms of some standard ot length , and as the measuiements 
» of the line itself aie made at vaiious tempeiatuies, the co- 
efficients of expansion of the metals in the measuiing appa- 
latus must also be known Compaiisons must, therefore, 
be made with the standaid during wide ranges of tempeia- 
ture, and as these compaiisons are fallible, the results 
found for length and expansion will be more or less ei- 
roneous 

The principle involved in the measurement is exactly 
the same as in common chaining with chain and pins* 
There are, indeed, various contrivances lor getting a pie- 
cision not looked foi in chaining, such as for aligning the 
measuring bar, for finding the inclination of each posilic-in 
of the bar, and foi establishing fixed points for stopping at 
and starting from in measuieinent But these make no 
change in the essential principle 

The eirors in the value ot a base line may, therefore, be 
considered to arise fiom two piincipal sources, compaiisons 
and measuiement Expeiience has showm that the mam 
error arises from the compaiisons, and that, even il our 
modes of measuring the base line itself were perfect, the 
precision of the final value would be but little increased so 
long as the methods of comparison are in their present 
state Thus in the Lake Suivey priraaiy bases, if the field 
work had been without erroi, the total p e of the bases 
would have been diminished only about part 

These eiiors differ essentially in character An error 
arising from the comparisons, being the same for each bar 
measurement, is cumulative for the whole base, while eri’ors 
arising m the measurement of the base itself, were the 
measurements repeated often enough and the conditions 
sufficiently varied, would tend to mutually balance, and 
could, therefore, be treated by the strict principles of least 


i 



Al'l-l.ICAl'ION ro HASIi-LINB MEASUREMENTS 3SI 


Mjuaics But .IS the miuiber ot me.isurements is not often 
nioK' than a oi 3, tiiul as these aie nude usually at about 
tlic same* season oi the ye.u.only .1 compaiatively tough 
estuuate oi the piecision is to be looked lor 

As a check on the lielcl woik a b.ise is usually divided 
into sections by setting stones hinily in the ground at 
.ipItioMinately etiital inteivals along the line, so that in- 
ste.id oi being able to eoinpaie lesults at the endpoints 
onlv, \vt‘ ni.iy c omp.it e lesults pist as well at 6 01 8 points 
In tins way a bettei idea oi the piecision ot the woik is 
obtained, .is we h.ivc d 01 8 shoit bases to deal with instead 
oi .1 single long one 

We i)ioc<‘(d now with the pi oblcm of determining the 
pieiision oi nicMsui enient It may be stated as follows 
A base is iiuMsuic'd in n sections with a bai of a certain 
hngth, (.nil scs lion In iiig nieasuiecl «, times By the hist 
iiieasinenn nt tlie Inst sect ion contains fl// b.iis, the second 
,J/,’ b.iis, ., by the second nieasiii c nieiit the fiist sec- 
tion lontiims d// b.its, the second A//'b.us, , and so 

on. The weights ot the ine.isuuinents in oidei being 
A'. A'. ■ • ■ A". A". • • » lespectively, itquiied the 
in. s, (* <>l the most piohable value ol the base 

t most value ol Inst section 

l\ most ptob value ot second section 

• * * 

then \v<* h.’ive the obsei vat 1011 (‘ciuations 
l‘’usl seetion, 1 ', ?'/ wt />,' 

r, wt 

Sefoiid section, I', ?’/ wt // 

/' /I/." 7 '." wt A" 

• • * 

and so on. 

Now, eithei of two assumptions may be made 
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(a) In the first place, that the precision of the measure- 
ment of each bar is the same thioughout the difieient 
sections 

We have, then, nn, equations containing n unknowns, 
and the normal equations are 

+ CA1K =[A^.] 

"1“ [a] ^2 ~ [A'^^al 

whence F., V^, aie known, and therefoic the whole 
line F= F, + F, + -1- F« is know n 

The mean-square error fi of an observation of weight 
unity — that is, of a single measurement of a bar — is given 
bj (see Art 99) 



Now, the length of the measuring bar being, taken as the 
unit of measurement, the weight of a section, as depending 
on the measui ement, may be expiessed in teims of the 
number of bars measui ed 

For since fi. is the m s e of a measui ement of a single 
bar, the m s e of the measurement of a length of M bars 

IS u.'iM Hence ^ is the weight of a measurement of 

r* M 

length Af when the weight of a measui ement of the unit of 
length IS unity 

Writing, theiefore, for the weights / their values in 
terms of M, 



In the case usually occurring in practice, where the line 
IS measui ed twice, we may put this foimula in a form more 
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% 

convenient for computation For if the first measuiement 
of the sections gave lengths , and the second 

measurements gave lengths for the 

same sections in oidei, then, since 

we have for the m s e of one measuiement of a bar and foi 
the mean of two measurements lespectively 

i/i[H * vWi 

Hence the m s e oi a single measin ement and of the mean 

of the two values of the whole base are 

the number of bars m the line being \M'\ 


Ex The Bonn Base, measured in 1847, netr Bonn, Germany, with the 
original BessU metallic-thcnnometer apparatus The base was a broken 
one, the two parts making an angle of 179“ 23' Each part was measured 
twice, as follows * 



Differences 

No of bars 

Northern Part, See i 

L 

— 0 183 

II6 

Sec 2 

+ 0 00 1 

87 

Sec 3 

— 0 013 

61 

Southern Part, Sec i 

- 0 097 

264 

92 

Sec 2 

-h 0095 

60 

St-c 3 

4-0757 

13I 

283 


* Das rluini^cht DrtniJsmfz Berlm, 1876 
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Hence the m s c of iho northtiu jwit, fionuMtoi^ nl f t* t 

only, IS 



(Mjl' f»i t V 

87 (It ' 


i 

\ «> n I ^ 


and the m so of the southern put ts 



I he othoi two main sources of erioi aie 

1 h.rioi in (ompmson of the im asuirnp liats wiih oim ho iIm i 

2 Eiioi in the determination of theu It npth 

The m s c irisiujy from tliehe soun es are respt < hv« l\ 

A / 

I o foul for the norther 11 p ut 
1 f> 3<)r» I 0 33^ foi the MMuhtin pan 


Remembennpr that those lattei oriors me sysleinatn , ue have, fit* 


m s e of base - f pjy’t ( \sh f p»i} 1 ( tn t , ^ r 

L 

r 07 

(b) In the second i)lace, d w<‘ asstmie fli.it tin- l.iw *.I 
precision of the nuiasiiiements ol tin* (liflcHnil s*’» Hmh . r. 
unknown, and fliat these seclions ate iiidepnitlfiit . vtr h,ii.» 
for the mean ol the values oi llu" seveial siatimis atii) tlini 
m s e 


[Al 

[AV ',1 I . 

■; sinu*/,' a 

IAKA I) «,(//, I) *' 


77 I A'^aJ 

TAJ 


>_ rA£Wl .. |r', 7 ',| 


/Va' = 


LAJK’-- 1 ) ’* - I) A 


1/ 


I 

»/ 



Al'l'I H Al IttN lo lUM- MNK MKASlfKKMKVIS 3151; 

II / Mnutti's till' ulutU* lint*, so that 

^ M’ 1 . t /’. 

tlifii, siii( {• tiu’ iiH asiiK'iiwiits an' mtlcixMulcnl, 

/'»' /'•/ I /'I I • • 

I .) 

anil Ihi* (111 s V i of a iiUMSuiinm-nt of the line 

„ ' ,(|.xl I l.vl I . ) 

riie miiiilin of liais in (he liiif hriiif' \ M ], we have foi the 
.neia'*e >iihie of tin' (in. s. e ) ftl a siiij'Ie iiiensui eiiieiit of a 
iui 

« I.V' i 1 1 . . 

I 1.1/1 


If, loi esaiiiple, (lie lute h.is 
f/,, »/,, ...»/, air (hr ilifh'ieme' 
sevi’ial sei (ions, ihrii 


hreii ineastiieil twice, and 
of file iiieasiiieiiients of the 

* 

‘f: 


and ihrivloir 


th 


\-r\ 

■I 


.iiid (he (III *. I of .1 


'im*l«‘ ineasnieineiit of a bai is J 


IV'l. 

1 , 1/ 1 
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Ex The Chicngo Base, measured in 1877 with tlic Repsold nutallu* 
thermometer apparatus belonging to the U S Engineers The bast w is 
divided into 8 sections and was measured twu c 


Section 

No of Hus 

Diff of Me isuus 

I 

227 25 

mm 
- I 3 

II 

230 25 

1 2 3 

III 

234 5 “ 

1 2 T 

IV 

232 

1 07 

V 

23T 

1 I S 

VI 

225 

\ 1 I 

VII 

300 50 

\ T 3 

VIII 

ig6 80 

— 0 a 


Taking the errors of the different sections as indopcndont, tlie p < tbt* 
mean of the two measures of the b ise is 

0 6745 y — = I 46 
4 

The p e arising from the other sources of crroi were 

mn 

(1) measuring bar, t 6 

(2) metallic thermometci, J 2 

(3) elevation above mean tide, N Y , d t) 36 

Assuming these to be independent, the p e of the C'hicigo Rascal sea Icvd is 

nm 

Vi 46’’ + 6 38^ + 2 82’ + o 3O' “=-711 

Of the two assumptions (a) and (b), the fust is clue t<» 
Bessel and the second to Andrae Foi a moie olaluuate 
discussion of the points involved see Astron Naihi., Nos 
1924, 193s, and V y Schr d AHr' Ges , 1878, p Cx) 

165 Length of Base aud Number of Bases m‘e<‘H“ 
sary in a Triangnlatiou. — In computing a side ol si 
triangle from anothei and shortei side as base, the loss oi 
piecision ansing from the influence of the acuto angle 
opposite to the base is the greater the moic acute that 
angle is To guard against this, if a measuiecl base weie a 
side of a triangle it would be necessaiy that its length be 


\n(l< Vlli)\ lu i;\’M I.INl MlvAsnRI-'MKN rs 
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.ihuul «li«* ,i\« !.(!', f ol (hf sides ot tlio syt.- 

III III list iiMii uiiik till* puu tu (> was t(i nuMsiitc lon^ 
n.i • .\in.i Imii'* ,is 'll kiliiiuftifs and 'I'hcniodcin 

l<ia<l •«' n iiiliiiilni * tl li\ I’ml Sihwind, nl Speyei, (lei- 
i)i.i»u in I 'lii. Il\ iinasntin'i a slunt base oi 860“ and 

I III* kill" till lo a linr < iiiii|>nt(‘d lioni a base ol 15 kdo- 
iiHlit .la iiiiiiid a nsnlt a};n*t*in}i[ witliin i/* 1 llis cou- 
* ^n•llln wa*. Ili it ■' willi •( small (‘\|ienditnui ol time, lioublc, 
ind « sp> tl I till bast III a lame Inaimulalion oau be dc- 
ti'iniiii«d I's a Miiall i-saitlv iiKsisnud line.”’* 

\ Miiiilai Miininsioii was iisubed bv den lliane/ as the 
ii <1111 111 nil a' III III;; tin* base ol Matlnde|os, S|iain, m 1859 
1 1. ' IV . "I be ((uestiun, so imu ii disputed between Kiem li 
in<l tiiiinaii ip oiiieteis, as to vvlietliei it is netessaiy to 
lilt asm e Imi*' •see*., 01 if slioit bases aie sntiuneut, had 
01 « Mpit d 1)11 atti III II III III the oliset vet.s. Taking advautaf^e, 
liiiii|..ii, III ilie tavoiable oppoitninly whtuh picseutcd 
It I !t to fh.'iii, lliev ptoposed to toinpaie the icsnlts Ob- 
1, him *■ tiiiiMllM dm 1 1 incasnieol the whole base with llioso 
> diii'ilKl lioin a spet lal ti tan(;ulation d(‘pen(rnm <»> the 

I I nltal 'II limi of lit* base," | 

i lo <d|iisltiii lit ot lilts lii.fln;nlalion net Kav** use. to 36 
f iptalioii <aud 'hsidi <(pialionstontainiii}' (jonnknown 
ipi oililie I In III I IS sliowtt III the lifinte 

" We i;ive in the lollowiit,", talili* the lesnlts ol the diiect 
iioaaiM' II doted to the sea level, and then eoinpatison 
with till \.ilm . ioiiiid tii;;<nionieliu ally . 


1 

1 n tit«*n 

1 1 

w 

1 0 

,o,V' p'.! 


• M'l. 

M 

. 7 '4 I'*'* 


;.‘7’o O'** 

t Ml 

1 jfiii’.HHp 




Fia,47 
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The remarkable agreement which the two opeiatious 
present is sufficient authority to limit the length of bases, 
and to be satisfied with those of 2 or 3 kilometies in length, 
always on the condition that they aie joined to the sides ol 
the mam triangulation by means of a system of lines ar- 
ranged so as to be able to apply to it the proper method of 
adjustment 

If errors arising from the angles of the triangles aie 
neglected, it is easy to show that if a short base i/ is 
measured n times, and the arithmetic mean of the 11 meas- 
urements taken as base from which a line equal to nM is 
derived by triangulation, the precision of this line is the 
same as if it had been measured once directly * 

For if iim= the m s e of a length M, then is the 

m s e of a length nM Also, the m s e of the arithmetic 

mean of n measurements of the line M is ~i, and when 

yn 

from this line the line nM is derived tngonometiically its 
m s e IS (infVn, agreeing with the preceding 

Since, however, the principal eriois anse from the tii- 
angulation, the advantage is ‘with the longer base 

We may estimate the relative amount of influence of 
errors in the base and of eriors in the angles in a chain of 
triangles, on the value of any side computed from the base, 
as follows 

Assuming the triangles to be appioximately equilatei al, 
we have (Ex 9, Art in) 

+ f /sin’ I 

where ^ is the computed side, b the base, « the number of 
triangles intervening, and the m s e of a measured 
angle 

then fixing oui ideas, that b z= 10000*, 

= 1600 millimetres 

* Gradmessungin O^ipreussen, p 36 


WVlii l»\s| MM MhAsUKJ’MhNls 

With a piiman Imm* ♦ippaititus a pU‘(‘ision ol a 
in. s r (»1 Miuu iniiMim t an be tasilv i t*at lu'tM Ihiuo 
bum tlu* ahuv< Ifninula \vr see that ov<‘n ma slant (ham 
<»1 tnan^lr*^ tlu mun ut «i suit* ansiu^ tnnn the enoi ot the 
Isna* IS small m (umpaiiscni with that atisni}; tiom thctniois 
m lilt' anj»h's nirasuietl 

\lst s sim the nt s r ul a suit* aiismg bom ciiois m 
tin* anpjts nnasinetl mmoasis as the s<|uaif loot ot the 
nnmiu i nt tnani;i< s horn the base (h\ Ait, 1 1 1), we con 
timie that it iv bcttei to ineasiiie bases lie(|iKmtIv with 
inutleiate jnetisiun oithei than to nuMstne a lew at loin; 
mtenals tti the net. but with ^;ieat pietisioii, 

Hut little IS ^;aine<! iii jne(is!onh\ lepeatiii}; the ineas 
ntennnt ol the base tnanv tunes We have* seen in Ait, 
U»} that the mamsmiKes ol <nioi to be leatetl ai ise lioni 
the (oiMpfUisons witli the stamlanis and aie iiidepcmdenl ol 
the ineasiuement ot llie hue, A(‘« nidmf;l\ , thou};h bases 
have in the pieseui t eiitio v lieeii nu'asuied liom (> to H 
tunes, It IS the t*eneial t ustoin now to do so <>nlv twice, 
In this wav *mv jjross eion is (becked and a suKieiently 
(lose j»Ht*ision delennination ot the measuiemeut lau he 
tonmh As a lompiotnise between the eitoi aiismp, lioni 
the eonneition witli tlie ti i.tnp.tdation *md tlie systematu 
enoi tttttudiucil hv llie base appai.itns itsell, the j;eneiat 
pun tne IS to tnea >tiie bases ot tioin to 8 ktiometies | m 
ienpjh, ol about one sixth (jf tlie tnan;L;le sides. Heside^ 
loiu» liiisesaie not always to be had m positions just witeie 
wanted a » liiam'U* sides, as the < onlif.uiation ol most (oim 
tnes will not allow ol it. 


* Ih^ I? I NUiltl Im S «iOli( t»rM krultait* IW** 

I* mV. ^ |Mii I »lji« ViUfir » S (i ; »•/,», U . ^ jaii , f^Ithr ( 

nHt’M'/rse 1 , ^ * }i4tt ^40U ^ 4 im}ii lU lu « (t ( s e , ,, i’**** 


♦ I'm *“ lAtMt t* * *»lia t'i IlM I fl *1 M<l l» 4 l»ll , H ill M»*l M ♦ '), mMlot, / ( Cll , 

Of.tM (u** a. 1 1 1 li lUfS ti4 tj f ^ 4 f IUillnni'1 Vfluit » tf ; tl S, 

«i( I l»*l l^4r! thij> a I /fi, I 4 ^ Ul , ISIm* h e. ^uS . i ^ I tl , ( I '* i / *♦ 

Ul , Vi»lO» nl/ I* Mil, III , iai»i»ii,i III I tr I MMti> . w III * (i/i|||),OirMiiiuv* 

,nklt 



tin* At>|l \fl \ I f *1 ^ i ' 

U>t) M(Msnrm),* a lust hia i ii »*» . * i ’ M ^ , ! 

OIX'iallOlK *ril<* J’UMt <lun)llf H { ).^,ir iu 

lutlK‘it<M*mpI()\( tl aiiM’s fiMtii ffihpi.Ki '.j'l i U'il 

with tlu* n|>[Mi*tUis |uoj*f»fil iiv Ml I '* \\ * M M 

whu h lluMUcasiint);; l»ai i Minpu i '». ^ ^f ^ »i 

lucltiii}; i<(**llns thifitullv w^jiM )♦< iUm m ^ 

I'luJ l(*n{4th ot lh<» liai *\iailtl it ithuM an. n i\ P n, ' nf 

llu‘ nK*asui<*tiu‘U(, as Its h ini»'*i.*hiM r K» i i i n ^ .n*, ,i 

that ol nultiii}; at* ilii**aii« I inj*<ithjM ^ n . 

liuio lie luul at wlut h lu litnl flu 1 * n M)^ m *•, 

of tlu‘ oflic ial sttindarti of lt*i*'»lln 

'riit* apjMtaius niipjit i*t* ofinfMi*!* \ i ? , Hm 

incMsiu in^ bai . *i hai ol stri I s non la.ooiO/ n 
kaif^lh, |>lat’o(I HI a ( in uliii i .t I ‘ ti f I tnl'i 'in m J \* f 
made stiff hvlmuin;*, hut as ln;lii • on n/ j ,, 

top ot (Ins lulu* slots ol abmit ^ , tnn in u »oin ^ i ni 

to allow tlu‘ nittodiK tnm III n< anmnd la* na h> la* 
loi diauui|40 would In* at fin* mhIi^ tSa no *ai in 

undet sid(*. hot snp|Mn!« flntoa* tii na t oi^onni i ^ 
ltt‘stlcs [ilac t'd 1 1 HI tioni tin i mh* XMimi t i I j| < » 
ot flt'MiK* wouhl In* not ltd of hv hoin tn* ^ i ' - a* *< 

maiks showm;^ tin* h*nj»th ot tin bai p) n * d < na i nf’O 

axis ol tlu* hai 'l‘lu* u*ailiin* nm lo > mj »r *1^ ,,j , 

iatus» sootoi and Irvfl foi dittnininin* i/n onoaoi m **J in 
bai duiinii* tu<'asutt*nn*nt, mh h n* lln. r i in |<v j 
loi tlu* ir S, ICnj»iiH*t‘in. I he* inodr *a im . fia 

haiuc us with tlu* Knpsold appaiain* |i» amoiu i .o 
computation uet^«*Hsar\ to inluio flu »n* a iomo^mi m »'C 
ill this wav wouhl be small in tornpMip rj, 
iC‘<iuiU‘d with tlu* loims of appaiatm al po i o ^ 

use*. 

167. (toinHudliMi Of }| UUHV uHli Om* lliiilt TH* 

aiiffulatloii. \Vt*shall now e on adn t:,i ? 1 a 

coiuK*c t iiif> a base* Inn* v\ It h a 'adf *n tin oh n *M.n t^,ii n 

with tlu* l<Mst possible* loss ot pi«* j,,Mn Mo' Os' on 1 

Sm /V**A M t ,■*>} If ,f i i ♦ it < . K 

uoldbuit uniMUtii. t t K , i , 


\l’» I 1« V I '\ l*Vs| ! l\! Ml \sl KI. Ml N IS ^6l 

qmstiMirv, IS lint In lx* <ltH by Ic clst-siiuaics* 

tn< f IxmI . alnuf 

I lu I r ai t* t \\ n pi Milts tu bt* < oiisHb'i t‘(l as litllt* hiss o( 
pM n mil ris pM‘-sibh\ ( niubuH d u ilh t ( oiioin\ nl uoik m th<‘ 
in^ tiMiu niMit and rttintlinn nl tlu* uitci tnanj;iiLi 

tmii, In I'i UM tiu Inst \\f imist iis(' niilv w clI shapcxl 
tnaii^dc^s, avnidni'* nipaituulai vc i \ aiuli' aii‘;h*s nppnsiU* 
tla istMs In xiiurtla mm niid »is |<‘u stal inns .is possible 

* Imid I be f u t upu*d. 

riie snbilioii IS a tentative «»ne V.irions (otnis ot eon 
neilmn iimn be* tned, and tlie in s i\ ol tlic‘ tnanf;le snl(‘s 
« ninputed lioin tin bises bv tin nn tlnxls ol ( ’haptci V., on 
the lupnltuMs ot a Hy,ulaiit\ ot li'»uie wliK h (onloiins 
ninir* «n h* ^s 4 loselv to tin* i ase tn hand, M*mv ol tin* k* 
Mills will be *onnd in h s lo i Ait. ill. Idlest* i esults we 
shall n«*w tnaUe nsi* ot. 

iaKne» tin* h in*th <*l *1 t*t*ttt*dtkition side lo In* li oni ii; 
f»» tM ntth s, as **IV iii^j tin best lesnlts in ain;le tneasin<*nu*nt.s^ 
the piMpii len*»th ol flu b.ise would In* from \ to ^ nnI(‘s-«- 
fhat Is ainnil ooesisth ol a tnaiieje snli* Now, tl tin* < on 
iiritioii lnlwi4*n the IsiM* dA* and *i tnai)f»le siiU* 0 linn*s 
tin* baa* IS thinie^h a < ham ol e<inilal«‘ial tManj»It*s ol the 
toMii ot t*e^ I * . ot ol tin* ilnnnboifial loiin fd iSti^oin 
pnn*il nl tw*4 siinihu tiiaie'les, in whnh tin* fust dia’.M***^^! 
A'A IS 6 times tin* brise , Ol id the i InMiibonlal lonn <d hif» lb, 
m wlm h the siMoinl flia*tonal i*i b tmn*^ tin* Iiase, tin* le 
spMti\e WM»'lils ol tin* tleiived side ate, tou};hlv, as the 
mitnbeis to, 

I fein t , so lai as tin piec i aon v* < oin euu d, the advantnj;** 
IS tut h the lust Inim When, how<*vc*i, we < onsidet that 
fins ham ie<|uuf*s i * stations to in* oi t upte<h Nvluli* the thud 
iie^*thtatl\ b, we sen* that when annamt ot laboi as \V(*11 as 
de^oee ol pie* e*nm is taken into ata oimt tin* inlvantnj^e is 
vvitli the lattm foirn 'I1n* se< ond lot in, thonj'li the most 
ei (ittonitt «tl, is 4 MUileumeii bv the ai nte anet<*s lliat ottui in 
If ojipoMte to tin* base 

Sittiilat (ompatismis of ofhei foims ol <otmetttoti will 
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lead us to the conclusion that the rhomboidal form (Fig 16), 
in which a side equal in length to about 6 tunes the base 
can be found by passing thiough two sets of similar tii- 
angles fiom the base, is the normal foim, and that the foims 
used in practice should approximate to it as closely as the 
nature of the country will allow As examples take the 
connections of the Coast Survey Atlanta Base (1872- uSys), 
the Lake Survey Chicago Base (1877), and the Prussian 
Gottingen Base (1880) 


Fig 50 



The form of the triangulation net to connect the base 
with the main triangulation being decided on, it becomes a 
question (but only a secondary one) to decide with what 
care the seveial angles in this net should be measuied in 
order to attain the gieatest precision with a given expendi- 
ture of labor This will be found full}'’ discussed in Zntuhr. 
fur Vermess , 1882, pp 122 seq 

168 Adjustment of a Tiiaugulatiou wlioii more 
than one Base is considered.— In all discussions so fai 
we have considered only one measured base But ui a net 
of triangles, bases must be measured at intervals, foi reasons 
already assigned In computing an intermediate side from 
different bases disci epancies will be found llow shall 
these discrepancies be treated ? 

The tnangulatioD adiustment could have been made 111 
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'•u( ti .1 w.tv tli.il IK) ills) II would show ilsoll lu puss- 

iit ; *10111 OIK' MiCiiMii I'll li.iM* to aiiotlu'i It Wiis onl} lU'Ccs- 
s.ii \ to lutioiliiii' I'qu.itioiis (oiiiuKtinf' tin* b.isfs 111 tlio 
to) til ol ,111 oiiliii.ii V siiii I'nuatioii, thus (I'lff I >), 

// Mil. I, sill .'I 
/' sill />, sill /•’, 

ulii K' it, /' ail' two li.ist's, ami .1,, />,, , aic the aiiKleh <>I 

I oiititiiiatioii. 

I lii'it* IS no otijri tioii to doing this so long a.s the bases 
havi liei'ti iiie.tsiiieil with the same appaiatus and the intei 
VI inn;' tiiant'.ulatioii is tiisl tafe. lint as the disc, tejmney 
bi'twi’in the ine.i'.nted value ot the base and it.s value as 
loinpnteil ttom atiothet base thtoiigh the tnang illation 
afloid'. .1 p.o/iil test ot the qnalilv ol ihn woik, it is beltei 
not to initoihne an equation eoniieeting the bases into the 
III ‘I .iiliuslineiit. 

t*ii». hupp that the ti iam'iilation has been adjiusted in 

•ei tionv, eai ii With teleienee to a single lueasuml base, as 
evpi.iineil in t'liaptei \ I,, and we wish to adiust lor the 
ilea ii pain v aiisini; lioin toinputuig one base liotn anothei 
Ihioiiqh a ihain ot the best shaped tiiangles in the system. 
It will be Mifin lent to < oiilnte out attention to tins chain of 

ill tie lines tieiiig lejeeted 

lit Si'iuthm, The eomlition equation to be 

satisfied, atising tioni the eoiuieetion ol the bases, may be 

wiifli II 


tt } (ill SHI )il, I (/!,){ sill ) ,’l , I {i’(ii)( 

/» j ((q sin }/(, } {/*',)( sin }/)', [ (//,){ 

wlieie n, h, J., H ate ineasuied values, and (u), {/>), 

I 1,1, (/•',(. . . . rue then most ptobable eonections. 

tal.ing logs and leduting to the linear (oim (Kx, 4, 
Alt. oji, 

11,(1/) f dg/'d I ||>|(/1) >hW)\ I 

1 / 
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where I is the excess of the observed over the computed 
value ot log and K ^a, are the log diflei cnees as 
usual 

Also, since the angles of each tnangle in the chain must 
satisfy the condition ot closuie, we have the conditions 

{a;)+{b,)+{q=o 

(^2) + (-^2) + (^3) — o 

with 

f^a ' //i L/i I ) -J 

where jJij, are the m s e of the bases, and //,, /^j, the 
m s e of the three angles of each of the triangles in the 
chain 

The solution may be carried out by the method of cor- 
relates 

If the bases have been measured with different apparatus 
the question of the comparison of the measuring bars with 
the standards of length is the impi)itant one Attei that 
has been satisfactoi ily settled the connection of the bases 
may be treated as above 

Ex This mode of reduction may be illustrated by the simple cisc of a 
triangle having two sides and the three angles measured 

In the tnangle W Base, E Angle, W Angle { 1 BC), Sandusky Bast , 
there were measured 

ft ft 

BC — 6742 420 ± o 010 
AC — 6602 386 ± o 010 

From the adjustment of the tnangulation with reference to one measured 
base, and which was carried out by the methods alreidy explained in Chapter 
VI , the three adjusted angles of the triangle were found to bo 

BAC= 1° 07' 51" 35 ± o" 20 
ABC= 1° 06' 26" 74 ± 0" 20 
ACB= 177® 45' 41" 91 ± o" 20 


Required the most probable values of the sides and angles of the tnangle 
from a second adjustment into which the two measured sides enter 
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<M I riu f\vt» ot itiost uupoi tani t* 

♦ur i.u u Im’ii th<* lUi'jli'h altuit* *iir t (b) whtMi tlur 

lt,(sr«, .tluiic ,»!«• « li.iitj'<Ml, ImIIk'i uI Hk'm' is |»iu<‘Ii( ally 
iinHi iiit|iiti taitl tli.iii tlir I if'itl soluti'iii, .is .t l»,i<.<‘ luii’ lu 
jmkkI wtti k irirncs .t vi'i \ stti.ili ( oi I cctiiin Ikiiu the .ul 

|U .((lit III, 

<.i| Wilt'll llif .iiiylt s .'ituiic .Ilf < liaiij'cd. ’I lu* loiiiiiil.is 
111 h«' iist il III (Ills t ,i‘,i’ fiilltiw lioiii tliusc til tlif nf,'utc»us 
iiii'tlt<i<l jii'.l j'i\f'ii iiv |tiittiti‘' llif It.isi' ('III I (’( t ions cqii.il to 
/«IO i illlS, it .ill til flic ,ul|listf‘(l .llljilch .lie ol tlic S.11I1C 
wi‘i)*lil, tilt'll, silii c (,/) ji, i/i| o, flic li.isc line ctimitioii 
III i limes 


with 


|ti‘,i h tiV/i’;| / 

ji.h' j i/i')' ( If I I a nun. 
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I lie .iiii'lt i'i|ti,itiiiiis ,iir .IS licloic. 
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Hence if is the correlate of the base-line equation, wc 
have, by eliminating the angle equation coii elates, 

(A,)= (25/+ 5/)/& 

( j 5 ) = — (^a' + 25/)^’ 

(Q = - (5/- 5/)X. 

(A,)= ( 25 /+ 5 /)^> 

(B,) = — (^a" + 25 /)^ 

(Q=- ( 5 /- 5/)X’ 


whence, by substituting in the base-line equation, 

/ 

^-2[5/ + 5^5^ + 5/] 

Hence the corrections to the angles are known 

A still further approximation maybe made It is evident 
that the corrections to the angles C arc small compai c’cl 
with those to A and B, and that they vanish when /•'. 
Hence, as we have assumed the triangles to be well shaped, 
we may take 

(Q = (Q= =0 (3) 

The angle equations then become 

(A.) + (A’.) = o 

(^.) + (^0 = o (d) 


whence 




is) 


k = 


2l 

[(5^ + 5/*] 




where 
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Ex I To find the changes in the angles resulting from the equation 
connecting the lengths of the lines 1-2 and it-T5 m the triangulation of Long 
Isl uid Sound (Fig 46) 

The excess of the log of the observed vdue of 14-15 over the value 
computed from 1-2 through the triangulation is 4 00 in units of the sixth 
decimal place 

If the lines themselves receive no correction the condition equation, 
expressed in the linear form, is (see table, p 346) 


Now, 

and thcrcfoie 


o 27(^ 1) — o 99(/?i) + I 6i(-^ J — o 60(^4) + = 4 00 

[( Sa + = 51 48 


{Ai)=- (Bv) =— X 4 00 = o" 10 
(X.) = - {B,) = X 4 00 = o” 17 


the collections icquued 

I^x 2 lo find the pieeision of a side in a chain ol tiianglcs joining two 
bases 

Having found the adjusted angles, wc may find the weight of the log of 
any side of continuation as the m a (ham of n triangles joining two bases, 
all of the angles being Of the same weight 

Foi simplicity in wilting take m = 2, « = 3 
The condition ciiuations are 

{Ai) + (/^i) {Cl) — o 
(Ag) *f {Bu) 4- (Ci) = o 
{A s) 4* (/^ \) 4" {Ci) ~ o 

^aXA i) - ^b'{^i) 4- ^a\Aj) — V(^j) + ^a'"{A )) — d;/"(/?4) — / 
and the function /% whose weight is to be found, 

> = dA'{Ai) - dflXBi) + ^a”{A 2) - Sjj'W 
Iho solution follows at once from Eq i5> Ait in The result is 

+ ^A Ss + + <yy]’ 

the summation of the d's extending between the limits indicated 
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Thus in the Coast Survey example already rcfcned to, 



Epping Bise 

M'lss Base 

luu Island Bis< 

Measured, 

3 9403143 4 

4 2387077 4 

4 I 47 <)S 35 3 

Computed from Epping, 


4 2387115 5 

4 1479SS6 3 

“ “ Mass , 

3 940307s 8 


4 1479518 4 

“ “ Fire Id , 

3 9403122 4 

4 2387094 6 


Means, 

3 9403113 9 

4 2387095 8 

4 1479336 7 


There will now be no contradiction in the values of any 
tiiangle side deduced fioni the diiferent bases 
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The method of obseiving used on the Coast Suivey is 
as follows Two levelling lods aic used “Two lines aic 
run simultaneously, with the lods usually at dilleuMit dis- 
tances from the instiumcnt, and to pi event the giadual 
accumulation of eiroi supposed to be clue to lunning con- 
stantly in one direction, alternate sections ai e i iin in ojiposite 
diiections Each station of the insliinncul, thcieloio, con 
tains two backsights and two foicsights lii stations i, 3, 
5, etc , rod backsight, is invaiiably lead fii st , then 1 ocl />, 
backsight, then lod A, foiesighl, and finally lod />\ foic'- 
sight In stations 2, 4, 6. rod B takes piec-eclcnce of A in 
both back and fore sights '' 

An important souice of cnoi in spiiit levelling, and one 
very commonly ovei looked, is the change in the Icnigth ol 
the levelling rod from vaiiations of teni[)eiatuie iMoni 
experiments made by the Piussian F.rand wSiuvey, in vvhieli 
the lods weie compaied daily with a steel stanclaid, the 
following fluctuations in length weie found foi foui lods 
made of seasoned hi ^ 

Rod 13, fiom May 19 to Aug 18, 051 niin pei nietie 

14, “ “ 20 “ “ 15, 046 “ “ 

9, “ “ 24 “ Sept 6, 037 “ “ 

10, “ “ 24 “ “ C, 043 “ 

It IS quite possible that eiiois fioin tins vSouice may 
largely exceed the criois ansing lioin the kwolling itself 
Each field party should thciefoie be piovuk^cl with tlu‘ 
means of making a daily compaiison of the lods used with 
a standard of length A steel mctic and a niicionictcn 
microscope mounted on a stand would be all that would be 
necessary 

It is a curious fact in spiiit levelling, but one abundantly 
verified, that a much gi eater disci epancy is to be expected 
in a duplicate line of levels if the lines have been levelled 
over in opposite directions than it both have been lun in 
the same direction This was noticed long wSince in a line 
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of levels run under the direction of a committee of the 
liiitish Association horn the Bnstol Channel to the English 
Channel (Poitislicad to Axmouth), a distance ot 74 miles 
The increase in the disci cpancy of the loiward and back- 
vvaid levels was continuous Thus tit 12 miles from Poitis- 
head it was 035 ft , at 23 miles o 53 It , at 37 miles o 70 ft , 
at 49 miles 082 It, at 59 miles 092 It, and at 74 miles 
I 03 ft ^ 

In the winter ol 1878-1879 a line of levels was run, under 
the diiection of the U S Engineeis, fiom Austin, Miss, to 
Fiiars Point, Miss, a distance of about 44 kilometies 
All lines weie levelled in duplicate and in opposite direc- 
tions When using two rods both weic used on the same 
line, rod No 2 being used foi the hist, thud, back- 
sight and lor the second, toiuth, foiesight, and lod 
No 3 toi the second, foiiith, backsight and tor the 
fiist, thud, foi^esight, alwa>s using lod No 2 on the 
closing bench mark ” The results loi the principal bench 
marks aie given in the following table, wheie it will be 
seen that the disci ejiaucy m the foiwaid and backward 
levels inci eases fioin one end of the line to the other f 


Iistdnc c 

bciuh Mtuk 

Discicpancy 

16505 

Austin I 

Trotter’s Lanclinj;- 

rnm 

16 8 

4464 

Glendale 

+ 16 8 

I S9SO 

Delta 

-1-23 6 

6603 

Imai’s Point I 

+ 36 5 


Experience on the suivcy ol the great lakes and of the 
Mississippi Rivei, and also on the survey of India, has 
shown that the personal peculiai ities of the observer enter 
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laigelyinto levelling work It would scorn that a much 
more reliable result will be obtained il the line bclwooii two 
points whose difference of height is ie(]uiicd has been luii 
over not only in opposite diieclions, but in opposite diicc- 
tions by the same obsei ver The pcisoiial bias is piobablv 
due most largely to the fact tliat, the ends o( the bubble 
not being sharply dehned, dillci cut obsciveis estimate the 
positions of these end points clilleiently lo eliiniiuite its 
effect completely the line should be levelled m opposite 
directions by each ol a large iiuinbei ol obsei vcis 

Again, as both rod and bubble should be lead simul- 
taneously at each foresight and at each backsight, ami as 
this IS physically impossible foi one obsei vei, the effect ol 
the unequal heating of the instiumeiit by the sun, even 
when shaded by an umbiclla, has a tendeiuy to cause a 
change in the position of the bubble in the mteival betwi'fn 
the leadings of the rod and bubble This ciioi is t'umula 
tive, and its reduction to a uiiniuium depends upon the skill 
of the observei 

The lulc adopted by the liuiopean (hadmcssiing foi 
allowable disci epancy m a duplK,ate hue of levels is that 
the p e of the diffeicncc iii height ol two points one kilo- 
metre apart should iii geneial not exceed 3 imn , and should 
in no case exceed 5 mm On the U S C’oast Suivcy, fo» 
short distances a discrepancy between two levellings ol 
a distance of D kilometies of an amount not exceeding 
5 f/iZ) mm is allowed 

172 Precision ol* a Line of LcvcIh. -Tlio piecision 
of a line of levels will be given by the in. s e ol a single 
levelling of a unit of distance, which we .shall take to be one 
kilometie The problem is quite analogous to tliat alitadv 
discussed in Art 164, the unit ol distaiuc tlicie being tin* 
length of a measuring bar 

If we suppose that in running a single line of levels be- 
tween two bench marks, A and /?, the ground is etpiallv 
favorable thioughout, and that none but accKleiital enois 
may be expected to eutci, then it // is the m s. e, of the 


\ri \ u wuw in n \ 1 1 1 iNt. ^75 

unit n| («Mu kjlnmrtt* I, th( ni s c* nt a distaiu t‘ ol 

/* kilunir'tn w « ‘uki ho 

// i 

Hi uthtM wnnK, //k ,0*/;/// 0/ ,t of a itisttuht of D 

\ ,0 iifif he i»}o% / tiothtf to ilutf (itsftxtnt 

Stiullv sprakiiti», wo slamkl lind lla* liniu tho 

nt s i* /# , ^ , ansiu** hum all stmu(*s ul onur that 

ontrj mtu ihi* unik,smh as hum tlu‘ (umpaiisuns ul tlu* 
h\<ilm<» lud with tho stamkntl, hum tlu‘ iialino ut tlu^ 

<nunn\ u\ia»itutn < !l(‘rls ul <'hanfj;<' ol Uaii^lli ul 

sr;lil,rt(. t 1h tu t nii‘ad<‘nn;L» th(‘ onuis ansHif; hum tlu‘So 
sntiHos lu hc» iud<‘iKMidont» wo should hud fituilly iht? in s» i\ 
nioaihhm to\« lUsI <»vt i to lu* t (//’ |, ami the wt i^ht ut (he 
Itm* Would flu u huo lu as , * 

1 '' I 

I'ho UH( fU taml V at (omlaul (Ui oslimatmj* lht*s(* suuic(‘s 
ul oituf IS SM »*ioal, and Iho iutlmmco ol the diManco so 
laf}t«*ls o\< oods tho mfluomo of (ho ulhoi s, that it is siifli 
( loiil tuadu|it im* ndo tiist }»ivon ol \v<‘0»hfnu]; as the* in 
%( ISO diHtauf o If tollovNs fiom this 1 ulo that lu tt<*i woik 

Is In Ik* huikod lot li .dioil so»hls ait* lidvon. fCvon with a 

lust lato trh*»auiu ‘U'dits shouhl not lu* (akon to (‘stood loo 
inr*frcs ' \*t tho rod is niuio «*asil\ read hv tlu* ol>s<‘i vt‘i at 

sImmI disiam ( *s tlu lo*a. ol limt* hum tho inoio Iu*(|iu*nt 
s(*ltnij5;s «♦! tho mstruuH*iit n tu»t so j;toat as wuuhl at fust 
aphoai. 

Su|#|uiso MOW that in fnidmj* tlu* di[|(*i(*m 0 ol hoipjit ol 
two horn h marks, */ and /», //, Iiiu*s o( h‘voIs havt* ho<*n tun, 
and that the* n*snlis have he on e onipatod at inte*nno(ruilo 
hr*m h maiki in siu e ossiou , , />^ kilomolnss apart , 

^ Oli Ojif* I » I' « (Oh e M » Ihr liftin' <| tlir iftniuttl arr|t thr 

*^irOa*» oUn i n r<«l rtt |tf ttO I i>i*l Ir'^O tMitiid (tit y ttuiy 

ll tu i Ml tj** * l> » |d|,| ! Oil » i it Itli iti if! (lir itti#t tiul (Il'nMlin r ' 

Ihp S H»» imS " 0<»^ “1 ‘Uttit v ill do** nd ttn thr« i Mtulitlrm nt 

Ul* , If U tSi Ifd li a*' <U I» liff nr 4t M* »<ndihliOlv IlWrllllir ilrlurn 

(S4( iif it* in (It ( J|0 • (4ii I It '* 

fn lilt 1*1, 1 oiM t 4 iid nt»fy '*fl ImimOi **l "»n«i diin" » M Im ti»»t t*f' n olaii nvifvi*'* 
Odlv Ul (1*0, d * Mr t t tirnjdf, m ♦» Mittin* nli» mihv ti U t^Ktitiftt'd n* r iirnl ,1)***, nhirnui a 

ntu u,lu I Sc |<i lUh (>a nt ' 
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then if 7//, z//, ^ ^ dcnole the icsulual 

errors of the differences of height in the n sections, and 
//» ^ A^ P" ^ > denote the weights of the 

observed differences, we have, as in Ail 164 — 

(i) On the hypothesis that the precision foi each unit of 
distance (one kilometie) is the same throughout the chfleieiit 
sections, 


P = 


— I) 


I r mn 

~ n(n~- i)L^J 

since the weights aie inversely as the distances 

(3) On the hypothesis of the independence ol the sc*c 
tions between the intermediate bench maiks, the tivciagc 
value of [i IS given by 






When the number of levellings is two, and the ob- 
served dififerences of height at the several bench in.iiks 
j" P^' kilometres apart give discrepancies ol 

^1) j, respectively, then the above foimulas lecluci* 

to 



and } 


r^i 

[^] 


The m s e of a single levelling of the 
respectively 


whole line would 


be 


and for the m s e of the mean of the two measureiiients 
these values would each be divided by 
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I In the precise Levelling (1880) of the U S Coast Survey on tlu 
Mississippi River two lines weie run siinult mcouslv between evtiy two 
bench marks The following iie the lesulls fiom H M LIV to B M LV 



It will be found tint // = nearl} 


Ejt 2 The distance-^/? has been levelled ;/ difTcrcnt times Calling //n 
the dilTuence between the first and second mcasuuments, e/, the dilUieme 
between the first and thud, ind so on, show that llie in s c of in ohstivalion 
of weight unity is 

y n{fi — t) 

£■* 3 The difference of level of two pomis. A and /i, is found by two 
routes whose lengths .no kil lespcctively If tbo disc ii paniy in tin 

lesults IS if, the m s o of one Lilomctic is 

I- />i’ 

173 AcljnHtmoiit of a Not ol LovoIh. — n Imo of 
levels IS to be itm between two points a sulfuient clioc'k <if 
the accinacy ol the wotk will in general be aaoitied by 
lunning the line over al least twice Conipansons may be 
made at intcunedtate points not too lai apail.and il the 
disci epancies lound aie within the limits aheady mentioned 
the mean of the lesults may be taken as giving the eleva- 
tions sought This method was used by the U S Engi- 
neers in determining the heights of the gieat lakes between 
Canada and the United Slates above mean tide 

But when a complete topogiaplncal survey of a country 
IS made, and a net work of levels is ncccssai v, an additional 
control of the accuracy ol the work is alfordcd by the iiolyg. 
onal closing of the level lines foimmg the net; that is 
from the condition that on passing round the polygon atul 
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arriving- at the starting-point we should have the same 
height as at first This assumes that the points of the not 
are in the same level surface and that erior of closiuc de- 
pends upon eirors ot obseivation only In the usual case, 
where the net is small and the country comparatively level, 
such an assumption is quite allowable On the other hand, 
if the net is very large oi the country mountainous, system- 
atic sources of error, aiising principally frona the spheroidal 
form of the eaith and the deviation of the plunib-line, would 
be introduced The coriections lesulting from those Cduscs 
would have to be computed and applied A lull investiga- 
tion of this point will be found \n Asti on Nadir , Vols vSo-84 

The adjustment of a net of levels may be cainecl out in 
a similar way to the adjustment of a tiiangulation Thus 
suppose that the lines of levels form a closed figuie The 
conditions to be satisfied among the observed diffcicnccs 
of height may be divided into two classes 

(a) Those arising fiom non-agreement of repeated meas- 
urements of differences of height between succCsSsivc bench 
marks The equations expressing these conditions cone- 
spond to the local equations in a triangulation. 

(b) Those arising from the consideration that on stalling 
from any bench mark and returning to it through a senes 
of bench marks, thus forming a closed figure, we should 
find the original height The resulting equations corie- 
spond to the angle and side equations in a triangulation 

If the circuit, instead of being a simple one, has tie lines, 
the number of closure conditions is easily estimated For 
if ^ be the number of bench marks, and I the number of 
lines levelled ovei, the number of lines necessaij^ to fix the 
bench marks is^ - i, and therefore the number of supei- 
uous lines that is, the number of closuie conditions to be 
satisfied among the differences of height is 

I — j -[- I 


.f d.flerenccs 

of height between successive bench marks may be fomwl 



APPLICATION rO LLVELLING 


379 


by taking the means ol the obseived values, as explained iii 
Art 172 Taking these means as independently obseived 
quantities, they may be adjusted foi non-satisfaction of 
closuie conditions m various ways 

(a) The diherences ot level between the successive bench 
marks will give use to 1 obseivalion equations Taking 
the starting point as oiigin, i differences are required 
to fix the !t stations 11 these s — i diffeiences are con- 
sidered independent unknowns the remaining / — j-j-i un- 
knowns may be expressed in terms of them, and the solution 
completed by the method of Ait 109 

(b) Since each independent polygon in the net contains 
one bupeifluous nieasuicment, it gives a condition equa- 
tion With s stations connected by I lines theie must be 
/ — j + 1 condition equations, as the iiunibei of supeifluous 
measurements is / — r -|- i The solution may be completed 
by the method of coi relates, Art no 

As to the relative advantages of the two foims of solu- 
tion, if the adjusted values only aic to be lound, without 
their weights, the test will be furnished by the number of 
normal equations in each case, as the pimcipal pait of the 
labor consists m solving the noimal equations The num- 
ber by the first form is f — i, and by the second 
and therefore, in an extensive net with few tie lines, the 
method of condition equations is to be pieferied, and wrr 
versa 

(c) Adjust each simple circuit in ordei by the pinicii>lc 
of Alt ns, and repeat the process until the requiied accii 
racy is reached 

(d) The method emplojed on the British Ordnance Sui- 
vey in reducing the principal triaiigulatioii (Sec Ait 152 ) 
This method IS easily applied and gives lesults practically 
close enough with the first approximation It deserves to 
be employed much more than it is in work of this kind. 

The Ordnance Survey levels, however, weie not reduced 
by this method “ The discrepancies 111 the levelling along 
the diffeient lines or loutes biought out in closing on 

49 
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common points have been tieated for England and Wales 
as a whole and rigorously woiked out by the method of 
least squares, involving ultimately the solution of a system 
of equations with 91 unknown quantities ” ^ 

Ex In the figure AWMG, A is the initial point, height /oro, and tht 


measured heights and distarices are is follows 


A W 

7 

nt 

AJV =4^ 65101 

A = 37 8 kil 

\7 / 

AM = 54 74663 

i>a = 35 S “ 

\ / /F-g 51 

AG =5856223 

i>, = 22 6 “ 

JVM =12 10530 

A =44 2 “ 

% 

MG = 3 79892 

i> 5=27 9 “ 

required the adjusted values 

of the heights 



F»st Solution —Let the most probable corrections to the five moabuicd 
differences of height m order be v\, 7% v», vt, vt The points W, M, G are 
completely determined by A IV, AM, AG We may, therefore, take v\, vt, r-j 
as independent unknowns 

The observation equations are 


vx = Vx weight 26 5 

Wa=V3 “ 279 

Vs == ^8 “ 44 2 

V4 = — Vi 4- Va — o 00968 “ 22 6 

Zfj = — 4 - Vs + o O1O68 “ 358 


the weights being computed from 

The solution is finished as in first solution, Art 140 

Second Solution —YxQm the closed circuits AWM, A MG wc have the 
condition equations 

Vi — va 4- V4 = — 0 00968 

Va — Vs 4 - Vfi = +0 Ol668 

with 

g] = a mm 

The solution is finished as in second solution, Art 140 
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Th}<i Soluiwn — Adjust each simple closed circuit in the figure in order 
Since in the circuit A MG the ilgebraic sum of the three differences of height 
should be zeio, wc may apply the principles of Arts no, in We have 


AM = 54 74663 = 35 8 

MG ^ 379892 i7B = 27 9 

^6'= — 5856223 Z>3 = 22 6 


/a = 27 9 
= 35 8 
= 44 2 


— o 01668 86 3 

35 8 

Concction to 4M = X o 01668 = -|-o 00692 

Weight of adjusted AM = 27 9 +~“j — ~ — — 

35l'*’442 

= 47 7 


Ilencc for the circuit AMJV 


AM = 54 75355 X = 47 7 
AJV = 426siot ^=265 
JVM = 12 10530 J>i = 22 6 

which may be adjusted as above 

The circuit AMG ma> be again adjusted, and so on 


Fourth Solution 


I 

Weight 

A 

W 

M 

G 

Means 

26 s 

0 

43 6s ox 

5471663 



37 9 

0 

58 56223 


41 a 

0 



33 6 


0 

12 I05S0 

379892 


3S 8 



0 





11 




0 

6SIOI 

547466s 




0 

58 56223 



0 





^3 Osiot 

•>1 7S6 ^i 

51 75096 

58 54988 


Me ins 

0 

<^3 6^101 

51 75096 

58 55670 





in 




0 

0 



0 


0 


+ 0 004S3 


+ 0 00216 


Q 


- 0 00553 

- 0 00276 

- 0 00268 



0 

- 0 00535 

+ 0 00682 




0 

+ 0 00341 




IV 




+ 0 00316 
- 0 00376 

\2 65x01 

5474879 

58 55947 

5855329 


4261833 

547536s 


54 751S7 

Moans 

- 0 0006s 

4361078 

51 75237 

58 55670 


I inal values 

0 

IJ 65011 

54 75100 

58 55713 
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Trtgononiiirical Ltvdhng 

175 111 extensive suiveys in which a piimdiy tiuiuf^ula- 
tioii IS earned on, the heights of the stations occupied may 
be conveniently found b} tngonometneal levelling The 
extra labor requiied to measuie the necessary vcitical 
angles while the horizontal angles are being read at the 
seveial stations is but slight 

When a country is hilly, heights can be pci haps as 
closely determined by tngonometneal levelling as by spiiit 
levelling, but if the country is flat and the tnaugulatiou 
stations low, experience has shown that much moic de- 
pendence IS to be placed on the lattei method Sec, for 
comparisons of the relative accuiacy of the two methods, 
Report of U S Coast S%irviy^i%^6^ 16 and 17 , Rcpoitof 
G r Sttrvey of India, vol 11 , Repoit of Yoik State 

Survey, 1882 Sometimes, indeed, the agi cement is so close 
that it must be regarded as accidental Thus in the de- 
termination of the axis of the St Got hard 1 unnel Kngineci 
Koppe found the difleience of height of the two ends by 
tngonometiiCcil levelling to be 39”* 13 The spiiit levelling 
of precision executed by Hirsch and Plant amoui gave it 
39^ 05 

The gieat cause of inaccuiate woik in tiigoiioinctncal 
levelling is atmospheiic refraction This is one of those 
disturbing causes which is so eiiatic in its chaiacter that 
no method has yet been devised loi deteimmung it that is 
veiy satisfactory Hence the plan adopted m tiigono- 
metiical levelling is to obseive only at 01 neai the time of 
minimum lefiaction Without this piccaution vciy dis- 
crepant results may be looked foi Foi example, in India, 
wheie in certain districts the tiiangulation has been cai iied 
lor hundreds of miles over a level countiy with stations 10 
or 12 miles apart and from 18 to 24 feel high — just high 
enough to be mutually visible at the time of mininnim le- 
fraction—“ numerous instances are recoided of the veitical 
angles varying through a range of 6 to 9 minutes, cotie 
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spending to an appaient change m altitude of 100 to 150 
feet in the course of 24 houis ” ^ 

176 To Find the Zemth Distance of a Signal — Point the 
telescope at a mark on the signal and bisect it with the 
horizontal thread Then tuiii the telescope 180° on its 
axis, transit it, and bisect the maik again At both bisec- 
tions read the veitical ciicle and the level paiallel to the 
veiniei aim One halt of the diffeience of the ciicle lead- 
ings collected for level will give a single detei mination of 
the value of the zenith angle sought The result is free 
trom index eiror of the circle 

Eriois of giaduation with good instruments aie so small 
in contparison with the uncei tainties aiising fiom refi ac- 
tion that It is unnecessaiy to eliminate them in the measure 
of vertical angles 

177 Let us considei the general case in which the zenith 
angles measured at two stations whose difleience of height 
IS icquired aie not read simul- 
taneously In the figuie, if 

denote the positions of 
the instruments employed on 
two lofty stations, the angles 
that the observer has attempt- 
ed to measuie aie Z^A^A^ and 
Z^A^A, But on account of the 
refractive powei of the atmos- 
pheie the path of a ray of light 
fiom A^ to A^ will not be a 
stiaight line but a ciiive more 
or less uiegiilar, and the diiec- 
tion m which A^ is seen fiom A^ will be that of the tangent 
A^T to this ciiive at A^ The line of sight from A^ toA,^ 
will not necessarily be over the same curve 

The angles between the apparent diiectioiis of the rays 
of light at A^,A, and the real directions are called refraction 
angles Thus TA^A^ is the refi action angle at A^ 



*Mcm Eoy As iron , vol p 104 
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Let z, denote the measured zenitli angles i educed to 
the heights of the insti uiuents <it 


i? = the distance between the instiumcnts 
C = the angle at the eaith’s centie subtended by D 
CiiCa^the leiiaclion angles at A^, 

Now, assuming the paths ot the 1 ays ot light fi om one sta- 
tion to the other to be aics of cii cks, which is approximately 
the case when the lines aie of modeiate length, we have 


, path of ray 
A' 


where R, is the radius of the redaction curve 
But approximately 

path of 1 ay 

6 - 


where R is the mean ladius of the caith 
Hence we may put 

= (I) 

where /&„ are constants and may be calk'd ref? m turn 
factors 

Observations are ficquently made so as to be simul- 
taneous at A„ A^, and the line ol sight may then bo as- 
sumed to be the same aic of a circle foi both diiections. 
Tn this case if we put 

C. 


/& IS called the coefficient of ref? action 

178 To Find the Refraction Factorw.- The tnanglc' 
CA^A^ gives the relation 

180° - (A,-f C.) + 180° - {z, -f C,) + C= 180" (I) 

But, with sufficient accuracy, C = --- ^ where R is the 

K Sll) I 

radius of curvatuie of the line in (lucstion 
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Hence, attending to equations i, Ait 177, we may wiite 
the above relation in the loim 

X’. + Z', = 2 I I - Z, - 180°) I (2) 

This equation shows that a single line will not give the 
refraction lactois, and we must, theicfore, have a net of 
lines with the zenith angles lead at the ends ot each line 
If, for simplicity, we considci a quadnlateial we shall 
have six equations of the foim (2) As 
these equations contain twelve unknowns 
we ma3% in oidei to 1 educe this num- 
bei, assume, il the observations at sta- 
tion A over the lines ABj AC, AD aie 
nearly simultaneous, that the k tor each 
ot these lines — that is, the k for station A 
— IS the same Similaily at stations B, C, D, so that in the 
most favoiable case we shall have 4 unknowns and 6 equa- 
tions 

It may not always be possible to get one k for each sta- 
tion, but in a net, it all of the lines have been sighted over, 
a sufficient excess in number of equations ovei unknowns 
will in general be tound to admit ot solution by the method 
of least squares As legaids the weights to be assigned to 
these equations, we may pioceed in the ordinary way Tf 

were obseived times, and were observed times, 
the weights ot and may be taken to be and re- 
spectively, and the fiist equation would have a weight P 
given by 

I _ sin* I'Y I , I \ 

that is, its weight would be piopoitional to 
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179 To Find the Moan Coefficient of Refraction. 

— When the zenith distances aie simultaneous, 


z=k^ = k suppose 

and the refi action coefficient at the moment of obseivation 
IS foi both stations, 




A value of /& can thus be found for each line sighted over 
from both ends simultaneously To get an average value 
of k for the whole system the weighted mean of these 
separate values must be taken The same method of 
assigning weights may be used as in the preceding Bessel 
argues that eirors arising from irregularities in k are of 
much more importance than the eirois in the /enith angles, 
and proposes the empirical foimula * 


for assigning relative weights In this he is followed by 
the Coast Sui vey in their detei mination of the coefficient 
of refraction fiom observations made in Northern Georgia 
near Atlanta base 

The mean values of k found by the Coast Survey in N 
Georgia (1873) and by the New York State Survey (1882) 
weie o 143 and o 146 respectively 

180 To Find tlio Diflferencos of Iloiglit —There 
are three cases to be consideied 

(1) When the zenith angles at both ends of each line ai e 

used 

(a) When the zenith angles aie not simultaneous 

Let W, = known height of first station 
= height of next station 


Gradmesmng in Oiij^reussen, p X(j6 
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From the triangle (Fig 52) 

_CA,-CA, tani{A,-A,) ,,, 
+ 2 R— CA,-\- CA, — Uni {A, -{-A,) 


Substituting for A„ A^ their values in terms of k„ 

and reducing, 


H,-H, 


= + + ^ + (a) 

(b) When the zenith angles are simultaneous k^ = k^, 
and 


H^ = D tan 




14 


2R 



which IS the form used on the Coast Survey 

(2) When the angles observed at each end of a line are 
used separately 

In the common case of a line sighted over from one end 
only, we have, since 


^ a *^1 HK Cl ^ 

by substituting these values m (i) and reducing, 

= D cot 


zR 



which IS equivalent to the Coast Survey form 

When the line is sighted over from both ends we have 
two values of the difference of height, whose weighted mean 
gives the requiied result 
50 



388 


THE ADJUSTMENT OF OBSERVATIONS 


i8i Precision of the Pornnilas for Differences of 
Height.— It /i., A, denote the difleiences ot height be- 
tween two stations lound tiom non-simultaneous leadings 
of angles at the stations, from simultaneous readings, and 
from angles read at one of the stations only, respectively, 
then, with sufficient accuiacy, 

/t, = D tan — X,) 4- ^ 

A, = D tan — 5,) (0 

h, = D cot + (i — -t’l) ^ 

Let the m s e ot an observed zenith angle be fi. De- 
note by /v„. the m s e of the diflerences ol height 
found, and b> /i* the m s e of a lefiaction factor k Then 
by dififeientiation, taking D, x,^, k^, k^ as indejiendent 
vaiiables and leniembeiing that each equal to 90° 

nearly, and that we may put dD = o, since the distances 
are well known in comparison with the heights, we shall 
have (Art 65) 

/i,; = iZ)’sin> l^'/V (2) 

[x,,^ = H sin” I "/«,’ + 1 /V 

These results show that differences of height arc found 
with the greatest piecision from simultaneous observations. 

182 Adjustment of a Net of Trigouoiuotric 
Levels.— It will be sufficient to considei a simple closed 
figuie, as a net of levels can be broken up into a number of 
closed figuies, generally triangles For simplicity take a 
triangle 
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The same value of k is assumed for all of the lines 
lachatiug- liom a station Denote the values of k at the 
thice stations by respectively Then we have the 

observation equations 

k 1+ 2 I I — — ^ (c, + Gg— 180°) I = /i, a known quan, 

+ 2 { I - + -3- 180°) I = “ 

>(’,+/.,= 2 1 1 - 180°) I = 4 , “ 

The condition to be satisfied among the differences of 
height at the veitices of the tiiangle is that, on starting 
from any station and returning to it thiough the other two 
stations, we should find the original height Thus pioceed- 
mg round the triangle in order of azimuth, if de- 

note the diflciences of height of the stations, and (/q), (A^), 
(/q) the most probable corrections to these values, we must 
have 

K + (/^) + + (/^) + K + (/.,) = o 

that is, wc must have a condition equation of the form 

ak^ *4“ 4“ = h 

wheie a, b, r, aie constants 

The loin equations may be solved by the method of cor- 
relates, and the cliffeienccs of height may next be computed 
fiom equations i. Ait 181, and will be found consistent 
If the cii cult, instead of being a simple one, has diago- 
nals, then, as m Ait 173, il / is the number of lines lead 
over, and s the number of stations in the circuit, the num- 
ber of conditions to be satisfied among the differences of 
height IS 

/-.y+i 
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JSx In the triangulation of Georgia, near Atlanta Base, there were 
measured zenith angles as follows * 


Stations occupied 

Station read to 

Zenith Angle 

Time 


( Sweat Mt 

89° 37’ 53’ 7 

2 days 

S W Base, 

( Stone Mt 

89® 26' 21" 6 



j Sweat Mt 

89° 39' 51" 7 

I “ 

N E Base, 

( Stone Mt 

89° 24' 04" 0 



fN E Base 

go*’ 43' 20" 8 

2 “ 

Stone Mt , 

\ S W Base 

90° 41' 56" 8 



[ Sweat Mt 

90® 08' 58" 9 



fS W Base 

90“ 33' 37 " 3 

I “ 

Sweat Mt , 

-1 N E Base 

1 

90® 31' 43" 4 



[Stone Mt 

90® 09' 37" 0 



The mean latitude is 34® N approx 



S W Base-Sweat Mt , 24368 
N E Base-Sweat Mt , 25203 
N E Base-Stone Mt , 16321 
Stone Mt -S W Base, 17761 
Sweat Mt -Stone Mt , 40726 

Call /&i, knf ki, the refraction factors for all lines at the stations T, 2, 3, 4 
respectively 

* The measures are taken from C 6 Ri^o> if, 1876 
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We must form two classes of equations 

(i) Observation equations These are computed from the form 


i + ^' = 2|i — ^(0 + 0'— 180") j- 


where B = 


R sin i" 


The weights are computed according to the formula (Art 179) 

It will be close enough 10 take «i, as the number of days of observation 
lhat is the best w( 
equations 


. do with 

our dita We 

have 


+ 

>63 = 

0 

249 weight 

I 04 


+ 


0 

267 “ 

I 33 

>^3 

+ 

>&i = 

0 

308 ** 

I 35 

^a 

+ 


0 

297 

0 80 

^3 

+ 


0 

317 

0 85 


(2) Condition equations 

The number of lines = 5 
The number of stations = 4 
The number of condition equations = 5 — 4 + 1 


These two condition equations arise from the sums of two sets of three equi- 
tions, each of the form 

ns 

= Z) tan i (0- 0') + ~ 

4/c 

They are, for the triangles 134, 234, 

0 = — I 52 — 10 92 — 41 79 /Cs + 52 71 I 

0 = + I 84 + 14 47 + 40 17 >^3 — 54 

The solution of these equations, subject to the relation 

=a minimum, 

gives 

^1 = 0 118 /Cs = o 149 

= 0 107 ^1 = 0 171 

whence the adjusted differences of height follow at once 


m 


I to 3 

+■ 198 24 \ 

3 to 4 

— 2 30 >■ check sum 0 00 

4 to I 

- 195 94 J 

3 to 2 

-191 171 

2 to 4 

+ 188 88 >• check sum + 0 01 

4 to 3 

+ 2 30 ) 


The precision of the adjusted values, or of any function of them, may be 
found exactly as in Art 114 



2^2 the adjustment of OBSERVAIIONS 

183 ApproxiinJite Metliod of AdjuHfiiig' <i Not. 

On account ot the many uncertainlies attendant on Inidnifr 
the retraction factors, it is not often that so elaboiate a 
method of adjusting the heights as the preceding is fol- 
lowed 

In the ordinary method of obscivation, wlicie the ob- 
served zenith angles are simultaneous at evciy two stations, 

h-H^- H^ — D tan I (c, — 0.) 

and the differences of height may be computed at once with- 
out any reference to the coefficient ol reft action These 
differences of height, considered as obseived (juantitics, 
may be adjusted for conditions of closure in the net, as in 
spiiit levelling, Ait 174 

The weights Pto be assigned to the diffei cnees of height 
in the solution will be found from 

and therefore the weights aie inversely piopoitional to the 
squares of the distances between the stations 

When the zenith angles aie not simultaneous, altei find- 
ing the lefiaction factois, as in Art 182, and coinputnig 
the differences of height, we should find the weights of 
these differences of height from 


It would seem safe to assume /t, — 2", /i* = o 02 
Now, i Z?” sin“ /V 


as 


i? 5 4 miles 


Hence for distances between the stations up to 4 miles the 
first term is the important one, and for greater distances 



APPLICATION TO LEVELLING 393 

the second teirn We should, theiefoie, ior distances be- 
tween stations not greatei than 4 miles, weight inveisely 
as the square of the distance, and for distances over that 
amount inversely as the fouith poweis of the distances 

Fx I In the dctci mi nation of the axis of the St Gothard Tunnel (Fig 
37) the heights of the tiigonoinetiical stations weic cleteimmed by trigono- 
mctiical levelling Tht following were the results unadjusted with their 
weights Rcquiied the values adjusted for closure of circuits 




Diff of height 

Wt 



Dili of height 

Wt 

Airolo- 

XII 

ift 

914 96 

23 

III 

- IX 

nt 

216 46 

1 

Airolo- 

X 

1287 75 

17 

V 

- IX 

899 87 

T 

Airolo- 

XI 

1299 27 

2 

V 

-VIII 

1075 77 

I 

Airolo- 

IX 

1553 09 

5 

III 

-VIII 

39X 74 

I 

XII- 

X 

372 73 

5 

VII 

-VIII 

901 78 

I 

XII - 

XI 

384 41 

2 

V 

- VII 

174 45 

7 

XII- 

IX 

638 30 

3 

IV 

- Ill 

296 69 

Co 

XII- 

VIII 

814 35 

I 

VII 

- Ill 

509 49 

4 

X- 

XI 

II 60 

3 

Goschenen 

- Ill 

1376 19 

14 

X- 

IX 

265 48 

6 

V 

- IV 

387 24 

20 

X - 

VIII 

441 10 

2 

VII 

- IV 

212 75 

7 

XI- 

■ IX 

253 87 

I 

Goschenen 

- IV 

1079 50 

30 

xr- 

vm 

429 55 

10 

Goschenen 

- V 

692 35 

15 

IX - 

VIII 

175 37 

I 






The heights of Airolo and Gbschenen arc 1147 12 and 1x08 07 respec- 
tively, as found by spiiit levelling, and aie unalteicd in the adjustment 
I he adjusted heights of the stations will be found to be 


in 

IK 

2484 26 

IX 

m 

2700 35 

IV 

2187 57 

X 

2434 87 

V 

iSoo 36 

XI 

2446 49 

VII 

1974 78 

XII 

20C2 08 

VIJI 

2876 07 




Ex 2 Fiona 


It, -It^D Ifo - =,)(. + 




i)H- 








deduce 
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Ex 2> If a senes of points connected by obseived zenith angles begin and 
end with points whose heights are known then the number of conditions to be 
satisfied among the differences of height is 

/— j + 2 

where I is the number of lines read over and j the number of points in the net 

Ex 4 If zenith angles are read to two stations from a station between, 
show that the difference of height //, of the two stations will be found from 

h = -Da cot 5fa — cot Zx ^ k 

where A, A are the distances from the station occupied 

Also show that when A = A the precision of the height h is the same as 
if the observations had been made simultaneously at the two extreme stations 
themselves 


CHAPTER IX 


Ari’iJCArroN to errors of graduation of line meas- 
ures AND TO CALIBRATION OF THERMOMETERS 

Observations for the determination of errois of gradua- 
tion of line raeasiues, and obseivations for the calibration 
oftheiraometcis, may be discussed together, as there is no 
essential difference in the method of reducing them 

184 Lino Moasnros — Let AB be a line measure 
divided into 7 i equal parts as neaily as may be at the points 

I, 2, 71 — I, and let 0 and 71 be the initial and terminal 

maiks Compaiisons are sup- 

posed to have been made be- ' j | | | | 

tween AB and a standaidof » 1 2 s m, 

length, so that the distance between o and « is known 
Tlie problem proposed is to find the coriections to the 
intermediate giaduation maiks — that is, the amounts by 
which the positions of the maiks should be changed to be 
111 their tuie lelativc positions When the coriections have 
been applied to the distances 01, 12, these distances 
should be all the same proportional pait of the entire dis- 
tance AB 

In making the necessaiy observations two methods aie 
in common use 

(a) Two microscopes furnished with micrometers are 
firmly mounted on a frame sepaiate from the support on 
which thegiadualed line iiicasiiie rests The zeios of the 
micrometers aie placed at a distance apart as neaily as 
possible equal lo the distances to be read The marks 
0, I , I, 2 , aie 111 succession bi ought under the micro- 
scopes and the niicromctcis read 111 each position Each 
distance is thus coiiipaied with the constant distance be- 
51 
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tween the miciometei zeros, which diffeis from the dis- 
tance of the true positions of the maiks by a fixed but un- 
known amount 

Let;ir, A, . ;tr„ denote the coircctions to the giadua- 
tion marks at o, i, « Then foi the first intci val o i, 
\i M„ iff, be the readings at o, i and c be Ihc unknown con- 
stant dikance between the miciometei zeios, and d the dis- 
tance between the coirected positions of the giaduation 
maiks, we should have 

c -f- ^i) — I + ''>'11) = 

This may be written 

— A, — y = /„ , (0 

where 

4 , = — M,, and ^ 

Hence, taking four spaces only, 

““7 — 4 I 

— ^^ = 4 , (2) 

— 4 n 
— -^4 -7 = 4 4 

But as the distance between the initial and terminal points 
IS known, the corrections and x^ may each be taken equal 
to zero Also, since the equations contain foiii unknowns 
and are themselves only loui in number, we must tut her 
reduce the number of unknowns arbitral ily 01 make addi- 
tional observations involving other combinations of the 
unknowns, in older to apply the method of least scpiaios 
It IS usually more convenient to solve these eciuatioiis by 
computing the corrections to the intervals 01,02, hrst 
of all, and then the corrections to the positions of the marks 
Writing -sTj for x^ — x^^ foi x^ — , and elinnnating 
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we have Irom the above equations, supposing the first space 
compared with all of the otheis, 


But 


c — 0 = / — / 

*^1 *'1 i *0 1 

•'I 1 ^0 1 

<* — •* ~ / / 

1 1 ' M 'o 1 


( 3 ) 


Hence 


t -f -i+'j+ — 'i.,+ — i-i+A, — A, + j;, — ,r, 

= 0 (4) 


"i — 1 (*^1 j + 1 + 4 I — 34 1) 

I (4i4" 4 1 + 4i — 34 j) (s) 


Also a, = 4" 0 ^, , and aie thcreloie known 

/m In orclci to line! the corrections to the double decimetie gr'iduation 
marks needed to cli ingc the nominal into exaet values in terms of the interval 
<)— on a Rtpbold steel metre compirisons were made as follows Two 
nueroseopes were mounted at a distince of 2 approx from eaeh other, and 
reidings made by pointing at the successive double decimetre marks, the 
mu lose opes lem uning stationary while the metic was run undei them The 
Older of reading was o«^ o and 2 , 3 and o»» 4, 8 and o , o»» o 

and ow 2, the interval o^ 0 and o«« 2 being lead on at the beginning and end 
of i. ii h set of comparisons Twenty-foui sets weic made and the following 
lesullb obi lined 

VI vi m m n fji. 

Interval, 02 to 04 = 00 to 02 + 2 i±or 
“ 0 4t0 0 6 = 00t0 02 + 26±01 

“ o6too8 = ootoo2 + 07±oi 
“ o8t0 10=00t0 02 + 22±01 

With the above notation 

1 — CI4 z= 2 1 
jcfi — c;, = 2 6 
Si — 4 = 07 

Zi — Co = 2 2 

IX 

2^1 = + I 5 , and ^1 = 15 

Cj = — 06 ra = 09 

* 1 he valut of tht ml erval o — i«* was found, by compaung with the German standard, to be 
xV/ I iH |- 10 ^ fis 1 *, whcic f IS the tempcrntiuc m dcgiees centigr idc 
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or in tabular form, 


Gr'idu'Uion 

o« 0 

0 2 

04 

0 6 

0 8 

I’’* 0 

Correction 

OM- 0 

-I 5 

-09 

+ 01 

-07 

Of* 0 


The Pieasion —Each of the intervals is entangled with the interval o o 
and o 2, and, therefore, the p e given are not independent From the mode 
of measurement it is evident that the (p e )” of o 0 to o 2 is half that of the 
(p e 'f of each of the other intervals Hence il ;i is the p e of the hrst in- 
terval, and T the p e of each of the others, 

; 

ri’ + ?2 = (o 1)2 

/ = 0 007 ~ o 003 

Hence „ . . ^ n 

^ (4 X O 007 + 16 X O 003) 

and 

Txx = ± 0 H ‘06 

Similarly for the other marks 

From equations 2 definite values ol the corrections may 
be found if and are supposed known Theie is, how- 
ever, a greater piobability ot eliminating systematic enor 
if, instead of spending all the time of observation in the 
direct comparison of the single inteivals, we spend pait ot 
it in comparing combinations of those inteivals Let, then, 
as the best ariangement (see Art 153), the single intervals 

01, I 2, 23, 34, and all possible combinations of intci vals, as 

02, I 3, 24 , 03, 14, be equally well compared The micro- 
scope intervals would, of couise, be different in each set of 
compaiisons, being approximately 01, 0 3 , 03 The ob- 
seivation equations for this arrangement aic 


Xo — 

JTl — JTg 

xa — r. 


-yi 

r, — 

^3 — JTi — 


— 4 ) 1 

•=/i. 
= / ) 4 

= 4 ,. 

rr 4 s 
= 44 

= 4 8 
= 4 i 
-yi = 4 4 


— Jf 4 

— JTi 
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But Xq and aie known Hence the normal equations 

+ fcjJTi 'I j Jff') + = — ^<1 1 4 " A 2 "H A s 4 " A 4 

'ti4-4^j — Xs = — /()2 — /i 3 4- /j -j 4" 4 

4" 4^ J J^s — — ^0 ) A 3 /ii j H" ^3 1 

+ 4)'l =-/01 -/iJ-''25-44 (7) 

4" *^1 — *3 4" 3^J = — ^0 2 — /iJ — I 

4” 1 — t j 4" 2j/j ~ — 4> j ““ /i 1 

fiom which equations the most probable values of the cor- 
lections may be found 

The Precision of the Corrictions x^, x^ — The m s c ot 
an observation o[ the unit of 'weight is found from the usual 
formula We have 



the number ol obseivations being 9, and of independent 
unknow ns 6 

The weights ot x^, r^y t, may be found by the methods of 
Chaptei IV 

The weight of t-, and of a-, is the weight of is 

y* ITcncc the in s e of x^, x^y ji, aic known 

JUx Solve by ihis method the example in Art 187 

(b) The woik of reduction is much facilitated by em- 
ploying an auxiliaiy scale, CD, divided into spaces appioxi- 
mately equal to those of ^/y,and whose values have alieady 
been found by compaiison with some standard It, as 
before, we suppose the single spaces compared, and also 
all possible combinations of spaces, the observation equa- 
tions would be the same as equations 6 The second scale, 
however, enables us to find each micioscope mteival em- 
ployed Hence are known, and may, theiefore, 

be transposed in these equations and added to the teiras 
4 i? As) The observation equations thus involve only 
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as unknowns Taking = o, = o, tlic noi mal 
equations are 

4-4^1 — -Aj — — /«1 +Aj + Aj I- a i 

— JC‘i+4Jra — — 4)2 — 4 j + A j + A 1 ('^) 

— jci — Xi + 4 x 2 = — A j — A » — A 1 + A 1 

fiom which .Tj, ;irg, jir, may be found 

The reduction may, howevei, be made moic easily by 
the application of the artifice employed in Ait 156 If we 
consider and as yet unknown, the normal equations 
may be written 

4x2 — xi — xx — X2 — < i'= A i + A j + A) j + 4 ) i 

— :fo + 4'i — Xi — JTj — «ii= — 4 )i+Aj + A(4 Ai 

— 1 0 — Xi-\- 4 Xi — j — A j — A j 1" A ) -h A 1 (<j) 

— Jto— Xi— ^4 = — 4 m ■“ a ) "” a j + /» t 

— ro— jfjL — jr.— — A 1 — A 1 — A 1 — A 4 

Adding these equations, there lesiilts 

0 = 0 

This was to be expected, because we have Icit the initial 
and terminal points tiee Hence we may assume any 
aibitiar3^ relation between the coirections Let us assume 
as most convenient 

xo + Xi Xi Xi 4- Xi sz o (to) 

and then by adding this relation to each of the iioinial 
equations we have 

5 ro = + A i + A J + A 8 + A I 

5:ci = - A 1 4- A 4 + A j + A 4 

5;rjsr -- A j — A 3 + A 8 + A i (n) 

5^8 = — A 8 — A 8 — 4 8 4- A 1 

SXi = — A 4 — A 4 A 4 *— A 1 

The whole solution may be conveniently ananged in 
tabular form The sums of the hoiizontal lows are first 
found and then placed in the proper veitical columns, with 
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signs changed The veitical columns are next added and 
divided by S 



-/«! 

— ^0 i 

— 4 3 

— A 4 

Sumi 



-4. 

— A j 

-/l4 

Sums 




-As 

-A 4 

Suma 





— A t 

Sumi 

— Sumi 

— Sum^ 

— Sums 

— Sum4 



5*'o 

5** 1 


5-*‘8 

5^4 


Xq 

Xi 

JCi 

a 8 

X4, 



By putting X, = 0, jit* = o in equations ii, it is easily seen 
that wo have the same lesults for ;i;„ x, as found fiom 
equations 8 


Fx The intervals 0-5 mm , 5-ro mm , 25-30 mm on a steel metie 

were compared with the interval 92-94 hundredths on a standaid inch The 
whole intervals 0-30 mm being known from other compaiisons, show thu the 



[Call metre intcrvils j,, f,, sa, and inch micrvil a Then 


'1 — (t + I 

a + ^ 2 


Jn = ^ 4- idfl 


where jdi, A a ire the eirois 
By addition, 

Lf] = + [A] 

a 

6 6 

where [f] is a known qiiantil) 

Ilenct eliminalo a from tlie value of fi ] 


185 Oalil)Tiitiou of Thormomoters. — In Fig- 55 let 
o, I, 2, n denote the graduation marks cut on the glass 
stem, AB, ot a Iheimometer The point A we will take to 
be the fteezing point and B the boiling point These points 
are known, being fiist determined by the maker of the in- 
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stiument, and can be redetei mined at any time by special 
expeiinients 

We will suppose that the enois of the freezing and boil- 
ing point maiks are known, and pioceed to consider the 
corrections to the intei mediate maiks due to want of 
uniformity of the bore of the stem, or the cahbration coriec- 
tions, as they aie called If the boie between two assigned 
marks were unifoim it could be filled by a certain volume 
of mercuiy The length of this standaid volume or column 
would be indicated by the leadings at the two maiks If 
the column were moved along until it came between two 
other marks with the same difference of leadings as befoie, 
and the boie were not uniform with the bore at fiist posi- 
tion, the column would not fill the stem between the maiks 
The amount of difference would be the calibration con cc- 
tion foi this intei val 

In explaining the method of deteiminmg the calibiation 
coirections let us foi simplicity considei 3 inteiincdialc 
points only between the fieezing and boiling points, th.it 
is, 4 inteivals, 0 i, i 2, 23, 34, of 45° each on Fahrenheit’s 
scale A column of meicury, of volume sufficient to fill o i 
as nearly as may be, is broken off and the ends read when 111 
the positions 0 i, i 2, 2 3, 3 4 Anothei, equal to o 2, is 1 ead 
in the positions 02, i 3, 24, and a thud, equal to 03, in the 
positions 03, I 4 * 

As it IS impossible to break off the exact column ic- 
quired in eveiy case, we bieak off one as neaily equal to it 
as possible and neglect the eiroi introduced by the small 
discrepancy, which need not exceed 0° 2 

186 The following method of breaking off column 
lengths was that employed by Mr Chailes C Blown, of the 
Lake Sui vey, in determining the cahbration collections of 
theimometei 5280 Green (New Yoik) 

A column of mercury 200° to 250° in length was easily 
obtained by making that amount of mercuiy run into the 

* This method of making the re'idings IS known as Neum'inn’s See the cont spondini; form 
in tnangulation Art 154 
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Stem, a few slight jais being sufficient to start the column 
moving, a little manipulation then bi ought the empty 
space in the bulb to the junction of the bulb and the stem, 
when a sudden turn of the theimometei upnght biokc off 
the column, and almost as sudden an inveision pieservcd it 
When too laige a space was left in the bulb to be filled by 
heating the theimometei to 140° 01 150°, a few diops of 
nieicuiy were allowed to diop off the end of the column in 
the stem held upiigh(,good caie being taken to stop the 
opeiation befoie the column joined the meiciiij. in the bulb 
Then, the thermonietei being heated until the meicury fiom 
the bulb began to appear m the stem, the column alieaciy in 
the stem was lun down caiefully, and paitially joined to the 
mercury in the bulb, leaving a small bubble on one side of 
the column, the theimometer being allowed to cool slowly 
until the desiicd length of column above this bubble (which 
remains veiy neaily stationary) was obtained The column 
was broken off at the bubble by a slight twitch 01 jar’ If 
there are objections to heating the thermometer above a 
certain tempeiature, column lengths above 10° to 20° or 30° 
longer than the number of degiees of that temperature, de- 
pending on the distance of the 32° point fiom the bulb, can 
be obtained by jai ring off small drops of mcrcuiyfiom a 
long column into the leservoii at the top of the stem It 
requires much rnoie time, caie, and patience to obtain a 
column in this way than in the othei Columns moie tlian 
about 160° in length were so obtained in this case It is 
lathei difficult to break off shoit columns 5" to 15® in leiigtli 
in the manner fiist described, the weight of mciciiiy in the 
shoit column not giving momentum enough to move it 
away fiom the lest of the column readily A little patience 
IS all that IS necessary, however To be able to lead the 
shorter columns at 32° a column 10° to 50° long, depending 
on the tempeiature at the time, must be broken off and jnit 
into the reservoir at the upper end of the tube, out of the 
way 

187 Let ;r„, jir,, denote the calibration correc- 
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tions at the several giaduation maiks Then, aj)pi()\i- 
mately, we have for each interval a lelation of the loini 

column = diff of leadings -f- diSf of cal coi r 

As the volumes of the columns biokenofi coi respond to the 
constant interval between the micioscopcs in the c.ise ol 
line measuies, the obseivation equations fuinishcd by the 
theimometer leadings will coiicspoiid in toiin to equations 
6, Art 184 

The iigorous solution of these equations is, howevci, 
rather complicated, and though in comparisons of stand- 
aids of length It may be allowable, fiom the jirecision with 
which measuieinents can be made, to spend the laboi de- 
manded by this form of reduction, yet in thei inomet 1 ic woi k, 
where the readings cannot be veiy close fioni the naliiie ol 
the case, an approximate form is sufficient By the following 
aitifice, which is quite analogous to that mtioduced b^ 
Hansen in the adjustment of a tnangulalion (Art iss), the 
labor IS reduced very mateiially 

Instead of finding the conections to the giadiiatiou 
maiks diiectly, the conections to the scveial intci vals be- 
tween the graduation maiks may fiist be lound, and thence 
the corrections to the maiks at the ends of the inteivals 
Thus if z,, A, denote the collections to the 4 inteivals 
in our example, then 



From the observation equations 6 we have, by subti act- 
ing in pairs. 



♦ 


(2) 
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Hence, considering „ as inclcpcudentl v 

observed quantities, we have the normal equations 

3Si - *3 - as - a, = (U j + (/, , -4,^) H (/, 1 - f„,) 

-ai + 3as- a,- a. = - (/. s - /o.) + (/s . - A .) + (/^ , - 4 ,) (3) 

-ai- aj+32,- ai = - ( 4 s-/,s)+(/,. -4 ,)-(4 j 

-ss- as- =« + 3-i = -( 4.-/a,)-(4.-4,)-(4i-/„s) 

which equations when added give 0 = 0 identically The 
leasoii IS that we have not yet fixed the initial or tciiniual 

points lo do this we may, as most convenient, assume’ the 
1 elation 


Adding this 1 elation to each ol the noin.al equations, we 
hnd the values of the unknowns riiiis 

4=1 =■ J - /o 1) + (/, I — /„ ,) f (/, , _ /„ 1) 

4^'' = — (4 i — 111 1 ) -I- (4 I — A ) + (4 1 — 1 ) 

411 =-(4 i-/i,) + (4 1-4 /„,) 

4*1 (4 1 - 4 ,)- (4 1 - /, ,)-(A 1 - 4 1 ) 

The computation of the unknowns may be much l.icili- 
tated by ai ranging in tabulai lorni, as lollows 



'"2 

-a 

''l 




-(4, - 4 , 4) 

— (/l 1 — /() 1 ) 

Sunil 



-(4.-40 

-(4i-/. f) 

Sum 4 

— Suitii 

— Sumj 

— burn, 

,) 

Suma 

45, 

-j 

4*1 

-1 

» 



The corrections t„ ;,r, are then found Irom the iclatioiis 
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Since the collection may be assumed to be zeio, and then 
x^ must also be zero fiom the relations (i) and (4) 

As a check we notice that the values of 0, and x^ must be 
equal but ot opposite sign 

The Precision —If v^', v^, denote the residuals of 
equations 2, vve have for the m s e of a column length 


the number of equations being 6 and of independent un- 
knowns 3 

Now, since the column length involves the diflerence of 
the calibration coriections at its ends, il we assume the 
in s e ot these coirections to be equal we shall have the 
m s e of a calibration collection by dividing the above 

result by V2, thus 


(1 = 



2(6-3) 


The weights ot the unknowns 01 ot any functions ot them 
may be found by the methods ot Chapter IV 


Ex The following were theobseived values of the lengths ol the 4s , cp‘ , 
and 135° columns of thermomett »• Green 4470, made to determine the calihia- 
tion corrtcuons at the 77”, 122“, and 167" points 


45° col 

90° col 

135' c-ol 

44 ° 68 

90° 07 

134" 61 

44 ° 71 

90° 09 

134“ 68 

44 ° 72 

90® II 


44 ° 75 




The corrections at the freezing and boiling points arc known 
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Solution Arranging in tTbular form, 


s^l 



-1 

Sums 


— 0“ 03 

0 

0 

0 

1 

0 

Q 

0 

1 

— 0° 12 



0 

c 

0 

1 

0 

0 

0 

1 

— o'" 03 

-1- o'" 12 

+ 0“ 03 

+ 0“ 03 

— o'" 03 

— o'" 03 

+ 0° 12 

0^ 

0 

0 

o'" 00 

1 

w 

10 



sTi = 4- o'" 03 Zi = o” 00 

rsa =• o" 00 = — o'" 03 

and Xi= zi = o" 03 

aj = ai + =0" 03 

a-a = JTa + u, =0'’ 03 

Also 

=/2^=*o-oi 

188 The following memons may be consulted fShcep- 
shanks, Monthly Notuts Royal Asti onomical Socztly^ vol xi 
PP 233-248, Hausen, Von der Besiimmnng dc? Iheilnngs- 
fihler nnes gradhuigin Maassstabes, Leipzig, 1874, Russell, 
Ameitcan Journal of Science, vol x\i pp 373“-379, Thoipe, 
Report Ihitish A%sociatton for Advancement of Setenec, 1882, 
pp 145-204, Blown, Van Nc^tiand'^ Engincci tug Magoztiu, 
vol xxix pp l-"/ , IScwoiU Mesures de dilatation ct companions 
des rlgles mdtnqucs, Pans, 1883 
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APPLICAIION 10 EMPIRICAL PORMU LAS AND IN 1 1< RPOLA IION 

189 In all discussions hitheilo we liave consideied the 
obseived quantity, whethei a lunction of one 01 moie 
vaiiables, to be a function whose loim was known and 
which could theiefoie be developed 111 tenns ot that 
vaiiable In the physical sciences we meet with a difici- 
ent pioblem Fioni obseivation we have values of a func- 
tion coi responding to ceitain known values ot a vaiiable, 
and are lequiied to deteimine the form of the function fioin 
the observed values, in other woids, to find the algebiaic 
formula connecting the function and the vaiiable The 
method of least squaies will not enable us to find the 
most probable form of this function All it will do is to 
show how to appioach moie closely to its foim after that 
form has been found approximately by other means 

For example, the obseived height of the tide at a place 
may be consideied a function of the time of day If obser- 
vations are made with a staff gauge thiee 01 foui times a 
day, and the stage of water at a time not obseived is 
requiied, we cannot inteipolate between the obseived 
values in the most probable mannei till the function con- 
necting the height and the time of day is known 

Sometimes, indeed, the observations may be so taken as 
to record themselves Thus with Saxton’s self-iegistering 
tide gauge, m common use in the United States, the cuive 
lepresenting the rise and fall of the water is traced continu- 
ously on a web of paper moving uniformly past a pencil 
point by means of clock-work Plotting the tune along 
one edge of the paper as abscissa, the stage of w'ater at 
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any time lequired can be icad at once fioin the sheet 
The cuive lepiesentmg- the use and fall of the waler is 
in this case completely known, and no computation is 
necessary 

190 Fiom the natuie ot physical phenomena, in which 
obsei vations are made only at inteivals, and into which S3'S- 
temalic eiioi Jaigely enteis, we must admit that it is most 
probable that the function connecting the obsei vecl quantity' 
and the vaiiable is difFcient foi each obsei vatioii VVe 
should thus have a senes ot equations of the foim 

a, b, c, ) 

^ — yj (a', h, k, /, ) 

wheie <nre the observed values, the vaiiable, 

and b, , //, ky aie constants 

In ordei to apply the method of least squaics to de- 
teunine the constants, the functions must hrst be lednced 
to the hneai foim, and the number ol quantities to be dc- 
teunined niust be made less 111 number, arbitianly it may be, 
than the number of obsei vatiojis The hist point is to 
determine as iieaily as we can the g-encral foim of the 
functions connecting the obsei ved quantities and the van- 
able 

Foi this no geneial lule can be given From theoretic 
consaleiations we may hit upon a certain formula as 
plausible It must then be found by (iial how closely it 
fits the obsei ved values It is often very convenient to 
make a graphical representation, the vaiiable being the 
abscissa, and tlie obsei ved values of the function correspond- 
ing to known values of the vaiiable the ordinates The 
points plotted will in geneial fall so 11 regularly, licie a 
group and theie a vacant space, that a free-hand curve only 
can be drawn which will conform to the general outline of 
the plot The cuive will leprescnt the general form of the 
function we are seeking This method of eliminating ir- 
rcgulaiity by drawing a mean curve to repiesent the value 
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of the function conespoiids to assuming a common form for 
the algebraic functions /„/„ above 

A good example is afforded by the method employed by 
Humphreys and Abbot in then Mississippi River work foi 
finding the law of velocities below the surface in a plane 
parallel to the cuirent* The observations for velocity 
were made with floats at different depths, started fioni 
boats anchored at vaiious distances from the shoie In the 
fii st place, all of the velocities obsei ved from each anchoiage 
were plotted on ci oss-section paper, the depths of the floats 
being the ordinates and the velocities the abscissas The 
resulting curves showed marked iiiegularities of form To 
eliminate errois of observation the velocities were grouped 
in sets corresponding to nearly equal depths of water and 
to nearly equal velocities of the river, and the means plotted 
These cuives indicated a law, though not sufficiently clearly 
to allow of deducing an algebraic expression for it “ It is 
manifest that some fuither combination is necessary in 
oidei to eliminate the eflect of disturbing causes Since 
the absolute depths difier, this can only be done by com- 
bining the velocities at propoitional depths ” A curve 
was therefore, plotted from the mean of all the velocities at 
proportional instead of at absolute depths This cuive 
proved to be approximately a parabola with axis horizontal 
and veitex about 030! the depth of the iiver below the 
surface It could, therefore, be expi essed by an algebraic 
formula 

In many cases we may' find the form of the function 
over which the observations extend by means of a foimula 
of interpolation Thus if jr' is an appioximate value of x, 
then for observations in the vicinity of x we have, by 
Taylor’s theorem, 

f{x)=f\x' ^{x-x')\ 

=fW) + - ^) + c{x - x'y + 

where B, c, . are unknown constants to be determined 

♦ PAyszts and Hydraulics ofiks Mississij^pt Rivtr Washington , 1876 
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Having found the foim of the function appioximately 
j such means as the preceding, we can, by the method 
ot least squaies, determine the most probable values of the 
constants involved, so far as the observations on hand aie 
concerned Foi let the function be 1 educed to the linear 
orm, and the most piobable values of the constants and 
the piecisions of these values may then be found by the 

ordinary rules for obseivation equations as laid down in 
L^hapter I v 

191 The question naturally anses as to the number of 
teims of a series, such as the above, that should be taken 
in any special case Cut and tiy is oui main guide If the 
plot of the observations shows, for example, that the phe- 
nomenon can be very closely lepiesented by a straight line, 
we should take the first two terms Thus it has been usual 
to take the relation between the lengfh, V, of a bar of 
metal and the tempeiature, /, to be of the form 

V=M+ — f) 

where Jf IS the obsei ved length at the tempeiatuie t' , and b 
is the coefficient of expansion to be found from the observa- 
tions More refined methods ot observation indicate, how- 
ever, that this expression is not sufficient to expiess the 
relation between length and temperature The plot of the 
observed values indicates a curve of higher dimensions than 
the first, so that we must take additional terms of the sciics 
to repiesent it, thus 

r= if + bij: _ f) -f c{t - iy + . . 

A second guide is afforded by the value obtained of the 
sum of the squares of the residuals of the obsei vaf ion equa- 
tions If the natuie ot the observations is such as to war- 
rant the expectation of a value much smallei than that 
obtained, we may take additional teims of the senes, and if 
ffiis is still unsatisfactory we must seek another function 
i his test may also be used in comparing one form of func- 
tion with anolhei 
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In any case, even when all of the tests applied appeal 
satisfactory, we cannot say that oui final icsult is the most 
probable value of the function that can be found Wc have 
made too many assumptions foi that In the fust place, 
the form of the function assumed as a fiist appioxunalion is 
too unceitam, and, again, we have aibitiaiily assumed the 
numbei of constants to be determined, and detciminecl this 
limited number so as to satisfy a special set of observations 
only All that our final formula will enable us to do is to 
interpolate in the most piobable manner within the langc of 
the special set of obseived values, but not to extiapolate 
If, however, the formula has been tested by many senes of 
obseivations made undei the most diverse conditions, and 
IS found to satisfy them well, we can with confidence appl\ 
It in cases wheie no obseivations have been made Wc 
may, in fact, consider that we have found the law connecting 
the function and the variable 

192 It IS evident, too, that different experimenters may 
derive foimulas widely diffeient to leprcsent like jihenome- 
na, and that each foimula may satisfy the special set of 
observations liom which it was derived toleiably well 
Each experimenter may have chosen his constants differ- 
entl3% as well as a different form of function to begin with 
As an example of this w^’e maj cite the foimulas pioposcd ^ 
to represent the variation of the elastic foiccs of vapor at 
different temperatures t 
Young proposed 

P— [a Ar bty 

a and b being constants to be found fiom observation 
Roche, 

X 

P =: a ^ 


where x =. i 20° 

Biot and Regnault, 

\ogP=a^ba*^c^ 


* Mousson, Pkysik^ vol a Zurich, 1880 
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Of these ioimulas the fiist involves two constants, the 
second three, and the thud five The first curve, there- 
fore, requires two observations to detei mine it, the second 
thiee, and the thud five If a group of observations were 
plotted with temperatuies as abscissas and pressures as ordi- 
nates, then, since the last toi mula i epresents a cui ve passing" 
through five of these points, it is evident that il the obse^ 
vations aie good this cuive would in all piobabilitj pass 
neai all intermediate points and moie closely than a cuivc 
fixed by only two oi thice points It should, theiefoie, be 
chosen 

h\ I The following arc the losults of ihc obsorvitions m ide for velocity 

of current of the Mississippi River by Humphreys and Abbotat Carrollton and 
B iton Rouge in ifa^i E icli is the mean of 222 obstivitions and is given at 
proportion il depths, the whole depth being represented by unit} 


Proper depth of flou 
below siuface 

Obs> velocity in feet 
per second 

0 0 

3 1950 

0 I 

3 2299 

0 2 

3 2532 

0 3 

3 2611 

0 4 

j 2516 

0 5 

3 22S2 

0 6 

3 1807 

0 7 

3 126f) 

0 8 

3 0594 

0 9 

2 9759 


In Art 191 It has been shown that the curve of velocities is approxi- 
mately parabolic in foim As a first approximation, theielore, we t ike three 
terms of the expansion from Ta}lor’s theorem, 

V^a 

where V\s the velocity, D the proportional depth, and a, b, c constants to be 
determined fiom the obscivations 
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Hence the observation equations 


3 1950 = a 



3 2299 = a + 0 

1(5 + 0 

OIC 

3 2532 = « + 

2(5 + 

04^ 

3 2611 =a + 

3b + 

0 <^C 

3 2516 + 

Ab + 

16c 

3 2282 =: a + 

5 ^ + 

25c 

3 1807 = fl + 

6(5 + 

36^ 

3 1266= a + 

lb + 

49c 

30594 = ^ + 

8^ + 

641: 

2 9759 = a + 0 

9^ + 0 

8IC 


To solve these equations proceed as in Art 104 Take the mean and sub- 
tract from each, and we have 

+ o 0188 = — 0 45^ — 0 285^ 

+ 0 0537 = — 0 35^ - 0 275^ 

. + 0 0770 = — 0 25^ — 0 245c 
+ 0 0849 = — 0 15^ — 0 I95r 
+ o 0754 = — 0 05/; — 0 125^ 

+ o 0520 = + 0 os^ — 0 035c 
+ 0 0045 = + 0 15(5 -h 0 075<r 

— o 0496 = H- o 25(5 + 0 2C5C 

— o 1168 z= 4- 0 35^ + o 355^ 

— 0 200^^ + 0 45^ + 0 525^: 

r 

Hence the normal equations 

— o 2031 = o 8250(5 + 0 7425^ 

— o 2232 = o 7425^ + 0 74lOf 

and ^ = 04424 ^=— 07652 ^ = 31952 

y ^3 1952 + o 4424^5 — o 7652-^® 

The residuals ware found by substituting fora, ( 5 , c in the observation equa- 
tions, and give 


\vv\ = 0 57 


APPLICATION TO EMPIRICAL FORMULAS, ETC. 415 
If we take four terms of the expansion, so that 

V-a^hD^cD^^ dD^ 
and proceed similarly, we shall find 

« =319351 3 = + 04735 tf = — 08563, ^/=+- 00675 


so that 


^ = 3 1935 + 0 4735 Z) — o 8563 + o 0675 

and the sum of the squares of the residuals v is given by 

[vv] = 0 45 

The sum of the squares of the residual eirors being less than in the former 
case, we conclude that the observations are better represented by the formula 
last obtained * 

It IS to be borne in mind that m the application of the method of least 
squares only one set of measured quantities if more than one occur in the 
problem, can be considered variable The error is thrown into this set 
Thus in the problem just solved the depths are supposed to be correctly 
meisured and the error alone to occur in the mea'^ured velocities? So in 
finding the expansion of a body it is usual to consider all of the error as 
occurring in the observed lengths, and to take the thermometer readings to 
be correct The justice of these assumptions may, however, very fairly be 
questioned A discussion of the general problem covering such ca«:es will 
be found lu Art 106 


Ex 2 The tension, /E, of saturated steam at temperature t° C is found 
from the formula* 


I0~ l+a/ 




where a = 00036678, and a, b, c, are constants, « + i in number, to 
be determined from observed values of t and H We have also given that 
when 


t = 100® C , AT = 760 


Travaux et Mimoires du Bureau InUrnational des Pcide et Mesures^ Pans, i88i 
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To find the constants a, b, r, we proceed as follows 
Substituting the values of t and ^ in equuion i, and cJiminating we 
have 

/ loo t \ ^ / too^ \ 

760 10 \i + iooa x-{-at) \i-fiooa i 4“ 

= 760 10 “ + ) suppose 

or 

log 760 — log // = bpi + cpi + (2) 

Next compute 'ipproxiraate values of b, <r, by selecting n ol the observa- 
tions and substituting the observed values of t and // in Eq 2 Let //, c\ 
denote the values found from the solution of the resulting equations, and let 
//' denote the corresponding value of AT, so that 

= 760 10 " ^ (3) 

Also, let j;, y, denote the corrections to be added to the «ipproximate 
values b' , c, to find the most probable values, so that 

^ + jf 

c -zze* H-y 

then, from (2), 

log 760 — log + (AT— Ar')| = (<5' + x)pi+ {c' + 4 

or expanding by Ta3'lor’s theorem and remembering that, from (3), 
log 760 — log AT' = b'pi + c'p2 +• 

we have 

) 

the linear form required The solution may be finished in ihe usual wav, 
as given m Chapter IV 


193 The preceding examples show that as soon as it has 
been decided what formula will apply to a special set ot 
observations the mam difficulty is in reducing this formula 
to the linear form When this has been done so that the 
formula is in the form of an ordihary observation equation 
the reduction by the method of least squares ,s straight- 
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In cases where the data are insufficient or contradictory 
it IS useless to waste time on long computations, as the 
graphical plot will show at a glance all that the obsei vations 
can show With cross section paper plots can be made 
rapidly, and by transferring to tracing linen one plot can 
be placed over another, so that comparisons can be readily 
effected and a mean value struck 

In the problem of the law of velocities in rivers, after 
having decided from the various plots that the curve of 
velocities is appioximately paiabolic in form, it is better to 
employ the method of least squares to determine the con- 
stants of the curve rathei than to tiust to the graphical 
method throughout, but only for the reason that the data 
available are very complete 

194 Periodic Phenomena — A large class of physical phe- 
nomena IS more or less pei iodic m chaiacter The daily 
temperature thioughout the year at a given place, the er- 
ror of graduation of the limb of a theodolite, the magnetic 
declination with reference to the time, etc , are examples 
The phenomenon may not be strictly periodic in that like 
periods succeed each other in their pi oper order, or that 
even any one period is perfect throughout If a plot of the 
observed values of the function conesponding to certain 
values of the variable involved be made, and it indicates the 
periodic character of the function, we may assume as the 
form of the function a number of terms of the series fur- 
nished by Fourier's theorem Each observation will give 
an observation equation, and fcom the observation equations 
the values of the constants in the foimula will be deter- 
mined As in the cases already discussed, the final formula 
IS to be looked on as holding only within the limits of the 
observations, serving as a guide for the future study of the 
phenomenon in question, and only to be used with great 
caution outside the limits of the observed values 

Suppose, then, that n observations give the values 
corresponding to the values <p, <p^ 6 ^ 

<p {71 ^ i)d of the variable <p uniformly distributed over 
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the peiiod represented by 360® , that is, such that the inter- 

1 Q 360° 
val 6 IS 

n 

Now, if f{<p) IS any arbitiary periodic function of a van- 
able <p, we may, according to Fourier’s theoiem, wiite 

Af) sin (a. + K sin (o', + 2f) + 


where X, aie constants to be deter- 

mined from the observed values of /(^) corresponding to 
assigned values of the variable <p Substitute 
M„ /(^), and ^0, f + 0 , ^0 + 2 0 , 5o4-(?z— i )0 

for (fy in the above equation, and we shall have n equations 
from which to determine a number of constants not exceed- 
ing n — I 

To lighten the numerical work let us assume the arith- 
metic mean of the obsei ved values as an appioximale value 
of and let x denote the correction to this value, so that 


71 ' 


Then if, as usual, is placed 


' n ~ • n ~ 


the 7^ observation equations may be expressed by the 
general formula / 

sin («i + + in 6) 

+ >5',sin(a, + 2jff+2w0)-f 

where m assumes all values from o to w — i 
Writing them at full length, 

X cos 0 sin o 4* J'j cos 2 o -|- £■, sin 2 o -|- 7;, 

x+y,cos e+a-.sin 0+j/,cos2 0 + ^, sin 2 0+ = z/. 
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z',, z'a, being, as usual, the errors of observation, and 

J'l = sin (a, + f ), sin (a, + 2<p), 

= K cos (a, -(- ^), cos (Oj -1- 2^)), 

The normal equations reduce to the simple forms ("see 
Art 9) ^ 

nx = [/] =0 

n 

2*^1 ““ ^ + 1 COS ffZ 

sin 

71 

-yt =^4 + , cos 2/«0 

« VI 

2 *^3 + X sin ^Tft 0 


where m has all values from o to — i 

Hence o-i, are known, and their values, 

being substituted in/(jci), give the function required 

If the initial value of / {(p) corresponds to ^ = o, that is, 
if the observed values M„ M„ M„ of f{<p) coi re- 

spond to o, 6 , 29 , .. . (w — i)0, where «0 = 36o°, it is 
simpler to write the equation for /{tp) first of all in the 
form 


where 


f{p) = X-\-y, cos (p + Zt cos 2(p-\- . . . 
+ z, sin f-\-z^ sin 2p -|- 


y, = k, sin a. y, = 4 sin a,, 

z, = h, cos = 4 cos Oj, 


Then with the value as 

n 


the approximate value of X, we 
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have the n observation equations and the normal equations 
of the same forms as before 
Hence the function is known 
19S Two cases of frequent occurrence are 

(a) n-\o, 6 = = 36^ 

The normal equations may be written 

= /i — /a *1- 1 (/a — A) — (^6 /io)|cOS 36° 4- 1 (/s — 4) — (4 — 4)|cOS 72 ° 
5^1= I (4 — 4) + (4 — 4o)^sin 36 °+ {(4 — 4) + (4 — 4) | sin 72 ** 

5j)^a = 4 + 4 + 1 (4 + 4) + (4 + 4o)|cos 72° — | (4 + 4) + (4 + 4)^ cos 3 ^ 

5 = |(4 + 4) — (4 + 4o)| sin 72° + | (4 + 4) — (4 + 4) | sin 36° 


It Will be noticed that the difFeience of the subscripts of 
the /*s in each parenthesis is always five, the same as the 
coefficient of the unknown 

(b) ?^=:I2, ^ = 30'" 

The normal equations 

= (4 — 4) + 1 (4 — 4) — (4 — 4i) I sin 30° + ^ (4 — 4) (4 — 4a) | cos 30° 

621 = (4 — 4o)+ 1(4— 4) + (4 — 4i)|cos 30° H- ^(4 — 4) + (4 — 42)^sin 30** 
6^2 = (4 + 4 ) (4 + /lo) + 1(4 + 4) + (4 “h 4a) — (4 + 4) — (4+4i)^ sin 30 

6 sfa = I (4 + 4) — (4 + 4a) + (4 + 4) — (4+ 4 1 )^ cos 30 * 


The difference of the subscripts of the / 's m each parenthesis 
is six m this case 

196 The Prectston — The m. s e of the unit of weight is 
found from the usual formula 


where is the number of constants determined 


\ 
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Check of [7^1'] Generally (Alt loo) 
[vv] = [//] — 


[M l] [cc 2] 


Now substitute for [a/], [W i], [r/ 2 ], their values from 
the normal equations above, and lemembenng that these 
equations contain only one unknown each, 


[vv] = [//] _ (i^’ _ 

« in \n 

= [//]-J [/,/,] 


Mx I The mean monthly heights of the water in Lake Michigan at Chi- 
cago below the mean level of the lake from i860 to 1875, for the 12 months of 
the year 1868, were as \n column of the following table 



M 

/ 


M 

/ 

Jan 

ft 

I 17 

ft 

0 45 

July 

ft 

0 II 

— 0 61 

Feb 

I 25 

+ 0 53 

Aug 

043 

— 0 29 

March 

0 59 

— 0 13 

Sept 

068 

— 0 04 

April 

068 

— 0 04 

Oct 

094 

+ 0 22 

May 

0 29 

- 043 

Nov 

1 05 

+ 0 33 

June 

0 17 

- 055 

Dec 

I 32 

+ 0 60 




Mean, 

0 72 



Required a formula from which the mean daily height may be found 

Tlie period is one yeir, and if we assume that its 12 months correspond to 
360“ and thit the months are of equal length, each interval (-) would be 30'’ 
The vilues of the coefficients yi, sfi, can be at 00*^6 written down 
from (b) They are 

yi=:+0 5i7 y3 = — 0010 
= — 0 194 ais = + 0 017 

and therefore 

ori = iio° 34' +0 552 

0*2 =: 149® 32' ^3 = — o 020 

f((p) = 0 72 + 0 552 Sin (no® 34' + 9) + o 020 sin (149® 32' + 2 <p) + 
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Ex -i In a micrometer microscope, to find the correciioii for periodic 
error of the micrometer screw to the readings of the graduated micrometer 
head 

The necessar3' observations are made by measuring m succession on a 
giaduated scale the distance corresponding to intervals which are aliquot 
parts of a complete revolution of the screw 

Let A =E the value of the space on the scale 

9 = the division on the micrometer head read on at the initial reading 

The correction to the first reading will be 

hi s\n{tici + q>) + hi sin (aa + 29) + 

and the correction to the second reading 

hi sin (ai + A +g)) + hi sin (ora + 2^4 + 29) 4 - 

Hence, since the correction to the observed value M of the scale distance is 
the difference of these corrections, we have 
A A 

A = M-h 2^iCOs(ori + - + 9) sin - + 2hi cos (ora + A +2g?)sinA + 

2 2 


§uppose now that the scale has been read on by » different parts of the 
screw^ so that to the observed values Mi, Mi, Mn of the graduated dis-* 
tance correspond the values of 9, 

9, 9 0, 9 + (w — i) 

the amount by which tbe screw is shifted ea^h time being 

w 

We should then have n equations of the form 

A A 

A ^ M + 2hi cos (oTi H h 9 sin — 

2 ^ 2 

+ 2hi cos {cKi-\- A + 29 + 2 m('^) sm -<4 + 
where m assumes all values from o to » — i 

If we take as an approximate' value of and put 

It 



n 


the n observations may be expressed by the general formula 

A A 

X + 2hi cos (oTi H \^(p^ptS) sin — 

2 ^2 

-h 2^aCOS(orQ + ^ + 29 + 2f«©)sin-f4 + = /«< 

where m assumes all values from o to « — i 

Expanding the cosines, the solution may be completed as in Art 194 


The screw of the filar micrometer of the 26-in refractor of the U S Naval 
Observatory was examined for periodic error by Prof Hall in 1880 {JVashtng* 
ton Observations, 1877) 
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The mi( rometer was placed under the Harkness dividing engine, and the 
distance corresponding to each of a revolution of the screw was measured 
by means of the micrometer belonging to the engine The following are the 
means for each of a 1 evolution 


Microm 

M 

/ 


d 


0 0 to 01 

0 6221 

9 

I “ 2 

6229 

+ 17 

2 ‘‘ 3 

6182 

-30 

3 “ 4 

6212 

0 

4 " S 

6201 

— II 

5 “ 6 

6227 

+ 15 

6 “ 7 

6226 

+ 14 

00 

6150 

-62 

8 “ 9 

6189 

-23 

09 “ 10 

0 6285 

+ 73 

Mean, 06212 = 0" 995 



As'‘Uming these residuals to have a periodic form, required the correction to 
the reading of the head of the micrometer 

The observation equations are 

+ jVi cos 0 *1- si sin o H- cos 2 o + 2 ra sin 2 0= q 
X cos 36° -h zi sin 36° + j/acos 72“ + sin 72"* = 17 

X -l-;'iC0S324'’ + J?iSin324°+;/aC0s648°+2?asin 648”= 73 

The values Zi, are at once found from (a) 

The final result is 

/(9) = + o" 0002 sin <50 + o" 0022 cos — 0" 0022 sin 2<p 4- o" 0047 cos 29 

Ex 3 To find the correction for periodic error of graduation to the value 
of an angle measured with a theodolite in which the circle is read by two 
opposite microscopes, i and 2 

Let A = the value of the angle 

<p = the reading of the circle with microscope i when the telescope is 
pointed at the first signal 

The correction to the reading of microscope I for periodic error will be 
sin (cti + 9) 4- sin (ora 4* 2(p) 4- 
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and to the reading of microscope 2, writing 180+ ^ for 

— Ai sin (ai + 9) + //2 sin {a^ + 29?) — , 

The correction to the mean reading on the first signal is, therefore, 

/ 4 a sin (aa + 2^) + sin (fr4 + 4<p) + 

and the correction to the mean reading on the second signal, 

sin I rra -f- 2 {A + + ^4 sin | £^4 + 4 {A + (p) ^ + 

Hence, since the correction to the observed value Mi of the angle is the 
difference of these corrections, we have 

^ = if I + 2 ia cos (cXz + A-^2<p) Sin A + 2^4 cos (0:4 + 2 + 49) sin 2-^4 + 

Suppose now, sighting at the same two signals, that readings have been made 
at n different parts of the circle, so that to the observed values of the angle 
Mit ifa, Mn correspond the values of 9 , 9 H- 9 + (« — i)0, 

the amount by which the circle is shifted each time being Complete the 
solution as in Ex 2 


Given the measures of the angle Falkirk-Gasport-Pekin made with a 
Troughton and Simms 12 in theodolite 


M 

/ 

97® 22' 36" 80 

— i" 03 

33" 54 

+ 2" 23 

31' 7 S 

+ 4" 02 

34* 06 

H i" 71 

38' 67 

— 2" 90 

39' 63 

-4" 06 

Mean, 97® 22' 35" 77 



^=97“ 
9=70' 
» = 6 , 


22' 35" 77 
27' 

0= 60® 
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The observation equations, 

cos o + ara sm o + j/4 cos o + ar* sin 0 = + I 03 

cos 60^ + afa sin 60*" + y^ cos 120° + ari sin 120° = — 223 

yu. cos 300° + ara sin 300® + y^, cos 600° + z^^ sm 600°= + 4 06 
The normal equations, 

= 4 22 

3 afa = — II 44 

3^/4 = - I 04 

3^4 = 055 

Hence the correction for periodic error of any angle A measured with this 
instrument is given by 

4" 10 cos (11° + ^ + 2<p)sinld^ — i" 54 cos (91® + 2-^4 4* 4(p)sin 2A 

197 Consult Besself A 6 /iand/un£‘eny yol 11 p 364, Chau- 
venet, Astronomy ^ vol 11 , Bi unnow, Astronomy, Cole, 

Great Trig Survey of India, vol 11 , Woodward, Report 

Chief of Engineers USA, 1876, 1879 



Al'IT.NlHX I 


lltMdkltAI. Noll 

H)8 The ncLiiiiiii nf the inelhod ol least sqaaros ns 
n«jw einphisetl was iitililishetl li\ l.rjjeiuiie ill iXoji his 
/Vitwiv/ZeJ A# Mtfuii lou oyhttti tifs ifs. 

The iii.uii |Htiiits III! whith he iiisisls aic tlic tjenciality and 
ease ul applit aliuii iil llie inelhiul lie slates without proof 
the piimiple that the sum ol the s«ju.ites ol the cirors must 
lie made a mmiimim, and iledmes the arithmetic menu ns 
a special case iif tins t{eneral slalcmenl He was also the 
hr»l l<i make use of the term least squares {miUNifrts q»arrh\ 

The hist dcmunstialioii of the exp<menlial law of error 
was published in iKtiH by Dr H. Ailiaiii, ol Keadiit^. Pa.* 
in the AHitlvit or A/itf/ietuttfhti/ Afusfum* lie tjives two 
denonsi rat ions, the second Ikiiijj esHcnlially llie same ns 
that now known ns llersihels pioof ,\ller dcnvnig the 
principle of mininnini s(|U!iies Adrain applied it to the solu 
tion of the fullowing four ptoblems: 

(l) Supjmsing 4, A, r, . . . to be the observed measures 
of any quantity x, the mtist piobahic value of x is required. 

(a) Given the observed imsiiions ol a point In space, to 
find the most probable position of the point. 

(3) To correct the dead reckoning at sea by an observa- 
tion of the latitude. 

(4) To correct a survey. (Ex. 5, Art. 1 10.) 

Gauss ptiblishctl in 1809, in the r 4 /er/Vt motHS corporum 
fttUstiMm, a third proof of the law of error, thence deducing 
' the principle of minimum 8<|unres. He so thoroughly de- 

• Tlwf* !• • ««|»» «• iS* rMlaioiiHI Adrats'i pwwit l» iS* llhrmry •! J*'*^"?|*** 

PI<llMn|.lil.»l H«iMr t’l»llwl»lshl« A" •«««»l M Adf*ln‘» III* •HI I* •» 
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velopcd the subject iit its principles niul pintiu .il .ipplii.-i 
lions that coinparativciy little b.ii lieeii .ul<li«l In l.in i 
writers. An KukUsIi trniislalion <»( the In 

Admiral Davis, I' S N., was publisbrd in iH^.s. .md a 
French trmisliition nl liauss' nteinotis on le.isi Mpinrs In 
Bertrand in i8$;. 

The main contiiliutions to the siibjct l, aside Imm those 
mentioned, ha\c been ma»le by laiplnie in the funtlainrnl.il 
principles, and by Bessel, linnsen,nnd Aiidiw in ilsnpplu.i 
lions to astronoinical tiiid ^ciMietic work. 

199, Many proofs of the law of-eiioi have licrn uni n. 
The most important arc by Adtain, (innss, l^pl.ue, and 
Hagen, 

That by (iauss in 1809 assiiines that if a senes of obsrr 
vntions, ail equally good, arc made ol a qin'inlit), the anlh 
motic mean ol the observed values is the most pttdKible 
value of the quantity. The law* of error is I hen dciliurd, 
and the principle of minimum stpiates billows at once. 

Laplace, in his first priml (1810), deduces the prim iple 
that the sum of the S(|tiuies of the ertois must lie made a 
minimum without rcfeicncc to nii) law of error, onli as> 
sumtng that |M>sitive and negative ei rots arc equally prob 
able and that the number of observali<tns is infinilely great. 
A clear account of this proof is given hy (ilaishcr. Mtm. 
Roy. AstroH. Soc., vol. xxxix., and bv Me)cr. 
liehktUmth»Hng, pp. 440-473. Sec also Airy, Tkt^y of 
Errors of ObstrvotioHs,%Kt:mt\ edition ; TtKlhuiilcr, /tut»y 0/ 
tht Thtory of Rti^bUUy. 

Hagen's proof (1837) is founded on the hypothesis that 
an error of observation is the algebraic sum of an tidinile 
number of element eriora which are nil of r<|ual value and 
which are as likely to lie positive as iiegaiive. A nitwiifird 
(01 m of this priMil is given in Appendix II. 

Adrain’s second prrml is shorter than any of the three 
mentioned, but is not so, satisfactory. This proof is also 
given by Sir John Herschel, hdmburgh Revitto^ vol. xcii. ; 
Airy, Thtory of Errors of Obsm<aHons, third edition : Thomson 
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aiul I ail. Ittahit nw Saturnl ritiloutphy, vol 1. ; Claikc, 

Ofm/fsj , 

|•^ll inoir c'xlciulnl iiiloiin.ttiuii ttii this sulijccl the 
ir.idci IS iilitu’i iti Mtiniii.iirs vn v loinplctc memoir 
iiiliticii •»/ H’nfin^s KthitiHi; /<< //*• Mtt/uui oj !.taU 

bt/Hiins, Nc« ii.iieii, 1.S77 


Al'PhNIHX II 

I ill I AW Ol- I HKOk 

/ fftii^tn's I Ki»/i «»,''») ! 

200 tl .1 , /, IS to be ilcU'i miiieil, amt is an 

oliiicfvni valiK ol '/, tluit. il the olisei v.itioii wci c {icriect, 
\vc slioulti have 

/ - . 1 /, » C) 

Dill Mme, i( i«e iiiakr a seioml ami .1 )lin<l ubsei vatioa, wc 
may not fiii«i the same value as ive ihd at hist, ami as wc 
rail only atcoiiiil lot the ihneieiiee on the Mi|t|iosilion that 
the i»b»crvaliomi are not peifcet that is, that they are 
iiRceted with certain ciiorS" vve slnmlil laihcr write 

r- M, - J, 

r - . 1 /. J, 

7 - . 1 /,- J, 

where 3 /,. arc the observed values, and J,, J, 
are the errois of the observations. 

Now, an error ol olrservatUin does not result from a 
single cause. Thus in reading an angle with a theodolite 
the error in the value (oiind is the result of imperfect ad- 
justment ol tlic instiumciil, ol vatious atniosplicric changes 
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ofwaiU cifpiccunon m the oliHervct * mriliiHl .*) luiiiillittK 
the Instrument, etc liuch ol iIicm! inlluemr!i nmv «*r l.ikrii 

ns the result of numenHis iiibcr iuHnemri limn ihr fii»t 

mentioned mny include ciiois ul cullMniiinm. <d U%rl. fit 
Each of these in turn may lie taken as rrsullinu Ixnn «»thct 
influences, and so on. The final influciiirs, or rlrtricnt 
errors, as they may be called, must be assumrd to lie inde- 
pendent of one another, and rath ns likely lt» make the 
resultant error too largo as loo small that is, as likeh to 
be positive as negative. The number ol these element 
errors being very great, we may, from the im|M>ssibdiiy €if 
assigning the limit, consider it as infinite in any case, liach 
element error must consequently l»c an inhnitcsimal. and 
for greater simplicity wc mny take tlmse mcurring in any 
one series as of the same numerical magnitude. I lent e we 
conclude that an errtir of observatitm may W assumed to 
be the algebraic sum «if a veiy great nundier of indepemlent 
infinitesimal element errors t, all cqu.il in magnitude, but as 
likely to be positive ns negative. 

!.ast the number ol these element errors Iw denoted by 
aw.as the generality of ihedemonstraiion will not be aflecled 
by supposing this infinitely great mimlier to t»c even. If 
all of the clement errors are +, the error »ttt results, and 
this can occur in but one way ; if all but one are •+ . the 
error (aw — »)» results, and this can rtcciir in aw waya : and 
generally if w 4" *• 4*^ 4*» » - *w arc —, the ern»r asw# 

r..»IU. .nd thi. c.n occur io • ’ (« + - + '> 

I a . . , (w — #w) 

ways.* Hence the numbers expressing the relaiive fre- 
quency of the errors (that is, the number of times they may 
be expected to occur) are equal to the coeffiicienis in the 
development of the aw"* power of any binomial. 

The element errors, infinite in number, being infinitely 
small in comparison with the actual errors td* otxiervation, 
these latter may consequently be assumed to be continuous 
from o to awt, the maximum error. If, therefore, J denotes 
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the error m which « + n^m — e’s occur, and 

d-\-.dd denotes the consecutive error m which 
+ fi’s and n — — e’s occur, we have 


and theiefore 


A •= 2 mB 

A dA = (2m + 2 )e 
A = mdA 


Calling / the relative fiequenc}^ of the error A, and f df 
that of the consecutive error A + dA, we have 


/ = 


2n{2n — i) {n 'in -j- i) 

n — 


/+ df — 


2n{2n— i) 2) 


Hence, by division, 

fA^df n — m 

or 

df _ _ 2m 
f ^ « + w + I 

2 A -\-dA 
ndA -|- A dA 

Now, since is infinitely small in comparison with d, we 
may write 

df 

f ndA -|- A 

Also, since df is infinitely small in comparison with /, 2^ is 
with respect to ndd -j- d, and we may neglect d in the de- 
nominator in comparison with ndd We have, therefore. 



Ami since J is iiiUiiUcly small in Miiii|Mnsoii mhIi WJ. ami 
tU IS infinitely small in tnni|Mii»<»ii «nli J. n lullww* tli.ii h 
must be nn mimity nf tlic srcoml hmU i ]i is, ihrul*Hr, ««| 

n niaKnilude cninparablc with ami beiae «i./J(' niiisi W 

a linilc ctnistnnt. C'iiIIiuk tins cnnsUml wi Ii.im 


,U 

/ 


j// J ./J 


Intcgiating and denoting the value ol/, wbrii J i». bs /,. 

/ = /.r 


Tlic crinrs being se|jaiale<l bv llie inlet vals »/J, **• llial 
O, . . . J, J {' */•/• • • nrc llie einns in ••i«l« i i»l nnigin 
tude, we must, III order to iinike the svsiein tonsislcnl «»lli 
the definition ol |irobnbditv, iiml iheicloie lonininoiis. ton 
aider not so imicb the relative lirtjMrmvof the delatbnl 
errors as the tclativc bct|ucncv ol the eirom niihni (eilatn 
limits. 

Now, by the definition ol |irolinbilily, the prolKibilili t»l 
an error between tlic limits J and J | «/J is ie]ne»rnte<l by 
a fraction whose minieialor is the mimliei of eiiors whnh 
fall between i and A-\-dA, and denominaioi the total nnm. 
ber of errors committed. If we denote this iirobabitily bs 
if{i) we may write 

, f(j) m ^ 


where e is a constant, 1'/ being necessarily a constant for the 
same series of observations. 

301 . The principle of least squares now follows readily. 
Suppose that a series of olntervations has been made of a 
function 7* of a certain known form, 


r=e/(x, y. . . . ) 
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in which the constants that enter are given by theory for 
each observation, and X, Y, . are the unknowns to be 
found 

Call M„M^, . the observed values of T, and T„ T^, 
the corresponding true values of the function, so that the 
errors are found from 

T,-M, = A, 

• • • • 

If we knew the true values of X, Y, , and therefore of 
T, we should have for the probabilities, before the first, 
second, observations are made, that the errors to be 
expected he between i, and + dA^, J, and A^ -f" dA,, 
lespectively, are 

r, e- c, e- V, 

« 

where //„ K, are constants 

The piobability <p of the simultaneous occuiience of all 
of these errors, which aie independent of each othei, is 
given by (Art 5) 

<p=.C^C„ 

But as only the observed values M^, M^, are known, the 
true values of T, X, Y, , A^, A^, , and therefore of <p, 

are unknown 

If now arbitrary values of X, K . are assumed, 
T, A„ A^, will receive values, and therefore a value of 
tp will be detei mined Other assumed values of X, Y, 
will give other values of p, which is therefore a function 
of X, Y, Of all possible values which are given to 

X, Y, there must be some one set of values which is 
to be chosen in prefeience to any others The most prob- 
able set is naturally the one that would be chosen 

Let, then, X^, F,, . denote the most probable values 

of X, Y, Substitute them in the function and let 
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acnwtcuu^ -- M r — M 

- >“« "0 ‘ 7 “- T- T". fwll’niy be ’kued 
S;b^«Ln"e,e. ibe ^e ~ 
the most probable and the observed values. They are 

a residual between v and v + dv, the expression for V be- 
# = r,r.. .e-l« 

and the most probable set of values oi X, F, . • 

that which corresponds to the maximum value of this 

pression, which can only happen when 

[Fz/"] IS a minimum 

for the same set of values of X, 

• This IS the principle of least squares . c 

202 The following memoirs may be consu ted for other 

presentations of this proof Young, 

Lr, London, 1819. Hagen, Grund.u^e der WahrschetnUch- 

ketisrechnung, Berlin. 1837, £7 

enttal- nnd Integralrechnung, Hanover 1849. Pnce,/«/«^/^^ - 
mal Calculus, ^o\ 11 , Oxford, 1865 , Tait, Trans- 

actions, 1865 ; Kummell, Analyst, vol in, '^^6 , 

Mernman, journal Franklin i 877 


denote the resulting values of T„ T,, 

'T* T[/r 7 


Then 


appendix. 


TABLE I 
Values oiB{t) = -^ J 


Di 
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TABLE II 

Factors for Bessel's Probable-Error Formulas 


n 

6745 

6745 - 

n 

6745 

6745 

— I 

V n{n — I) 


V w(« — l) 




40 

0 T080 

0 0171 




4 ^ 

1066 

0167 

2 

0 6745 

0 4769 

42 

1053 

0163 

3 

4769 

2754 

43 

1041 

0159 

4 

3894 

1947 

44 

1029 

0155 

• 5 

0 3372 

0 1508 

45 

0 1017 

0 0152 

6 

3016 

1231 

46 

1005 

0148 

7 

2754 

1041 

47 

0994 

0145 

8 

2549 

0901 

48 

0984 

0142 

9 

2385 

0795 

49 

0974 

0139 

lO 

0 2248 

0 0711 

50 

0 0964 

0 0136 

II 

2133 

0643 

51 

0954 

0134 

12 

2029 

0587 

$2 

0944 

0131 

13 

1947 

0540; 

53 

0935 

0128 

14 

1871 

0500 

54 

0926 

0126 

15 

0 1803 

0 0465 

55 

0 0918 

0 0124 

i6 

1742 

0435 

56 

0909 

0122 

17 

1686 

0409 

57 

0901 

0119 

J8 

1636 

0386 

58 

0893 

0117 

19 

1590 

0365 

59 

0886 

0115 

20 

0 1547 

0 0346 

60 

0 0878 

0 0113 

21 

1508 

0329 

61 

0871 

OIII 

22 

1472 

0314 

62 

0864 

OHO 

23 

1438 

0300 

63 

0857 

0108 

24 

1406 

0287 

64 

0850 

0106 

25 

0 1377 

0 0275 

65 

0 0843 

0 0105 

26 

1349 

0265 

66 

0837 

0103 

27 

1323 

0255 

67 

0830 

OIOI 

28 

1298 

0245 

68 

0824 

0100 

29 

1275 

0237 

69 

0818 

0098 

30 

0 1252 

0 0229 

70 

0 0812 

0 0097 

31 

1231 

0221 

71 

0S06 

0096 

32 

1211 

0214 

72 

0800 

0094 

33 

I' 3 t 92 

0208 

73 

0795 

0093 

34 

1174 

0201 

74 

0789 

0092 

35 

0 1157 

0 0196 

75 

0 0784 

0 0001 

36 

1140 

0190 

80 

0759 

0085 

37 

1124 

0185 

85 

0736 

0080 

38 

1109 

0180 

90 

0713 

0075 

39 

1094 

0175 

ICX) 

0678 

' 0068 
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